The invasion of computers in every 
walk of life in the near future makes 
it significant that mathematics is 
understood by all. Moreover, it is a 
stimulator of clear and logical think- 
ing rather that a dull subject. 


In this work, the author has 
attempted to provide an understand- 
ing of certain basic concepts of 
teaching elementary mathematics and 
their application to problem-solving. 
The discussion of the new teaching 
techniques—with particular refer- 
ence to the conditions in Indian 
schools—is a special feature of the 
book. Each chapter provides a 
stimulating exercise to test the 
students’ grasp of the subject. This 
comprehensive book should be very 
useful to the students and teachers 
of education. 
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PREFACE TO THE THIRD EDITION 


WitH Gop’s Grace the author has at last been able to discharge his 
duty of revising the book. He is conscious that this revision was 
long over due. He could not carry it out earlier due to unavoidable 
circumstances. He promises to revise it more frequently in future. 


The author is full of gratitude to the readers for the appreciation 
shown by them to his book. He hopes, this third revised edition will 
provide greater satisfaction to them. It has been prepared to give 
comprehensive treatment to the syliabi of this subject as prescribed 
in various universities. Quite a number of new topics have been 
brought in and some of the out-dated and irrelevant topics have been 
dropped: The new edition is presented to the readers with the hope 
that it will substantially meet their requirements and will be of greater 
use to them. 


KULBIR SINGH SIDHU 


PREFACE TO THE FIRST EDITION 


THe ATOM HAS been conquered and outer space penetrated. It is 
mathematics that has pushed and is pushing forward the frontiers of 
scientific and technical knowledge, discovery and invention. The 
subject has also rich potentialities of affording true enjoyment to Its 
students. 


The teaching of mathematics presents numerous day to day 
problems for the teacher of mathematics. Due to inefficient and 
stereotyped methods of teaching, the subject is sometimes decried as 
dull and dry. 


The author has for many years taught secondary school mathe: 
matics and methods of teaching the subject to training classes. Iu 
writing this book he has attempted to simplify and even solve typical 
problems of teaching of mathematics, to cross-fertilize theory and 
practice and to motivate mathematics teachers and students to . pur- 
sue the study of the subject—to rouse consciousness of the subject. 
He has discussed the new teaching techniques with particular refer- 
ence to the conditions obtaining in Indian schools. Difficult steps in 
the teaching process have been analysed and elucidated on lines found 
by the author and his colleagues to be successful in everyday class- 
room situations. 


It is hoped that this book will cover the syllabi for the B.T., 
B. Ed., L.T. classes of most of the Indian universities. . 


The western literature on the subject though of fundamental 
nature, does not always meet the requirements of field workers in 


India. So the necessary material has been given Indian background 
and colour. 


Help has been taken from standard mathematical works of vari- 
ous countries. The author acknowledges his debt to their writers. 


_ The book should meet the changed requirements of the new 
higher secondary school syllabi, even in the new areas such as the 
teaching of Advanced Algebra, Trigonometry and Solid Geometry. 


Any suggestions for the improvement of this book will be grate- 
fully acknowledged and adopted, aaa 


15 June 1967 


KULBIR SINGH SIDHU 
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CHAPTER ONE 


THE NATURE OF MATHEMATICS 


ACcorDING To various definitions, mathematics is the science of 
Measurement, quality and magnitude. According to New English 
Dictionary—“Mathematics—in a strict sense—is the abstract science 
which investigates deductively the conclusions implicit in the ele- 
mentary conceptions of spatial and numerical relations.” It has also 
been defined as the science of number and space. Its Hindi or 
Punjabi name is ‘Ganita’ which means the science of calculation. It 
is a systematised, organised and exact branch of science. 


The term ‘Mathematics’ has been interpreted and explained in 
various ways. It is the numerical and calculation part of man’s life 
ct interpretation to his 


and knowledge. It helps the man to give exa 
ideas and conclusions. It deals with quantitative facts and relation- 
ships as well as with problems involving space and form. It also 
deals with relationship between magnitudes. It enables the man to 
study various phenomenon in space and establish various relation- 
ships between them. It explains that this science is a by-product of 
our empirical knowledge. From our observations of physical and 
social environment, we form certain intuitive ideas or notions called 
postulates and axioms. By a process of reasoning, we move upwards 
and work out mathematical results at the abstract level. ‘“‘Mathe- 
matics may also be defined as the science of abstract form. The 
discernment of structure is essential no less to the appreciation of a 
Painting or a symphony than to understand the behaviour of a physi- 
cal system; no less in economics than in astronomy. Mathematics 
studies order abstracted from the particular objects and phenomena 


Which exhibit it and in a generalised form.” 


SCIENCE OF LOGICAL REASONING 
_ Mathematics is also called the science of logical reasoning. In 
it, we approach everything with a question mark in our mind. As 
Locke has said ‘Mathematics is & Way to settle in the mind a habit 
of reasoning.” Here the results are developed through a process 
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of reasoning. There are only a few premises on which we base our 
reasoning. The conclusions follow naturally from the given facts 
when logical reasoning is applied to the same. The reasoning in 
mathematics is of peculiar kind and possesses a number of characteris- 
tics such as simplicity, accuracy, certainty of results, originality, 
similarity to the reasoning of life, and verification. These characteris- 


tics have been discussed in detail in the relevant chapters of the 
book. 


INTRODUCTIVE AND DeDUCTIVE REASONING 


Reasoning in mathematics is of two types, viz., (i) Inductive 


reasoning; and (ii) Deductive reasoning. In the beginning mathe- 
matics arises out of practical applications and it is mostly inductive 
and intuitive. “Mathematics in the making is not a deductive scien- 
ce; itis an inductive, experimental science and guessing is the 
experimental tool of mathematics. Mathematicians, like all other 
scientists, formulate their theories from bunches, analogies and sim- 
ple examples. They are pretty confident that what they are trying to 


Prove is correct and in writing these, they use only the bull-dozer of 
logical deduction.” 


INDUCTIVE REASONING 


When the statements or propositions are based on general obser- 
vation and experience, reasoning is called inductive. When we can 
show that a particular property holds good in a sufficient number of 
cases, we conclude that it will also hold good in all similar cases, 
This type of reasoning is known as inductive reasoning. 


DEDUCTIVE REASONING 


Deductive reasoning is based on self-evident truths, postulates, 
axioms, etc. It proceeds from a premisis. Here the statements are 
the products of mind. This reasoning consists in comparing the 
statements and drawing a conclusion therefrom. Whitehead has 
correctly emphasised the place of deductive reasoning in mathema- 
tics by saying “Mathematics in its widest sense is the development of 
all types of deductive reasoning.” 


Essentials of a Deductive system:  Deductive reasoning in 


mathematics requires a number of essentials which have been dis- 
cussed as follows : 


1. Undefined terms: In every branch of knowledge there are 


always certain terms which defy definitions. In their case the defi- 
nition if any fails to do justice to the concept concerned. The follow- 


ing three examples or Euclidean definitions will uphold the above 
statements : 
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Point: A point is that which has no part. 

Line : A line is length without breadth. 

Straight line: A straight line is that which lies evenly with the 
points on itself. 

These definitions are far from clear in themselves. Modern 
mathematics has solved this difficulty by treating certain terms as 
undefined. Point, line and surface have been recognised as undefined 
terms in geometry. In algebra the terms set, number and variable 
are undefined. 

2. Definitions: After taking some undefined terms we can now 
frame the definitions of technical terms. This we can de with the 
help of undefined terms, not-technical language and other defined 
terms. For example in the case of a triangle—‘If A,B and 
C are three non-collinear_points, then triangle ABC is the 
union of the line segments AB, BC and AC.” Note that in this defi- 
nition of triangle, we have used the terms—Collinear, poiat, union 
and line segment. 

3. Postulates: As soon as we have collected a number of un- 
defined and defined terms we are in a position to make all the state- 
ments which we want to prove in the subject. Each state- 
ment to be proved is known as a proposition. While proving a 
proposition we base our arguments on the previously proved state- 
ments. But going back in the chain of propositions we reach the 
earliest ones prior to which no previously proved statement is avail- 
able. For proving such initial propositions we have to depend upon 
some self-evident truths which are accepted as such without proof. 
These self-evident truths are known as postulates. These are the 
first principles which can be taken for granted. They are assumed 
to be true without any necessity of explanation or proof. 

Early Greeks tried to make distinction between postulates and 
axioms. The postulates were considered to be general truths common 
to all studies and the axioms as the truths relating to the special! 
study at hand. Later on these concepts were modified. Postulates 
were considered as permissible constructions and all other initial 
assumptions were taken as axioms. However, in modern mathe- 
matics, no distinction is made between the two. The words postulates 
and axioms are used synonymously. 


Some of the postulates are given below: 


(i) A straight line may be drawn from any point to any other 
ı point. 
(ii) A finite straight line may be produced to any length in that 
line. 
(iii) A straight iine has one and only one middle point. 
(iv) Two straight lines cannot intersect at more than one point. 
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(v) All right angles are equal. 
(vi) A triangle has interior and exterior angles. 
(vii) There is one and only one straight line through a point 
parallel to a given line. 


(viii) A circle can be drawn with any point as centre and with any 
length of radius. 


(ix) Two circles intersect at two points. 


Euclid regarded most of the other initial assumptions as axioms 
and called them common notion. These were accepted as true because 
of their conformity with common experience and sound judgment. 
The important notions are given below : 


G) Things equal to the same thing, are equal to one another. 


(ii) The whole is equal to the sum of its parts and is greater than 
part. 


(iii) If a>b, b>c, then a>c. 


(iv) Magnitudes of figures which can be made to coincide with 
one another are equal. 


MATHEMATICAL LANGUAGE AND SYMBOLISM 


Another most important characteristic of mathematics which dis- 
tinguishes it from many other subjects is its peculiar language and 
symbolism. Lindsay says, ‘‘Mathematics is the language of physical 
sciences and certainly no more marvelious language was ever created 
by the mind of man.” Man has the ability to assign symbols for 
objects and ideas. Mathematical language and symbols cut short 
the lengthy statements and help the expression of ideas or things in 
the exact form. Mathematical language is free from verbosity and 
helps in to the point, clear and exact expression of facts. For 
example, instead of saying that the square of the sum of two terms 
is equal to the sum of the square of the first term, square of the 
second term and double the product of the terms, we can simply 
write (a+b)?=a?+b?+ 2 ab in symbolic form. 

Mathematical results in their symbolic form help in solving 
numerous complicated problems. Most of the later progress in 
mathematics depends heavily on the learner’s ability to employ mathe- 
matical language and symbolism. It is reasonable to mention here 
that most of the results of scientific inventions and discoveries are 
stated through mathematical language and symbolism. 

: Addition, subtraction, multiplication, division and equality are 
indicated by well known symbols. Some of the other important 
symbols are : 

> for greater than 


= for less than 


a 
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for angle 

for parallel lines 
for congruency 
for square root 
for summation. 


In fact, it is not possible to prepare a comprehensive and com- 
plete list of symbols used in mathematics. The students must be 
made familiar with them so that they are in a position to understand 
mathematical processes and conclusions and mathematical literature. 
Many of them lose interest in the subject because of their inability 
to understand mathematical language and symbolism. They cram 
the statements and processes and try to solve problems mechanically. 
Rather they should be enabled to understand and appreciate 
precision, brevity, logic, sharpness and beauty of mathematical lang- 
uage. 


Me II =N 


PURE AND APPLIED MATHEMATICS 


Pure MATHEMATICS 


Pure mathematics involves systematic and deductive reasoning. 
It treats only theories and principles without regard to their appli- 
cation to concrete things. It is developed on an abstract, self-con- 
tained basis without any regard to any possible kind of practical 
applications that may follow. It consists of all those assertions as 
that if such and such proposition is true of anything, such and such 
another proposition is true of that thing. 


APPLIED MATHEMATICS 


Applied mathematics is the application of pure mathematics in 
the service of a given purpose. It has some direct or practical appli- 
cation to objects and happenings in the material world. It plays a 
great role in the development of various subjects. Every discovery 
in science owes much to applied mathematics. Principles of applied 
mathematics have been useful in the investigation of such pheno- 
menon as heat, sound, light, optics, navigation and astronomy. 
Applied mathematics is a part of mathematics definitely related to or 
suggested by some tangible situations, though not always intended 
fur practical use. It is the connecting link between pure mathematics 
on one side, physical, biological, social sciences and technology on 
the other. It acts and reacts not only on science technology but also 
on pure mathematics e.g., space dynamics, ballistics, fluid dynamics, 
elasticity theory, theory of relativity, mathematical biology, and 
mathematical economics. 
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RELATION BETWEEN PURE AND APPLIED MATHEMATICS 


In the beginning, man studied mathematical Structures as found 
in his environment. By and by these turned into abstractions. For 
instance, take the case of notation system. Firstly man started 
counting with the help of concrete objects, then he developed number 
words for counting and this further led to the invention of abstract 
numerals 1,2,3... Very often certain structures are discovered in the 
social and physical sciences. The pure mathematicians try to develop 
some parallel structures in mathematics. They do not stop here. 
Rather they go on to discover more and more. Many theories 
and structures of pure mathematics have wide applications, which 
were not known at the time of their invention. For example, the 
theory of complex numbers was developed from the point of visw of 
pure mathematics but now it finds intensive application in electricity, 
tadio, related fields of physics and engineering. The reverse of this 
is also true. This is very well illustrated by Synge as follows : 


(i) A dive from the world of reality into the world of mathe- 
matics. 


(ii) A swim in the world of mathematics. 


(iii) A climb from the world of mathematics into the world of 
reality carrying the prediction in teeth. 


EUCLIDEAN AND NON-EUCLIDEAN GEOMETRY 
EUCLIDEAN GEOMETRY 


It goes after the name of Euclid, the famous Greek Mathemati- 
cian, and refers to the general type of geometry first logically orga- 
nised by him. It is the type of geometry still studied universally in 
the high schools in the form of Plane and solid geometry. Euclid 
introduced certain fundamental concepts as point, line, plane, angle, 
etc. He assumed certain self-evident truths which he called axioms 
and postulates. His geometry consists in proving geometrical truths 
with the help of axioms, postulates and Previously proved truths. It 
employs a process of logical reasoning. Some of his definitions are 


given below : 
l. Point: A point is that which has no part. 
2. Line: A line is breadthless length. 


3. Straight line: A straight line is a line which lies evenly with 
the points on itself, 


4, Surface : A surface is that which has length and breadth 
only. 


5. „Plene surface : A plane surface is a surface which lies evenly 
with the straight line on itself, 


l 


| 
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6. Angle: A plane angle is the inclination to one another of two 
lines in a plane which meet one another and do not lie in a 
straight line. 


Some of his postulates are given below : 


1. A straight line can be drawn from any point to any point. 

2. A finite straight line can be produced continuously in a 
straight line. 

3. A circle may be described with any centre and any distance. 

4. All right angles are equal to one another. 

If a straight line falling on two straight lines makes the 

interior angles on the same side less than two right angles, 

the two straight lines if produced indefinitely meet on that 

side on which are angles less than two right angles. (This is 

known as the Euclids postulate of parallels). 

6. There is one and only, one straight line through a point 
parallel to a given straight line. (This follows from the above 
postulate). 


wr 


SHORTCOMINGS OF EUCLIDEAN GEOMETRY 
It suffers from the following defects : 


(i) Many concepts requiring definition or proof are over- 
looked. 

(ii) It makes use of certain assumptions which are not put as 
postulates. These assumptions are used in the proofs of 
certain theories. 

(iii) Some of Euclid’s ideas are crude, e.g., he assumed that all 
angles must be less than two right angles. 

(iv) Some of the postulates put forward are not true. 

(v) It does not take into consideration measurement on the 

spherical surface of the earth. 

(vi) The practical applications of geometry are neglected. 

(vii) It does not help the pupil in appreciating the basic characte- 
ristics of the perfect science of geometry. 


Non-EUCLIDEAN GEOMETRY 


The non-Euclidean geometry arose from the discussion, extending 
from the Greek period to the present day. The starting point was 
the Euclid’s famous postulate of parallels which was proved false. 
Euclidean geometry came under the criticism from the renowned 
mathematicians like K.F. Guass, Lobachevslki and Reisman. Guass 
was the first to prove the Euclid’s postulate of parallels false. Various 
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other assumptions of Euclidean geometry were also criticised and 
disproved. 


Non-Euclidean geometry takes into consideration the measure- 
ments on the spherical surface of the earth. This makes considerable 
difference in the concepts, terms and propositions of geometry. For 


geometry since his measurements are made on the spherical surface of 


the earth. But for a small area, the surface of the earth is almost 
plane. 


In the non-Euclidean geometry, every straight line has a finite 
length equal to the length of half a great circle on the sphere. There 
can be an infinite number of straight lines through two points. The 
Sum of the angles of a triangle is greater than 180° and it approaches 
180° when the area of the triangle approaches zero. Again in this 
geometry Pythagoras theorem is not true. It becomes true only when 
the area of the Tight angled triangle approaches zero. Unlike the 


postulate of parallels, in this geometry there is no line through a 
Point parallel to a given line. 


MODERN MATHEMATICS 


It will be interesting to bring in some topics and 
modern mathematics. It is beyond the scope of this bo 
all of them in detail, Only some of them are discussed 


concepts of 
Ok to discuss 
here in brief, 


‘Whe comer-stone 


: TEAL structures is 
of advanced ma cs. There is no doubt that the idea of set is 


basic to all mathematics, 
A set is a collection of objects, also cal 


of a set of the members of a team set of instr 

h r eam, uments ina eometr: 
Ox, set of items ina tea-set is said to be defined when A moy 

which objects form it i.e, we know 


. definitely its ele 
examples of defined sets are given below : aie ai 


(i) The set of integers 1, 2,3, 4, or A=(1, 2, 3, 4,) 


(ii) Set of all positive integers or 
B=(l, 2, 3, 4,...) 
(iii) Set of all vowels or 
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C=Aa, e, i, o, u) 


(iv) Set of prime numbers, or 
D=(2, 3, 5, 7, 11...) 


(v) Set of ali rational numbers, etc. 


EMPTY SET, NULL SET, OR VOID SET 


A set containing no element is called a void or empty or null 
set and is denoted by the symbole; i.e.; o=( ) 


FINITE AND INFINITE SETS 


A set containing only a finite number of terms is known as a finite 
set. One which is not finite is called infinite set. For example the 
set. (1, 2, 3, 4) isa finite set whereas the set of all natural numbers 


1, 2, 3, 4. . is an infinite set, 


There are a large number of terms in this area which need to be 
known and understood. Some of them are : equal sets, equivalent 
sets, sub-set, universal set, power set, complement of a set, intersection 


of sets, union of sets, disjoint sets. 


TOPOLOGY 


Topology is derived from the Greek word which means a place. 
Previously it was defined as the study of a situation or position. It 
was known as position analysis in which the shape and size of confi- 
guration are unimportant. 

It has its reots in the 9th century in the researches of Guass, 

À anA Cautor but it mede great advances with the advent of 

the 20th century. 

Tt is mainly concerned with the intrinsic properties of figures i.e., 
the properties of figures themselves and not the Properties concerning 
their relationship to any surrounding space in which they may be 
embedded. Topology is qualitative mathematics which deals with 
the intrinsic qualitative properties of objects or figures. These proper- 
ties are independent of size, location and shape. Intrinsic qualitative 
Property is the property that does not change even when the object 
under consideration is subjected to stretching and bending without 
tearing. Without tearing is important because the points originally 
close together remain close throughout the process of stretching. The 
object whose intrinsic properties are to be studied may be anything— 
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a geometrical figure, rubber band, a collection of functions, an 
abstract space, etc. 


Topology is sometimes known as rubber sheet geometry. If we 
draw certain figures on arubber sheet and stretch it, the intrinsic 
property of the figure is unaltered. Technically speaking the figure is 
topologically unaltered. 


The object of topology isto study the properties of figures i.c., 
connectivity, orientability, etc., that persist even when the figures are 
subjected to continuous deformation. If we imagine a circle inade of 
pliable material, being subjected to continuous stretching and bend- 
ing without being torn in the process, the circle is topologically 
unaltered. In topology, all such figures-—circles, traingles, ellipses, 
polygons are. topologically equivalent, because one figure can be 
transformed into the other without breaking or tearing. All such 
figures are known by the same term ‘simple closed curve ! 


In topology, the figures can be stretched, shrunk, bent, distorted 
or folded in any way, so long as nearly points remain close to one 
another. The points which are in contact remain in contact and the 
points not in contact cannot come into contact. In topology, neither 
breaks nor fusions can arise. Thus the transformation of a circle into 
a square or a triangle isa topological transformation, but the torus 
and sphere are topologically distinct. One cannot be transformed 
into the other without breaking or tearing. 


_ Topology Studies : (i) topological properties of figures; (ii) topolo- 
gical transformation; and (iii) arbitrary continuous transformation of 
geometrical figures, 


_In topology, we consider set of points. A point may stand for an 
object, a figure, a book, a dog, or a point in the sense of Euclidean 
geometry. Topology is the study of intrinsic qualitative aspects of 
points. The kinds of sets are known as spaces in topology. 


ALGEBRAIC SYSTEMS 


In order to understand algebraic systems, it is essential to have 
knowledge of sets, mapping and compositions. When a set is equipp- 
ed with a binary composition or compositions, itis known as an 
algebraic system. Some of the algebraic systems are groups, rings, 


fields, vector spaces, etc. Let us take up these particular systems 
one by one: 


Group: A set with composition is called a group, it satisfies the 
following conditions (adopting multiplication) : : 


(i) The composition is associative, i 


€., (ab) c= 
a, b, c belonging to G. Pn (8B) anes (ab) for ore 
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(ii) There is an identity e belonging to G such that ae=a=ea. 
(iii) Every element of G has its inverse in G. That is for every a 
belonging to G, there corresponds an element b of G such 

that ab=e=ba. 

The set of all integers is a group. This set consists of integers. . . 
—3, —2, —1, 0, 1, 2, 3... 

Let us see if it satisfies the above conditions. First condition is 
obvious, because we know the relations of the form. 
(4+5)+6=4+(5+6) 

Here + is the composition as this corrects every ordered pair of 
numbers with another number of the same set €g., 4+5=9,. Here 
+-connects 4, 5 with 9. 

As regards the second condition, see here ʻO’ is the identity. 
4+0=0+4+4 or 5+0=04+5 
Also we know that —9+9=0=9—9 
i.e., every element has the inverse. Hen 
a group. 

The set of rational numbers also forms a group. 

The set of all natural numbers is not a group because it does not 


satisfy the third condition. 
Ring: Aset of R with two structures or binary compositions 


(adopting additive) and multiplicative notation) is a ring if it satisfies 
the following conditions : 


ce the set of all integers forms 


(i) The set R is a commutative group for additive composition : 
Commutative property a+b=b+a for every a, b, belonging to 


(ii) Multiplication is associative i.e., 
_. (ab) c=a(bc) for a, b, c belonging to Ri 
Gii) Multiplication is right as well as left distributive i.e., 
a (b+c)=ab+ac (Right distribution) (b+c)a=ba+ca (Left 
distribution). 

All integers form a ring, because it is commutative group in res- 
pect to addition (Zero being the identity). Also the rational numbers 
and complex numbers form rings. 

Field: A ring is called a field if it has at least two elements and 


(i) is commutative 
(ii) has unity (identity for multiplication) 
Gii) has inverse for every non-zero element. 


ta a. rational numbers, all real numbers, all complex numbers form 
elds. 
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EXERCISE 
What is the nature of mathematics ? Explain its fundamentals 
with the help of examples. 
Discuss some of the important concepts of modern mathe- 
matics. 
What do you understand by Euclidean and non-Euclidean 
geometry. 
Describe briefly mathematical language and symbolism. 
Write short notes on the following : 


(i) Inductive and Deductive reasoning. 
(ii) Postulates. 
(iii) Mathematical symbols. 
(iv) Pure and applied mathematics. 
(v) Euclidean geometry. 
(vi) Sets. 
(vii) Topology. 
(viii) Algebraic systems. 


CHAPTER TWO 


THE EDUCATIONAL VALUES OF MATHEMATICS 


Every Teacher OF mathematics needs to be informed and convinced 
about the educational value of his subject. Its educational soundness 
must be made clear to him at the very outset. His own conviction 
about its soundness enables him to convince the students, parents and 


the society likewise. 


EDUCATIONAL VALUES 
uestions which need to be answered at 


this stage. Why should everybody learn mathematics? Why should 
this subject be taught to everybody ? What is the place of mathe- 
matics in any scheme of education? What is the importance of this 
Subject in life and in school curriculum ? What shall be the advant- 
age of devoting so much effort, time, and money to the teaching of 
mathematics ? What are the purposes and aims of teaching mathe- 
matics ? How does it make any contribution in the development of 
that these questions pertain to the 

1 values of mathematics. 
atics will be interested in finding out 
utili He, must feel convinced about the 
ken of his subject, so that he may be able to convince his students 
keer The idea of the utility of this subject will develop in him 
Ge abruterest init. His students will copy his interest. He should 
he S to explain to the learner why he needs read this subject; that 
k profit by its knowledge; and that ignorance of the subject will 
ep personality of the child 

d in the absence of the stu 


will certainly remain unrealise € study of Mathe- 
nd aims will stimulate and 


ffective methods, devices and illustrative 
y down a criterion to enable the 

failure of educational 
| make the teaching 
what hope 


There are a number of q 


Bo Adherence to these va 
athematics purposeful. U 
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can one have to find the path ? It is an admitted fact that a serious 
cause of deterioration in the present educational! system is that its 
aims are not precisely defined. 


VALUFS AND AIMS 


Knowledge of educational values helps the teacher to avoid aim- 
lessness in teaching. Value is the springboard of aim and vice versa. 
There is nothing controversial about the two. One aims at a thing 
because one values it: or by aiming ata thing, one shall taste its 
value. “We aim at teaching Mathematics because we know its 
values or when we teach Mathematics in the light of its aims, we 
shall realise its values.” Aimless teaching will realise no values. 

What exactly is the responsibility of the schools towards the 
individual or what exactly would the schools do in order to increase 
the efficiency of the individual ? There are some, definite motives for 
which the students are sent to schools. Schooling should be a pur- 
poseful affair. Everything done in the school should be the outcome 
of the aims and purposes of schooling. Whatever can contribute 
towards the attainment of these aims is included in the curriculum of 
the school. Educational value of any activity or subject can be 
judged from its suitability for the attainment of aims and purpose of 
schooling. Nothing done and taught in the school should pull in a 
different direction. 

Broadly speaking there are three main considerations for which a 
child is sent to school. Education must contribute towards the 


acquirement of these values : 
(i) Knowledge and skill. 
(ii) Intellectual habits and power. 
(iii) Desirable attitude and ideals. 


These three values can be called utilitarian, disciplinary and. 


cultural values of education respectively. 


ue of knowledge and skill is the practical or utilitarian 
value. 


Provision of intellectual habits and power is the disciplinary value; 


and provision of training in desirable attitudes and ideals is the 
cultural value. 


Is the study of Mathematics necessary for and helpful in the 
realisation of these values ? If Mathematics possesses these values, it 


is a most welcome part of education. In short here shali be discussed 


ta existence or otherwise in Mathematics of the foliowing three 
values : i 
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1. Practical or utilitarian value. 
2. Disciplinary value. 
3. Cultural value. 


1. PRACTICAL VALUE 


One cannot do without the use of fundamental processes of this 
subject in daily life. A common man can get on sometimes very well 
without Jearning how to read and write, but he can never pull on 
without learning how to count and calculate. Any person ignorant 
of mathematics will be at the mercy of others and wiil be easily 
cheated. The knowledge of its fundamental processes and the skill 
to use them are the preliminary requirements of a human being these 
days. 

A person may belong to the lowest or the highest class of society, 
but he utilises knowledge of mathematics in one form or another. 
Not to speak of an engineer, a businessman, an industrialist, a banker, 
a financier, a finance minister, 2 planner or a boss of any concern, 
even a labourer has got to calculate his wages, make purchases from 
the market, and adjust the expenditure to his income. If he is more 
sensible, he will believe in saving also and will lay by something for 
the rainy day. Whosoever earns and spends uses mathematics, and 
there cannot be anybody who lives without earning and spending. 

Counting, notation, addition, subtraction, multiplication, division, 
weighing, measuring, selling. buying and many more are simple and 
fundamental processes of mathematics which kave got an immense 
practical value in life. The knowledge and skill in these processes 
can be provided in an effective and systematic manner only by 


teaching mathematics in schools. 

In many occupations such as accountancy, banking, shop-keeping, 
business, tailoring, carpentry, taxation, insurance, postai jobs, by 
which the needs of man are fulfilled, indirect or direct use of mathe- 
matics is made. These social agencies depends upon mathematics 
for their successful functioning. 

It has become the basis of the world's entire business and com- 
mercial system. 

It is very helpful in the study of various useful sciences, 

Most individual and group projects in life fail for want of sense 
of calculation. A calculating person can anticipate all the possible 
handicaps to be faced and thus can adopt precautionary measures. 

Ignorance of mathematics in the masses is a formidable obstacle 
in the way of a country’s progress. Individual resources add up, to 
form national resources. The individual has not realised his responsi- 
bility towards building a sound national economy. Sometimes he is 
So miserably in debt, that he loses his entire property and even 
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his means of livelihood. The family is left to starve continuously 
for many generations. Sometimes he is so well off temporarily that he 
spends blindly and wastes his hard earned money. He does not save. 
When he needs money, he falls a prey to exploiters. This is all due 
to his lack of sense of calculation and economy. He wastes his time, 
energy and money, without having any idea of the loss he is causing 
to himself and the nation at large. He is cheated and deceived in 
money matters; his ignorance of calculation often ruins him. 

Budgeting is indispensable for the individual, the family, the 
society, and the State. There are the family budget, national budget, 
provincial budget, school budget, budget of a factory, budget cf a 
business concern and so on. 

Natural phenomena follow mathematical principles, e.g., the rising 
and setting of the sun and appearing of stars, the change of seasons, 
speed of rotation of planets, etc. Time is specified in each case. 


One is sometimes misled about the practical value of mathematics 
on account of a feeling that whatever is taught in higher classes is of 
little use toa common man. A common man seldom uses that 
knowledge in his later life. But the value of the subject should not 
be measured only by the number of times one actually makes use of 
it, but by the number of times it can be made use of. 

The real complaint is not that the subject is not of much use to 


an ordinary man, but that its present content and methods are not 
really useful. 


The fault is to be attributed to the fact that Mathematics taught 


athe class-room is very often divorced from the mathematics of real 


Even Napoleon said, “The progress and the improvement of 
mathematics are linked to the prosperity of the state”. There can be 
no doubt about the validity of the statement that mathematical pro- 
cesses were invented in accordance with the requirements of mankind. 
Man cannot pull on without satisfying his needs. Thus mathematics 
will continue to occupy a prominent place in man’s life. In all 
major and minor activities of life, such as making purchases in the 
bazar, arranging a party, admitting the child to a particular class, 
Joining a profession, purchasing or selling a property, celebrating @ 
marriage, mathematical considerations are uppermost in a human 
mind. In order to create system in life, we have to fix timings, 
prices, wages, rates, rations, fares, percentages, targets, exchanges, 
commissions, discounts, lengths, breadths, areas, volumes etc. In the 
absence of these fixations, life in the present complex society will 
ron barke into confusion and chaos. The number imparts system 
oon ife. In many types of our practical difficulties, number or 

urements come to our help and solve the difficulties for us. 


In this complex world passing through scientific and technological 
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age, the practical value of mathematics is going to be increasingly 
felt and recognised. 


2. DISCIPLINARY VALUE 

According to Locke, ‘Mathematics is a way to settle in the mind 
a habit of reasoning.” It trains or disciplines the mind. Due to its 
very nature, it possesses a real disciplinary value, It is exact, true 
and to the point knowledge, and therefore creates a discipline in the 
mind. Its truths are definite and exact. The learner has to argue 
the correctness or incorrectness of a statement. If taught in the 
right sense, it develops reasoning ahd thinking powers more and 
demands less from memory. The student comes to realize that thinking 
makes him a successful student of all the subjects. Its study results 
in the development of power rather than the acquisition of knowledge 
and knowledge also comes as a natural consequence or by-product. 

Reasoning in mathematics possesses certain characteristics which 
are suitable for the training of the learner's mind. If properly 
emphasised and streamlined, these characteristics are likely to develop 
the corresponding habits in the learner. Here ensues a discussion 
of those characteristics and their influence. 

G) Characteristic of Simplicity : There is a vast scope for simple 
reasoning in this subject. It teaches that definite facts are always 
expressed in a simple language and definite facts are always easily 
understandable. So if you want to be understood, you must express 
yourself in a definite or simple way. 

Moreover, one can easily follow a gradation going from simple to 
complex. The teacher advances by degrees to harder and harder 
portions, This procedure when practised for a pretty long time, 
becomes a habit. i t 

(ii) Characteristic of accuracy : Without accuracy there is no 
chance of progress and credit in mathematics. Accurate reasoning, 
thinking and judgment are essential for its study. It is in the nature 
of this subject that it cannot be learnt through vagueness of thought 
and argument. In other subjects, it may sometimes be possible for 
the student to hide his ignorance by beating about the bush, but 
such tricks never pay in mathematics. . Accuracy, exactness and 
precision compose the beauty of mathematics. The student learns 
the value and appreciation of accuracy and adopts it asa principle 
of life. He learns to influence and command others by his accuracy. ` 


Gii) Charaeteristic of certainty of results : There is no place for 
subjectivity and proposal equation in mathematics. The answer is 
either right or wrong. Subjectivity of difference of opinion between 
the teacher and the taught. The student can verify his result by 
reverse process. It is possible for the child to remove his difficulties 
by self-effort and to be sure of the removal. The success of personal 
effort is a source of pleasure for him. He develops faith in self-effort 
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which is the secret of success in life. He inculcates the habit of 
being certain about his achievement. 

(iv) Characteristic of originality : Most work in mathematics 
demands original thinking. Reproduction and cramming of ideas of 
others is not very much appreciated. In other subjects, of course, 
ideas of others occupy a prominent place and have to be grasped by 
the student. Therefore he can safely depend on memory in other 
subjects; but without original thinking and intelligent reasoning there 
cannot be satisfactory progress in mathematics. When he has a new 
or a different mathematical problem, it is only his originality which 
keeps him going. The discovery or establishment of a new formula is 
also his original work. This practice in originality enables the child 


to face new problems and situations with confidence in his future 
career. 


(v) Characteristic of similarity to the reasoning of life : Clear and 
exact thinking is as important in daily life as in mathematical study. 
Before starting with the solution ofa problem, the student has to 
grasp the whole meaning. Similarly in daily life, while undertaking 
atask, one must havea firm grip on the situation. This habit of 
thinking will get transferred to the problems of daily life also. 

(vi) Characteristic of verification of results : Results can be easily 
verified. As already pointed out, this gives a sense of achievement, 
confidence and pleasure. This verification of results is also likely to 
inculcate the habit of self-criticism and self evaluation. After making 


any attempt in life, the child would like to satisfy himself about its 
success or failure. 


It may further be noted that the acquisition of knowledge is not 
the only purpose for which a boy is sent to school. Knowledge often 
becomes out of date, as these are the days of rapid progress and 
quick changes. In every field of life new ideas and new methods are 
being introduced rapidly. Therefore in this ever advancing society, the 
important thing is not only to learn facts, but also to know how to 
learn facts. The main thing is not the acquisition of knowledge but 
the acquirement of the power of acquiring knowledge. This is the 
discipline of mind, which everybody should aspire for. 

_ Secondly, knowledge itself becomes real and useful only when the 
mind is able to apply it to new situations. In mathematics, there is 
again a vast scope for application. Ability to apply knowledge to 
new situations is inculcated in students. They acquire the power to 
think effectively. They learn to think and do not merely acquire 
mechanical habits. The intellectual power of the learner is strengthen- 


ed. It generates the otherwise latent powers of thinking, reasoning, 
discovery and judgment of the individual. 


3. CULTURAL VALUE 


The understanding of the world in which man lives, of the 
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civilisation to which he belongs and of the culture of which he is very 
proud, requires the understanding of scientific and social principles 
the development of which depends, in turn, upon mathematical prin- 
ciples. It has been truly said that “Mathematics is the mirror of 
civilization.” Mathematics has got its cultural value, and this value is 
steadily increasing day by day. It helped man to overcome difficul- 
tiesin the way of his progress. It has played a major role in 
bringing him to such an advanced stage of development. The pros- 
perity of man and his cultural advancement have depended consider- 
ably upon the advancement of mathematics. 

Modern civilisation owes its advancement to the progress of 
various occupations such as agriculture, engineering, surveying, 
medicine, industry, navigation, railroad building, etc. These occupa- 
tions build up culture and they are its backbone. But one should 
not forget that mathematics contributes and has contributed extensive- 
ly to the advancement of these occupations. Therefore mathematics 
shapes culture as a playback pioneer. Perhaps, the modern materialis- 
tic attitude in everything is the outcome of the deep influence of 
mathematics on life and culture. 

Some of the important aspects of cultural heritage have been 
preserved in the form of mathematical knowledge only and learning 
of mathematics is the only medium to pass on this heritage to the 
coming generations. It is one of the repositories of precious and 
valued heritage. 

Mathematics is also a pivot for cultural arts, such as music, 
poetry and painting. It might not be altogether a matter of chance 
that the Greeks, the greatest geometers, were also very successful in 


fine arts. 


SOME MORE VALUES 


In addition to these major and fundamental values, there area 
few other values which are no less important. 


DEVELOPMENT OF CONCENTRATION 


Concentration is also a habit of mind and can be acquired 
through persistent practice. Every problem of life demands concentra- 
tion. Mathematics develops it best. Mathematics cannot be learnt 
without whole-hearted concentration, in the absence of which the 
learner can’t advance even a step further. A disturbed attention can 
take him nowhere. The learner, who can concentrate is likely to be 
a successful student throughout his career. A student who can 
concentrate well, can learn well. 

According to Hamilton, the study of mathematics cures the 
vice of mental distraction and cultivates the habit of continuous 


attention. 
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ART OF ECONOMICAL LIVING 


Living economically is a precondition for happy life. Economy in 
the matter of money is not enough, a person has to be economical 
in every single act of his life. Economy in the matter of time is most 
valuable. Indians have tendencies to gossip, to attend melas and 
celebrations for days on end, to sit daily for hours at a stretch in 
religious places, to go to meet friends and relatives and stay there 
for a number of days unnecessarily, to prolong matrimonial ceremon- 
ies and funeral rites, to waste time in joining processions and 
meetings which seldom follow a schedule. They seldom realise that 
time once past never returns. Similarly they seldom try to stick to time- 
limits in their actions and responsibilities on individual and national 
levels. There can be given innumerable instances of this wasteful and 
uneconomical attitude in many other things and activities. They 
don’t understand that personal wastage is national wastage, and that 
personal economy is national economy. Even a speaker goes on 
dilating upon ideas and often fails to give anything concrete to his 
audience even by a long speech. E 

Mathematics is a very suitable subject for inculcating the spirit 
of economy. It deals with economy in time, speech and thought, and 
is bound to develop the corresponding attitudes in the individual. 
The learning of the art of economical living is a by-product of the 
learning of mathematics. The practices of thrift, sound investment 


and elimination of the superfluous, help in the development of this 
attitude. 


POWER OF EXPRESSION 


The habit of expressing oneself clearly and accurately is a great 
asset in practical life. In mathematics, one has always to be very 
careful while using appropriate words and terms. The habits of 
clearness, brevity, accuracy, precision and certainty in expression are 
formed and strengthened by the study of this subject. It is the cons- 
tant exercise of these powers that produces the mathematical mind. 
One has gotto use only such words as are clear and only such 
arguments as are certain. Its concepts and symbolism provide a 


means of concise expression which is elegant in its simplicity and 
exactness. 


SELF RELIANCE 


Learning by self-efforts is very important for a student of mathe- 
matics. The study of this subject is likely to develop the habit of 


self-education. By solving a problem correctly, the student develops 
self-confidence. 
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ATTITUDE OF DISCOVERY 

Success in solving mathematical problems is not possible without 
the use of creative powers of the mind. Mathematical study trains 
the faculties of discovery and invention. The solving of a mathe- 
matical problem is accomplished on the same lines as the making 
of an invention. 


UNDERSTANDING OF POPULAR LITERATURE 


These days, the newspapers, journals, magazines and bulletins 
carry numerous mathematical symbols and terms in their matter. 
Reading of this popular literature is considered almost essential by 
every literate person. Even if one reads for the sake of pleasure, one 
cannot avoid coming across and grappling with some such symbols 
and terms. 


Qua.ity oF Harp WORK 


Mathematics demands hard work from the learner. Hardworking 
citizens are very much needed in any developing society. 


AIMS OF TEACHING MATHEMATICS 


Since the elucidation of different aims will mean nothing more 
than the repetition of what has already been written under the cap- 
tion ‘the education values’, the aims are listed here briefly : 

1. To enable the child to solve mathematical problems of his daily 

life. 

2. To develop in the child an‘acquaintance with his culture. 

3. To provide a suitable type of discipline to the mind of the 
learner. 

4. To prepare the child for technical professions such as those of 
accountants, auditors, bankers, surveyors, cashiers, engineers, 
scientists, statisticians and mathematics teachers. $ 

5. To prepare the child for economic, purposeful, productive, . 
creative and constructive living. 

6. To develop in the child a sense of appreciation of cultural 
arts. 

7. To prepare him for elementary as well as higher education 
in sciences, economics, engineering, psychology, etc, 

8. To develop the habits of concentration, self-reliance and 
discovery. 

9. To create in the child love for hardwork. 

10. To develop in the child the powers of thinking and 
reasoning. — 


oS... 
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11. To develop the learner's power of expression. 

12. To enable him to understand and enjoy popular literature. 

13. To develop in him a scientific and realistic attitude towards 
life. 

i4. To bring about all-round, harmonious development of the 
personality of the child. 


AIMS OF TEACHING MATHEMATICS AT THE ELEMENTARY LEVEL 


We have given above the aims of teaching mathematics in general. 
When we are required to enlist these aims at the elementary school 
jevel we have to think in a different way and our emphasis and 
priorities will vary. These aims can be enlisted as under: 


1. To give a good start to the students in learning mathematics. 


2. To provide to them clarity on fundamental concepts and 
processes of the subject. 


3. To create in them an enduring interest and faith in the subject 
and to develop a love for it. 


4. Tointroduce them to mathematical games, puzzles, recrea- 
tions, hobbies and activities and to unravel before them the 
mysteries of the subject. 


5. To develop in them a taste and confidence ın mathematics. 
To ensure in them accuracy and efficiency in fundamental 
processes and develop appreciation for accuracy. 


7. To acquaint them with the relation of mathematics with their 
present as well as future life. 


8. To develop in them the habits like regularity, practice, 
patience, self-reliance and hard work. 


9. To prepare them for the learning of other subjects intimately 
telated with mathematics. 


10. To acquaint them with mathematical language and symbolism. 


11. To prepare them for the learning of mathematics of higher 
classes. 


12, To intinte and develop required discipline in the learner’s 
mind. 


THE PLACE OF MATHEMATICS IN EVERYDAY LIFE 


Shut out mathematics from daily life and all civilisation comes 
toa standstill. In this world of today nobody can live without 
mathematics fora single day. Mathematics is intimately involved 
in every moment of everyone’s life. Right from human 
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existence on this earth, it has been a faithful companion. When man 
first wanted to answer the question: (How many ? How much ? How 
big? How long ? etc.) he invented arithmetic. Algebra was devised to 
simplify arithmetical computations. For measurement and form 
geometry was invented. To find the position of high mountains and 
stars trigonometry was invented and developed and so on in the case 
of numerous other branches of mathematics. The knowledge of this 
subject was born out of felt needs of man. This knowledge is there- 
fore indispensable. As the needs grow, the knowledge is bound to 


grow. 

There is a definite need of mathematics in anvbody’s life-long 
planning and day-to-day planning. A human berng is always after 
profitable and increasing returns. A mathematical approach is essen- 
tial for any progress. Any approach devoid of mathematical 
considerations is likely to lead to decline. If anybody wants to make 
a success of his life, he must have recourse to mathematics. 

Day-to-day evaluation in life or daily self-evaluation and over all 
life evaluation provide us assessment, judgment, guidance and 
direction for the future. This evaluation will have to be mathematical. 
in nature to a great extent. 

Even the most ordinary citizen has got to calculate his wages and 
buy things from the bazar. A person may be a mere housewife, 
farmer, labourer, shopkeeper, tailor, clerk, vendor, salesman, accoun- 
tant, mason, driver, carpenter, or booking clerk, some knowledge of 
mathematics is absolutely necessary for him. 

The entire atmosphere is surcharged with mathematics. The prices 
rates, discounts, commissions, rebates, interests, taxes, shortages, 
production, distribution, inflation, etc. are the issues with which 
everybody is intimately concerned. There is no escape from mathema- 
tical intricacies of life and livelihood. 

All the illustrations and arguments in favour of practical value of 
mathematics can be utilised and repeated to justify the place of the 
subject in everyday life. 

THE PLACE OF MATHEMATICS IN THE SCHOOL CURRICULUM 


Everybody needs some knowledge of mathematics in one way or 
the other. But it is felt that for an ordinary man, the knowledge 
acquired during the primary and middle stage will suffice. Con- 
sequently there is a great controversy over making it optional or 
compulsory at the high/higher secondary school stage. 


It is also believed that mathematics is an exceptionally difficult 
subject, i.e., its study requires special ability and intelligence; there- 
fore everbody should not be burdened with the study of this tough 
subject; everybody is not able enough to learn it successfully. 
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References are made to low pass percentage in this subject in 
examinations. 


Mathematics is a very useful subject for most vocations and 
higher specialised course of learning. But everybody who is studying 
it in the school is not goingto be an accountant, engineer or statisti- 
cian. But at such an early stage of education it is difficult to know 
who is going to be an engineer or a banker. Psychologists, however, 
have shown that it is possible at this stage to determine what a 
student can be in later life. Therefore the duty of the school is to 
give to the high school student a broad view of what he is capable 
of achieving in future. He should geta broader course to be able to 
choose a suitable line out of that. At the university stage, most of 
the physical and social sciences require the application of mathema- 
tics. To deprive the student of the knowledge of this subject at the 
high school stage means narrowing the choice of vocation for him. 
Ignorance of mathematics will be a great handicap in the progress of 
his studies in many other subjects. Its study will benefit him to a great 
extent. High/higher secondary school education will remain in- 
complete and incomprehensive if mathematics is excluded from it. 
No other subject can be a substitute for mathematics. 


Educationists have begun to feel that education upto the middle 
standard is not sufficient for the citizen of today. The period of 
compulsory education needs extension from the middle to the high 
school standard. Naturally on the extension of the period of 
compulsory education from eight to ten or eleven years, mathema- 
tics will have tc be retained asa compulsory subject for the longer 
duration of compulsory education. The question of making it 
optional at high/higher secondary stage will not arise at all. 


While making it compulsory, the interests of both types of student’s 
will have to be safeguarded. So the syllabus shall contain such 
subject-matter as is useful for those who are going to discontinue 
their education after the high school stage and are entering into 
other professions. It shall also contain such knowledge as elucidates 
mathematical principles and processes so that the students who will 
later join a university class, shall not be then handicapped at the 
sudden rise in standard. 


i There cannot of course be two opinions about the necessity of 
diversification and specialisation in the final year ofthe higher 
secondary school stage. Here mathematics has to be treated as an 
optional and specialised subject like other subjects of study. 


One should not forget that during the age of education of 3 R’s, 
mathematics was one of the three, rather two, subjects of study; its 
importance in the present age is no less. There can be no true 
schooling without mathematics. 
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a 


EXERCISE 


Mathematics is an indispensable part of education, not only 
because of its great disciplinary value, but also because of its 
many other educational values. 

Discuss briefly the educational values of mathematics. 
Illustrate with examples the importance of mathematics as a 
school subject. 

Even if we view from purely utilitarian point of view, the 
study of mathematics is a must for every common man of the 
modern era. 

What are the aims of teaching mathematics in schools. 

There are a number of misunderstandings in the minds of some 
parents about the utility of mathematics asa school subject 
for their wards. How will you try to convince them. 

Enlist and discuss the aims of teaching mathematics at the 
elementary level. 


CHAPTER THREE 


HISTORY OF MATHEMATICS 


MATHEMATICS HOLDS THE mirror upto civilisation. It is no exaggera- 
tion to say that the history of mathematics is the history of 
civilisation, Mathematicians can take pride in the fact that their 
science, more than any other's is an exact science, and that hardly 
anything ever done in mathematics has proved to be useless. The 
geometry of the Greeks and the arithmetic of the Hindus are as 


useful and admirable as any research of today. Mathematics has 
been a progressive science. 


VALUE OF HISTORY 


History of mathematics has not so far been given any place in its 
curriculum, simply because no time can be made available for its 
study when already heavy courses have to be covered. Moreover, 
there has not been any serious realisation of the benefit which can 
Possibly be had-from this study. But once introduced, it is sure to 


become a source of interest and pleasure to the learners. its values 
can be explained as follows : 


1. Mathematics will be presented as a dynamic and progressive 
subject, full of human interest. 


2. It will be instructive and interesting; it will not only remind 
us of what we have, but will also teach us how to increase 
our store of knowledge. 


3. it warns the learner against hasty conclusion. 


Many mathematical topics can be better introduced in the 
class by discussing their history. 


It saves the student from attacking an unsolved problem by 


the same method which has led other mathematicians to 
failure. 


6. It is important also as a valuable c 


3 1mpor ontribution to the histor 
of civilisation. Mathematical and 9 tae history 


physical researches are a 
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reliable record of intellectual progress. It is one of the large 
windows through which the philosophic eye looks into past 
ages and traces the line of intellectual development. 

7. It reveals, that, at every stage, major or significant develop- 
ment of mathematics was conditioned by human needs. 

8. Most of the terms, concepts and conventions can be properly 
understood only by reference to their historical backgreund. 


9. Ifthe teacher uses his knowledge of the history of mathe- 
matics in tne class-room, the students form a good impression 
of his study and knowledge. This helps him in commanding 
respect. 

10. Gradation of the subject, correlation of mathematics with 
other subjects and psychological and logical order of the 
subject-matter—all these are done excellently. ae. 

1l. It shows that mathematics is a man-made science. Its 
history will thus encourage the child also to contribute some- 
thing to it. À 

12. It reveals that all the branches of mathematics were developed 
in relation to one another. So it guards the learner, against 
compartmentalisation. a 

13. Some stories and events, mentioned occasionally, bring about 
a healthy change in the monotony of the class-room work. 

14. It gives the impression, that mathematics has an intimate 
connection with other branches of knowledge, and should not 
be treated as an isolated subject. 

15. It makes students appreciate the progress of man over the 
ages. They would like to read and hear how the old 
mathematicians discovered mathematical facts and tried their 
experiments. 


THE ANCIENT CIVILISATIONS AND MATHEMATICS 


Mathematics is a man-made science. Ancient men also felt their 
Concern with this branch of knowledge. Though their conclusions 
Were not very accurate, yet their efforts were quite serious and 
genuine. They were of course, motivated in their attempts by their 
Social needs. Even in the most ancient times they must have done 
their best On the computational front of their life. They had , their 
jauitations, no doubt. Most of them made astonishing and interest- 
ng mathematical discoveries. 


THE BABYLONIANS 


a The study of Babylonian mathematics begins with the notation of 
umbers. A vertical wedge stood for !. while the charcacters 
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the notation of numbers. A vertical wedge stood for 1. 


while the characters << and vo 


signified 10 and 100 respectively. in this connection the most 
surprising fact is that their notational system discloses the use not 
only of the above decimal system, but also of the sexagesimal one. 
There are two Babylonian tablets which exhibit the use of the latter, 
One of them, probably written between 2300 and 1600 B.C., 
contains a table of square numbers upto 602, The numbers 1, 4, 9, 16, 
25, 36, 49 are given as squares of the first seven integers respectively. 
We have next 1.4=82, 1.21=97, 1.40=10%, 21=11? etc. This remains 
unintelligible, unless we assume the sexagesimal scale, which makes 
1.4=60+4, 1.21=60+21, 2.1=2x60+1. It can be noted here that 
the principle of position was also employed. But it is not certain that 
the Babylonians then knew the use of zero also. Their records of 
many centuries later of about 200 B.c.—give a symbol for zero which 


denoted the absence ofa figure but apparently was not used in 
calculation. 


The sexagesimal system was used also in fractions. Thus $ and 

are designated by 30 and 20 the reader being expected, 
in his mind, to supply the word “sixtieths”. But what led to 
the invention of sexayesimal system ? It was assumed that the 
early Babylonians reckoned the year at 360 days, that this led to the 
division of the circle into 360 degrees and its further division into six 
segments of 60 degrees each. 


It has also been found that Babylonians Possessed the knowledge 
of multiplication and division tables, tables of squares and square root, 
a geometric progression, a few computations, and the rules for finding 
the areas of squares, triangles, and right triangles, è 

Most probably, Plato got the knowledge of the number from the 
Pythagoreans, and the Pythagoreans from the Babylonians. 

It seems that in geometry they accomplished little. Like the 
Hebrews they took x=3 

Their astronomy has attracted much attention. They were the 


worshippers of heavenly bodies. They had some calculation about 
the new and full moon and the eclipses, 
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THE EGYPTIANS 


All authorities concede that however far back one may go in 
Egyptian civilisation one finds no indication of an uncivilised state of 
society. The Egyptians built the pyramids at a very early period. 
Aristotle says that mathematics had its birth in Egypt, because there 
the priestly class had leisure needful for its study. Geometry is said 
to have originated in Egypt. The Egvptian King Sesostris divided 
the land among all Egyptians in order to give each one a quadrangle 
of equal size and to draw from each his revenues through a tax to be 
levied yearly. 

A mathematical manual was written by Ahmes sometime before 
1700 B.C. It mainly contains statements of results intended possibly 
to be explained by a teacher to his pupils. It deals with the area of 
an isosceles triangle, area of a circle (7=3.1604, a very fair approxi- 
mation), area of an isosceles trapezoid, the right triangle and conveys 
a rudimentary knowledge of proportion. The Fgyptians were familiar, 
as early as 2000 years B.C., with well-known property of the right- 
angled triangle (for the special case at least. when the sides of a 
triangle are in the ratio 3:4:5). The Ahmes manual contains interest- 
ing information ‘on fractions. Ahmes also gives the following 
examples involving; an arithmetical progression. “Divide 100 loaves 
among 5 persons; } of what the first three get is what the last two 
get. Whatis the difference?” He gives a correct solution of this 
problem. Again he speaks of a ladder consisting of the numbers 
7, 49, 343, 2401, 16807. Adjacent to these powers of 7 are the 
pictures of animals and things, cat, mouse, barley, measure. Mortiz 
Cantor offers the following solution to this riddle : 7 persons have 7 
cats, each cat eats 7 mice, each mouse eats7 ears of barley, from 
each ear 7 measures of corn may grow. How many persons, cats, 
mice, ears of barley, and measures of corn, altogether? Ahmes gives 
19607 as the sum of the geometric Progression. Thus the manual 
discloses a knowledge of both arithmetical and geometrical progres- 
sion. Ahmes also proceeds to the solution of equations of one 
unknown quantity. It thus appears that the beginnings of algebra 
are as ancient as those of geometry. 

The period of Ahmes was a flowering time for Egyptian mathema- 
tics. It represents the most advanced attainments of the Egyptians in 
arithmetic and geometry. The principal limitation of their arithmetic 
was the lack of a simple, comprehensive symbolism. It is remarkable 
that they reached so great a proficiency in mathematics at so remote 
a period of human civilisation. But strange, indeed, is the fact that, 


during the next two thousand years, they made no Progress in it at 
all. 


THE GREEKS 
About the seyenth-century B.C., an active commercial intercourse 
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sprang up between Greece and Egypt. There naturaily took place 
an exchange of ideas as well as knowledge. Almost all the great Greek 
philosophers and mathematicians visited the land of the pyramids. 
To Egypt, Greece is indebted, among other things, for its elementary 
geometry. But this does not lessen the glory of the Greek mind. 
“Whatever we Greeks receive, we improve and perfect”, says Plato. 
The Greeks felt a craving to discover the reasons for things. 


Tue Tonic SCHOOL 


To Thales (640-546 B.c.) goes the honour of having introduced 
the study of geometry in Greece. He is said to have studied 
physical science and mathematics with the Egyptian priests; but he 
soon excelled his masters, and amazed King Amasis by measuring the 
heights of the pyramids from their shadows. It was done by using 
the knowledge of proportion. He is also known as the inventor of 
theorems on the equality of vertical angles, the equality of the angles 
at the base of an isosceles triangle, the bisection of a circle by any 
diameter, the congruence of two triangles having a side and the two 
adjacent angles equal respectively, the sum of the three angles of a 
triangle to be equal of two right angles and that all angles inscribed 
in a semicircle are right angles. With Thales begins also the study of 
scientific astronomy. He acquired great celebrity by making the 
prediction of a solar eclipse in 585 B.C. 


THE SCHOOL OF PyTHAGOREANS 


Having failed to found a schoolin his own country, Pythagoras 
(580? - 500? B.c.) quit his home and founded the famous Pythagorean 
school at Croton in South Italy. The school was like a brotherhood, 
its members were forbidden to divulge the discoveries and doctrines 
of their school to any stranger. This secrecy caused it to become an 
object of suspicion. People in Lower Italy revolted and destroyed 


his school. Pythagoras fled to Methapontum, where he was 
murdered, 


_ At this school, mathematics was the principal study. Pythagoras 
raised mathematics to the rank of a science. His geometry is much 
concerned with areas (the famous Pythagoras theorem). He was 
especially fond of _ those geometrical relations which admitted of 
arithmetical expression. He was familiar with the construction of a 
polygon equal in area to a given polygon and similar to another given 
polygon. Pythagoras cailed the sphere the most beautiful of all 
solids, and the circle the most beautiful of all plane figures. The star- 


shaped pentagram was used as symbol of iti the 
Pythagoreans, and was called Health, by teat recognition 18y 
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THE SOPHIST SCHOOL 


In the year 480 Bc. the Greeks introduced democracy in their 
country, and therefore every citizen becamea politician. Education 
had to be provided to every common man. Thus there arose a 
demand for teachers. The supply came principally from Sicily, where 
Pythagorean doctrines had spread. These teachers were called 
“Sophists or “Wisemen”. They taught geometry, astronomy, philoso- 
phy and language. 


The geometry of the circle. which had been entirely neglected by 
the Pythagoreans, was taken pp by the Sophists. They made many 
attempts to solve the following three famous problems :— 


(i) To “trisect an arc or an angle”. 
(ii) To “double the cube”. 
(iii) To “square the circle”. ‘ 


Hippocrates, a sophist, showed that circles are to each other as the 
squares of their diameters. Antiphon, Bryson, Zeno and Democritus 
were other famous mathematicians of this period. 


THE PLATONIC SCHOOL 


Plato was born at Athens.in 429 B.c. and died in 348. He 
travelled widely and came in contact with great philosophers and 
mathematicians of other countries. He established his school in 389 
B.C, and devoted the remainder of his life to teaching and writing. 


He soughtin arithmetic and geometry the key to the uni- 
verse. He placed the inscription over his porch, “Let no one who is 
‘unacquainted with geometry enter here”. He always stressed the 
continuous relationship between mathematics and philosophy. His 
school produced a large number of mathematicians. One of the 
greatest achievements of Plato and his school is the invention of 
analysis as a method of proof. Plato has been called a maker of 
mathematicians. Manaechmus, Dinostratus, Eudoxus, Leodames 
and many others were his students, who did research work in 
mathematics. Their researches pertained to prism, pyramid, cylinder, 
cone, parabola, ellipse, hyperbola, solid geometry, loci and 
astronomy. 


THE First ALEXANDRIAN SCHOOL 
Ptolemey founded the University of Alexandria in about 338 R.c. 


It soon became a great centre of learning. Euclid was invited to open 
the mathematical school there. Ptolemy once asked him if geometry 
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could not be mastered by an easier process, than by studying the 
elements. Euclid answered, “There is no royal road to geometry.” It 
is a remarkable fact in the history of geometry that the Elements of 
Euclid, written over two thousand years ago, are still regarded by 
some as the best introduction to the mathematical sciences. Another 
prominent book of Euclid is the Data which is a course of practice 
in analysis. He wrote a few more books on: spherical geometry; 
astronomy; the hypothesis that light proceeds from the eye and not 
from the object seen; division of plane figures into parts in a given 
ratio. Some of his works on other subjects have been lost. 


ARCHIMEDES 


(287 B.c.—212 B.c.) was another famous and celebrated mathe- 
matician of those days. He wrote many books, namely (1) Centres of 
Plane Gravities. (2) Quadrature of Parabol. (3) The Method, (4) Two 
books on the Sphere and Cylinder. (5) The Measurement of the 
Circle. (6) On Spirals. (1) Conoids and Spheroids. (8) The Sand 
Counter. (9) Two books on Floating Bodies, (10) Fifteen Lemmas. 

In the book The Measurement of the Circle, he proves first that 
the area of a circle is equal to that of a right angled triangle having 
the length of the circumference for its base, and the radius for its 
altitude. Aristotle knew the property of the lever, but could not 
establish its true mathematical theory. Archimedes’ proof of the 
property of the lever holds its place in many text books to this day. 
His estimate of the efficiency of the lever is expressed in the saying 
attributed to him., “Give me a fulcrum on which to rest, and I will 
move the earth”. His attention was first drawn to the subject of 
specific gravity when King Hieron asked him to test whether a crown, 
professed by the maker to be pure gold, was not alloyed with silver. 
His book Floating Bodies is a treatise on hydrostatics. He wrote 


on a very wide range of subjects, and is known as the Newton of 
antiquity. 


APOLLONIUS 


About forty years after Archimedes there flourished Apollonius 
who wrote eight books on ‘Conic Section’. Besides the ‘Conic 
Sections’, Pappus ascribes to Apollonius the following works: On 
Contacts, Plane Loci, Inclinations, Section of an Area, Determinate 
Section—and gives lemmas from which attempts have been made tO 
restore the lost originals. 

The discoveries of Archimedes and Appollonius marked the most 
brilliant epoch of ancient geometry. Their separate fields of discovery 
may be designated by the names of geometry of measurements and 


Geometry of Forms and Situations or Geometry of Archimedes and 
Geometry of Apollonius. 
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Euclid, Archimedes and Apollonius took geometry to a high 
State of perfection. 

About 100 B.C. there flourished Heron the Elder of Alexandria. 
But great uncertainty exists concerning his writings. It is not certain 
whether he was the real discoverer of the famous Heron’s formula for 
finding the area of a triangle expressed in terms of its sides or whe- 
ther the real discoverer was one Heron the Younger who might have 
lived later than Heron the Elder. Heron was a practical surveyor. 
Some of his formulas point to an old Egyptian origin. His writings 
Satisfied a practical want, and for that reason were borrowed exten- 
sively by other peoples. 

Hipparchus was the greatest astronomer of antiquity. He took 
his observations during the years 161 B.c. and 127 B.c. He is known 
as the originator of the science of trigonometry. He was mostly 
interested in mathematics as an aid to astronomical inquiry. He made 
arithmetical and also graphical devices for solving geometrical 
Problems in a plane and on a sphere. 


THE SECOND ALEXANDRIAN SCHOOL 


This school may be said to have started with the Christian era. It 
was made famous by Claudius Ptolemy, Diophantus, Pappus, Theon 
of Smyrna, Theon of Alexandria and others. 


The study of Platonism and Pythagorean mysticism led to the 
Tevival of the theory of numbers. This theory became the favourite 


Study of this school. 


CLaupius ProLemy 


A celebrated astronomer, was a native of Egypt. He flourished in 
Alexandria in 139 a.D. He wrote the famous work Almagest in 13 
books. The fundamental idea of the Ptolemic system is that the earth 
Is at the centre of universe and that the sun and planets revolve 
around the earth. He made maps of the earth’s surface and of the 
celestial sphere. 


Pappus 


Probably born in about 340 A.D. in Alexandria, was the last great 
Mathematician of the Alexandrian School. His genius was inferior 
to that of his predecessors. He wrote A Commentary on the 
Almagest, A Commentary on Euclid’s Elements, and A Commentary 
on the Aralemma of Diodorus. His most well-known work is Mathe- 
matical Collections. It was originally in the form of eight books. 

18 worth noticing that he was the first to find the focus of the 
Parabola. He also propounded the theory of the involution of points. 
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Theon of Alexandria brought out an edition of Euclid’s Elements 
with notes, which he probably used as a text book in his classes. 


DIOPHANTUS 


2.\He was one of the last and most fertile mathematicians of that age. 
We are constrained to remark that but for him algebra would have 
been almost an unknown science among the Greeks. It seems that he 
was the first Mathematician to perform such operations as 
(x—1) x (x—2) without reference to Geometry. The identities like 
(a-+b)?=a2+2ab-+b? were also proved by him alyebraically. He 


dealt with the solution of simultaneous equations also. 


Most geometers of the last 500 years showed lack of creative 
power. They were commentators rather than discoverers. 


THE ROMANS 


The sway of the Greeks was a flowering time for mathematics, but 
that of the Romans of sterility. As a consequence, not only the 
higher geometry of Archimedes and Apollonius, but even the Elements 
of Euclid was negiected. It is thought that even ‘Roman Notation 
was borrowed from some outside sources. 

Romans had for long been concerned with payments of interest 
and problems on interest. The Roman laws of inheritance gave rise 
to numerous arithmetical problems. ~Here is an interesting and pecu- 
liar instance. 


A dying man wills that if his wife being with child gives birth to 
ason, the son shall receive 3 and she $ of his estates, but if a 
daughter is born, she receives} and his wife 2. Jt happens that 
twins are born, a boy and a girl. How shall the estates be divided so as 
to satisfy the will ? The celebrated Roman jurist, S. Julianus, decide 
that the estates shall be divided into seven equal parts of which the 
son receives four, the wife two the daughter one. 

The only geometry known to them was a practical geometry which 
was employed in surveying. They had the formula for finding the 
area ofa triangle and especially the approximate formula $ za 
for the area of an equilateral triangle. Their king Julius Caesar 
ordered a survey of the whole empire in order to secure an equitable 
mode of taxation. With the services of Alexandrian astronomer Sosi- 
genes, he also reformed the calendar In the later half of the fifth 
century, school books began to be compiled from the elements O 
Greek authors. These compilations are very deficient; but they are 
of absorbing interest, due to the fact that, down to the twelfth cen- 
tOry, they were only sources of mathematical knowledge. Foremost 
among these compilers was Boethius. He wrote Institute Arithmetica, 
which is a translation of the arithmetic of Nicomachus, and a 8¢0 
metry based on Euclid’s elements. A celebrated portion in his 
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geometry is the one pertaining to an abacus where a considerable 
Improvement on the old abacus has been made. Pebbles are 
discarded, and apices (probably small cones) are used. Upon 
each of these cones is drawn a numeral giving it some value below 
ten. These nine numerals are said to have been got by Alexandrians 
from the Hindus, in about the second century a.D. These were fur- 
ther passed on to the Romans on the one hand, and to the Western 
Tabs on the other. 


THE CHINESE 


The oldest Chinese work of mathematical interest is an anonymous 
Publication, called Chou-pei and written before the second century 
A.D. This book was followed by the book Arithmetic in Nine Sections. 
This book begins with mensuration; it gives the area of a triangle as 

bh, of a trapezoid as $(b+b’) h, of a circle variously as 4 c, 4d, 


follow Problems in allegation. There are indications of the use of 
Positive and negative numbers. , 
th en comes the Arithmetical Classic of Sun-Tsu which belongs to 
€ first century a.D. The author writes, “In making calculations 
Y © Must first know positions of numbers. Unity is vertical and ten 
orizontal; the hundred stands while the thousand lies; and the thou- 
pand and the ten look equally and so also the ten thousand and the 
hundred.” It is evidently a reference to abacal computation. Square 
Si is explained more clearly in this book. Algebra is involved in 
8 Problem—“I don’t know how many guests were there; but every 
O Used a dish for rice between them; every three a dish for broth; 
ety four a dish for meat; and there were 65 dishes in all. T 
Another boo -island Arithmetical Classic was written by Lin 
Hui in the third bates He gives complicated problems indicat- 
ing marked Proficiency in abgebraic manipulation. P 
Of the boo i uring the succeeding centuries only a few 
ate available, Ean e Classic of Chang Ch’ iuchien 
the sixth century can be mentioned. This contains an interesting 
Speblem— “A cock costs 5 pieces of money, a hen 3 pieces, and 3 
wiles l piece. If then we buy with 100 pieces 10 of them, what 
'll be their respective numbers.” ee 
ör Th the first half of the seventh century, ‘Wang H’siao-T’ung 
for Upht forth a work, in which the numerical cubic equations appear 
the first time in Chinese Mathematics. 


evi 
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In 1247 Ch'in Chiu-shao wrote the Nine Sections of Mathematics 
which marked a decided advance on the solution of numerical equa- 
tions. He made an advance by using 0 as a symbol for zero. It 
is probable that this symbol was an importation from India. Positive 
and negative numbers were distinguished by the use of red and black 
computing rods. 


Half a century later, Chinese algebra reached its zenith in treatise 
Introduction to Mathematical Studies and The Precious Mirror of the 
Four Elements which came from the pen of Chu Shib-Chieb. 


In the fourteenth century, astronomy and the calendar were stu- 
died. But after the well known achievements of the thirteenth cen- 
tury, Chinese mathematics for several centuries was in a period of 
decline. The “Systematised Treatise on Arithmetic,’ written in 1953, 
is famous for containing some magic squares and magic circles. 


Christain missionaries entered China in the sixteenth century. They 
introduced European astronomy and mathematics, Euclid’s geometry 
and logarithms. 


THE JAPANESE 


In about 552 A.D. Prince Sho'takm Taishi engaged his attention 
to Mathematics to such a degree that he came to be cailed the father 
of Japanese mathematics. A little later, Chinese science was import- 
ed. Bamboo computing rods were usedin Japan in the seventh 
century. Numbers were represented by these rods in the manner 
practised by the Chinese. The Japanese ‘soroban’ was simply a more 
highly developed form of Chinese abacal instrument. 


The Seventeenth century was a period of great mathematical acti- 
vity. It started with Mo'ri Kambei Shigeyoshi who popularised the 
use of ‘soroban’. His pupil Y. S. Ko’ yu’ wrote a book, Jinko’-ki in 
1627, which is the oldest Japanese mathematical work now available. 
It deals with operations on the ‘Soroban’ including square and cube 
root. Another pupil Imamura Chi sho, published a treatise Jugairoku 
in 1639, which deals with the menstration of the circle, sphere an 
cone. Isomura Kittoku, another author makes a crude approach 
to integration in his book Ketsugisho written in 1660. He gives magie 
squares, magic circles and also magic wheels. In 1666 ‘Sato’ ‘Seiko 
wrote his Kongedki which, in common with other works of his day» 
considers the computation of 7 (=3.14). 

We now come to Seki Ko’wa (1642-1708) whom the Japanese 
regard as the greatest mathematician of their country. The year © 
his birth was the year in which Galileo died and Newton was born. 
He was a great teacher. Like Pythagoras, he discouraged divulgence 
of mathematical discoveries made by himself and his school. He is 
said to have left hundreds of manuscripts; the transcripts of a few O 
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them still remain. He published only one book, the Hatsubi Samp 6, 
1674, in which he solved fifteen famous current problems. Note- 
worthy among his mathematical achievements are the ‘Tenzan’ method 
and the ‘Yendan’ method, which refer to improvements in algebra. 
Perhaps the most original and important work of Seki is the invention 
of determinants. Takebe was outstanding among his pupils. 


The invention of the ‘yenri’ or ‘Circle principle’ is attributed to 
Takebe. This invention accomplishes almost the same things as are 
accomplished by the differential and integral calculus. Seki, Takebe 
and their co-workers dealt with infinite series, especially in the study 
of the circle and that of 7. 


In the early part of the nineteenth century there was greater in- 
filtration of European mathematics than before. There was considera- 
ble activity but only one person of that century is worth mentioning. 
He was Wada Nei (1787-1840), who perfected the ‘Yenri’ still fur- 
ther, developing an integral calculus, and giving reasons where his 
predecessors gave only rules. He worked particularly on maxima 
and minima. After the middle of the nineteenth century the native 
mathematics yielded to a strong influx of Western mathematics. 
Undoubtedly Japan has produced some able mathematicians, but on 
account of her geographical isolation her scientific output did not 
affect or contribute to the progress of. this science in the West. 


THE HINDUS 


_ After ancient Greeks, the first people, whose researches wielded a 
wide influence on the advance of mathematics belonged to the Aryan 
tace living in far-off India. Hindus had scaled great heights in 
Mathematics and that was mainly to serve astronomy. The Greek 
mind was preeminently geometrical and the Indian mind arithmeti- 
cal. The Hindus dealt with number, the Greeks with form. Numeri- 
cal symbolism, the science of number and algebra attained in India 
far greater perfection than that previously reached in Greece. On 
the other hand Hindu geometry was merely mensuration, unaccom- 
panied by demonstration. Hindu trigonometry is meritorious, but 
rests on arithmetic more than on geometry. There are evidences of 
some connection between Greek mathematics and Indian mathema- 
tics and of an intimate connection between Indian mathematics and 
Chinese mathematics. 


Some of the remotely ancient mathematical works were composed 
sometime between 800 B.C. and 200 A.D. but most of them are now 
extinct. The works which merit notice and are now available, belong 
to the period from the 5th century onwards. 

The noted Hindu astronomer Aryabhata was born in 476 A.D. at 
Pataliputra. His celebrity rests on a work entitled Aryabhatiya, of 
which the third chapter is devoted to mathematics, After him 
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flourished Brahmagupta. In 628 he wrote his Brahma-sphuta sidhanta, 
of which the twelfth and eighteenth chapters pertain to mathematics. 
Probably to the ninth century belongs Mahavira, an author on ele- 
mentary mathematics. He wrote the Ganit-Sara-Sangraha which 
throws light on Hindu geometry and arithmetic. In the following 
centuries Sridhara wrote Ganit-Sara and Padmanabha wrote on 
algebra. 


It seems that the science made but little progress at that time; for 
a work entitled Sidhanta Siromani on astronomy, written by Bhaskara 
in 1150, stands little higher than that of Brahmagupta, written over 
500 years earlier. The two most important mathematica! chapters 
in this work are the Lilavati (the beautiful or the noble science), 
and Vij Ganita (the root extraction), devoted to arithmetic and 
algebra. It appears that the Hindus thenceforth contented themselves 
with the study of the masterpieces of their predecessors. Scientific 
intelligence went on decreasing. 

The most ancient works Sulvasutras indicate that, perhaps as 
early as 800 B.C., the Hindu applied geometry in the construction of 
altars. The rules found in these works pertain to the construction of 
squares and rectangles, the relation of the diagonal to the sides, 
equivalent rectangles and squares and equivalent circles and squares. 
Some knowledge of the Pythagorean theorem is also disclosed in them. 
They yield a rectangle equal to a given square and a square equal to 
a given circle. 

During the six centuries from the time of Aryabhata to that of 
Bhaskara, Hindu geometry dealt mainly with mensuration. But this 
geometry was without definitions, postulates, axioms and logical 
chain of reasoning. Aryabhata gave a rule for the area of a traingle 
which holds only for the isosceles triangle. Brahmagupta distinguishes 
between approximate and exact areas by giving Heron’s formula 
v/s (s—a) (s—b) (s—c). Mahavira extended this formula and gave 
the area of an equilateral triangle as a° v F, Brahmagupta and 
Mahavira made a further remarkable extension of Heron’s formula 


by giving V(s—a) (s—b) (s—c) (s—d) as the area of a quadri- 
lateral. Brahmagupta, however, recognised that this formula was true 
only for quadrilaterals that can be inscribed in a circle. 


At bat place Aryabhata gives an extremely accurate value of 


x( 3 1250 = 3.1416 ) but he himself never utilised it, nor did any 


other Hindu mathematician before the twelfth century. 


The best achievement of the Hindus whi i 
ent o which has contributed most 
to i he progress of intelligence is the perfection of the so-called 
k rabit Otation”’. It appears that various numeral forms had bee? 
sed long before the principle of local value and the zero came to be 
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used. The principle of local value and the zero were probably known 
to Aryabhata. The symbol for zero was called ‘sunya’ (the void). 
It isto be found in the form of a dot in the Bakhshali arithmetic, 
the date of which is uncertain. The earliest undoubted indication of 
zero in India is in 876 A.D. 

The ancient Hindus displayed great skill in calculating even with 
large numbers. Their modes of operation were different. They added 
the left hand columns first, and made the necessary correction as they 
proceeded. In subtraction, they had two methods. It was like this 
in multiplication—on multiplying with the next digit of the multiplier, 
the product was not placed in a new row, as is done today; but the 
first product obtained was corrected, by erasing whenever necessary, 
the old digits, and replacing them by new ones. The Bakhshali arith- 
metic contains problems such as: B gives twice as much as A, C three 
times as much as B, D four times as much as C; together they give 
132; how much did A give ?” While considering some of the problems 
and methods of solving them, it is found that inversion was the 
favourite method with the Hindus. Aryabhata describes it thus, 
“Multiplication becomes division, division becomes multiplication, 
gain becomes loss and loss, gain.’’ The Hindus solved problems in 
interest, discount, partnership, allegation, summation of arithmetical 
and geometric series, and devised rules for determining the numbers 
of combinations and permutations. It may here be added that chess, 
the profoundest of all games, had its origin in India. 


The Indians were the first to recognise the existence of absolutely 
negative quantities. They brought out the difference between positive 
and negative quantities by attaching to the one the idea of “posses- 
sion” and to the other the idea of “debts.” The conception also of 
opposite direction on a line, as an interpretation of + and — quanti- 
ties, was not foreign to them. They observed that quadratic has 
always two roots. Thus Bhaskara gives x = 50 and x = — 5 for 
the roots of x? — 45 x = 250. He further says “But the second 
value in this case is not to be taken for it is inadequate; people do 
not approve of negative roots”. it shows that negative roots were 
known, but not admitted. The Hindus attempted problems involving 
irrational numbers also. For instance Bhaskara showed how, by the 
formula 


a det VEE + Na—vVa®—b 
Z a 


the square root of the sum of rational and irrational numbers could 
be found. 

“Indeed, if one understands by algebra the application of arith- 
metical operations to complex magnitudes of all sorts, whether 
rational or irrational numbers or space-magnitudes then the learned 


40 TEACHING OF MATHEMATICS 


Brahmins of Hindustan are the real inventors of algebra.” In finding 
square and cube roots, they used the formula (a+b)? = a°+2ab+b? 
and (a+b)? a°+3ab-+3ab?+b®. They deserve credit for improve- 
ments in the solutions of linear and quadratic equations. Bhaskara 
says, “the square of a positive, as also of a negative number, is 
Positive; that tbe square root of a positive number is twofold, posi- 
tive and negative. There is no square root of a negative number, for 
it is not a square.” 


The glory of having invented general methods in the treatment of 
indeterminate equations, belongs to the Indians. The celebrated 
Greek mathematician, Diophantus was content with a single solution; 
the Hindus endeavoured to find all possible solutions. Probably the 
indeterminate equations grew out of problems in astronomy. 


The Hindus evinced greater interest in trigonometry than in 
geometry. Interesting passages, are to be found in Varaha Mihira’s 
Pancha Sidhantika of the sixth century A.D., which gives 


m= V/10 sin 30°=4 and sin 60°=4/1—}. But instead of dividing 


the radius into 60 parts in the manner of Ptolemy, the Hindu as; 
tronomer divides it into 120 parts. Applying the formula sin’a+cos 


r? 
a=r’, the obtained sin 49= | 7-231, 


because the sine of 90° was equal to the radius or 3438. Substituting 
for cosa its equal sin (90—a), and making a=60°, they obtained 
4 31? 

sin 60°= 7 2978. 

Notwithstanding the Hindu indebtedness to other nations, the 
extent to which Indian Mathematics enters into the science of our 
times is remarkable. Both the form and the spirit of the arithmetic 
and algebra of modern times are essentially Indian. Unfortunately, 
some of the most brilliant results in indeterminate analysis, found in 
Hindu work, teached Europe too late to exert the influence they 


would have exerted, had they reached there two or three centuries 
earlier. 


At the begining of the twentienth century, mathematical activity 
along modern lines sprang up in India. In the year 1907 there was 
founded the “Indian Mathematical Society”, and in 1909 the Journal 
of the Indian Mathematical Society was started at Madras. 


THE ARABS 


“The Arabs were destined to be the custodians of the torch of 
Greek science, to keep it ablaze during the period of confusion and 
chaos, and afterwards to Pass it on to the Europeans”. This remark 
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applies in part also to Hindu science. Thus science passed from 
Aryan (Hindu and Greek both) to Semitic races, and later came back 
to the Aryan. s 

The Abbasides at Baghdad encouraged the introduction of the 
sciences by inviting able specialists to their court, irrespective of 
nationality or religious belief. Medicine and astronomy were their 
favourite sciences. In the year 772 there came to the court of Caliph, 
a Hindu astronomer with astronomical tables which were ordered to 
be translated into Arabic. Certainly, the Hindu numerals, with zero 
and the principle of position also were introduced along with these 
astronomical tables among the Arabs. About the form and shape 
of the Arabic numerals, the statement of the Arabic writer Al-Biruni, 
who spent many years in India, is of interest. He says that the share 
of the numerals differed in different localities, and that the Arabs 
selected from the various forms the most acceptable. 

But better information is now available about the way in which 
Greek science, dashed upon and penetrated Arab soil. In Syria the 
sciences, especially philosophy and medicine, were cultivated by 
Greeks. From there, Greek physicians and scholars were called to 
Baghdad. Caliph Al-Mamun (813-833) secured a large number of 
Greek manuscripts for translation into Arabic. At the beginning of 
the tenth century, the important Greek words could all be read in 
the Arabic tongue. The first Greek authors made to speak in Arabic 
were Euclid and Ptolemy. Among other important translations into 
Arabic were the works of Apollonius, Archimedes, Heron and 
Diophantus. It is thus evident that in the course of a century the 
Arabs gained access to the vast treasures of Greek Science. 

In astronomy there was great activity in original research as carly 
as the ninth century. The religious observances demanded by Moham- 
madenism presented to astronomers several practical problems. The 
prayers had to take place at definite hours during the day and night. 
The Mohammedan feast had to be held on exact days. For these 
Teasons astronomical tables and instruments were perfected, observa- 
tories erected and a connected series of observations instituted. 


Important to the student of Mathematics is Al-Khowarizmi’s 
work on algebra and arithmetic. He lived during the reign of Caliph 
Al-Mamun. An Arabic writer says, “The arithmetic of Khowarizmi, 
being based on the principle of position and the Hindu method of 
calculation, excels all others in brevity and easiness, and exhibits the 
Hindu intellect and sagacity in the grandest inventions.” His work 
the Algebra is very important. The title of this book is self-explana- 
tory. It means “restoration and reduction”. By “restoration” was 
Meant the transposing of negative terms to the other side of the 
equation; by “reduction” the uniting of similar terms. It explains the 
elementary operations, and the solutions of linear and quadratic 
equations, and contains little that is original. It contains alsoa few 
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meagre fragments on geometry. He gives the theorem of right angle 
triangle and calculates the areas of the triangle, parallelogram and 
circle . He prepared astronomical tables containing not only the sine 
function, but also the tangent function. 

Next to be noticed is Tabit ibn Korra (836-901) who was born 
at Harran in Mesopotamie. _ He was proficient not only in astronomy 
and mathematics, but also in the Greek, Arabic and Syrian langu- 
ges. His translations of Appollonius, Archimedes, Euclid, Ptolemy 
rank among the best. His dissertation on ‘amicable numbers (of 
which each is the sum of factors of the other) is the first known 
specimen of original work in mathematics on Arabic soil. He. also 
trisected an angle. He is the earliest non-Chinese writer to discuss 
magic squares. i 

Foremost among the astronomers of the ninth century tanked 
Al-Battani. He was the first to prepare a table of cotangents. He 


dealt with horizontal and also vertical dials. Probably he knew the 
law of sines. 


Abul Wefa (940-998) was another scholar of that regio He 
made the brilliant discovery of the variation of the moon. He tran 
lated Diophantus. He introduced also the secant and cosecant. 

Al-Kuhi, another astronomer, was a student of Archimedes and 


Apollonius. He alongwith others made a study of the trisection of 
angles. 


Creditable work in the theory of numbers and algebra was 
done by Al-Karkhi of Baghdad, who lived in the beginning of the 
eleventh century. His treatise on algebra is the greatest algebraic 
work of the Arabs. He was the first to operate with higher roots and 
to solve equations of the form x*#ax®=b, He was also the first 


Arabic author to give and prove the theorems on the summation of 
the series : 


PEIES ection su +n?=(142+..00000. +n) eee. 
1342343840000. +n?=(1-+2+ ........-4n)? 


The one who did the most to elevate to a method the solution of 
algebraic equations by intersecting conics, was the poet Omar 
Khayyam of Chorassan (about 1045-1123). He divides cubics into 
two classes, the trinomial and quadrinomial and each class into 
families and species. Each species is treated separately but according 
to a general plan. He rejected negative roots and often failed to 
discover all the positive ones. 


Mathematics, which rose to great heights due to the contributions 
of Al-Karkhi and Omar Khayyam began to decline after them. 


This much about the Arabs in the East should suffice. Between 
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the Arabs of the East and the Arabs of the West, which were under 
separate governments, there generally existed considerable politi- 
cal animosity. There was less scientific intercourse among them than 
might be expected to exist between peoples having the same religion 
and written language. Thus the course of science in Spain was quite 
independent of the course of science in Persia. Going westward, one 
meets in ‘Morocco a mathematician named Abu’l Hassan Ali, whose 
treatise “on astronomical instruments” discloses a thorough knowledge 
of the conics of Apollonius. When one reaches Cordova, the capital 
of Spain, one is struck by the magnificent splendour of her architec- 
ture. At this famous seat of learning, schools and libraries were 
founded during the tenth century. 

Litile is known of the progress of mathematics in Spain. The 
earliest name that has come down to us is Al-Majriti (who died in 
1007), the author of a mystic paper on “amicable numbers”. The only 
great astronomer among the Saracens in Spain was Jabir ibn Aflah of 
Sevilla, frequently called ‘‘Geber”. He lived in the second half of the 
eleventh century. It was at one time believed that he was the inven- 
tor of algebra, and that the word algebra came from “Jabir” or 
“Geber”. His chief work is on astronomy in nine books, of which 
the first is devoted to trigonometry. In his treatment of spherical 
trigonometry, he exercises great independence of thought. To the four 
fundamental formulae already given by Ptolemy, he added a fifth, 
discovered by himself. Ifa, b, c be the side, and A, B, C the angles 
of a spherical triangle, right angled at A, then Cos B=Cos b Sin C. 
This is frequently called ‘Gebers’ theorem. 

It is a remarkable fact that, among the early Arabs, no trace 
whatever of the use of the abacus can be discovered. At the close 
of the thirteenth century, for the first time, do we find an Arabic 
writer, Ibu Albanna of Bugia (an African seaport) who uses processes 
which are a mixture of abacal and Hindu computation. 

The latest promineat Spanish-Arabic scholar was Al-Kalsadi of 
Granada, who died in 1486. He wrote the book, Raising of the Veil 
of the Science of Gubar. The word “gubar” which originally meant 
“dust” stands here for written arithmetic with numerals. He devised 
symbols for the unknown, and used a considerable amount of alge- 
braic symbolism. 

The Arabs had the good fortune to possess rulers who, furthered 
scientific research. At the courts of the caliphes, scientists were 
supplied with libraries and observatories. They have to their credit 
several substantial accomplishments. They solved cubic equations 
by geometric construction, perfected trigonometry to a marked degree 
and made numerous smaller advances all along the line of mathema- 
tics, physics and astronomy. They adopted the learning of Greece 
and India, and kept what they received with care. When love for 
science began to grow in the West, they transmitted to the Europeans 
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HISTORICAL REVIEWS OF DEVELOPMENTS 


in the history of mathematics there have been some very remark- 
able developments in the form of discovery and evolution of certain 
ideas and processes. These ideas and processes claim special status and 
significance in the overall progress of mathematical knowledge. They 
are considered to be landmarks in the history of the subject. At this 
Moment we shall discuss only a few of them. 


(a) NOTATION SYSTEM 


Number is one of the roots of mathematics, but it has taken roots 
and flowered into a full-fledged system over the period of a‘ * 
The origin of notation system is as old as the man himself. TA 
number sense is something innate in man. It is claimed that the 
birds and insects also have some number sense. Even the primitive 
man did not excel birds and insects in this number idea. This 
elementary concept took centuries to take any concrete shape. 


The primitive man used various ways to count. He used fingers, 
notches, cuts in the trees, lines on the ground, pebbles etc. for the 
purpose. The notation system originated and developed differently 
in different countries. 


BABYLONIANS 


Represented numbers by wedge-shaped symbols. One was 
represented by V, ten. was répresented by < and hundred by V’ <. 


HEBREWS AND GREEKS 


They used letters of the alphabet to denote numbers. For ex- 
ample X (alpha) stood for one, B (beta) stcod for two and i (iota) 
stood for ten. 


ROMAN SYSTEM 


The Roman notation is based on the idea of counting by 
fingers „or lines. Thus I, Il, III represented one, two, and three 
respectively. V probably stands for the whole hand or the gap 
between the thumb and the four fingers. To avoid the clumsy I I I I 
for four, they wrote I before V. This symbol also gave rise to the 
idea of positional value. Similarly symbols VI, VII etc., were develop- 


ea, The symbol X for ten seems to be the combination of two 
ves. 
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Hinpbu-ARABIC SYSTEM 


_Our present system in the form of numerals 1, 2, 3, etc., was 
originated by the Hindus. It was transmitted to the West through 
the Arabs and hence the name Hindu-Arabic system. 


Some ancient symbols found carved on stones are : 


I II + 6 
One Two Four Six 
At some other places, some such symbois are found : 
— = $ 7 ? 
One Two Four Seven Nine 


The early Hindus had no symbol for - zero and they had different 
symbols for 10, 20, and 30 etc. Later on the symbol o was evolved by 
the Hindu mind, meaning ‘Sunya’, i.e., nothingness. One interpreta- 
tion connects the concept of zero with the Hindu concept of Nirvana, 
the ideal state of nothingness. Arabs also made certain modifications 
in the Hindu numerals. During the 13th century the Hindu Arabic 
numerals became popular in the West and virtually spread all over 
the world. 

By and by, certain modifications and improvements were effected 
and the Hindu-Arabic system assumed the present shape. 


(b) WEIGHTS AND MEASURES 


Before the evolution of the metric system of weights and measures, 
there was a wide variety of measuring units prevalent in different parts 
of the world, Due to lack of means of communication and exchange 
of experiences, different regions even in the same country used differ- 
ent units of measurement. In France, for example, there were eigh- 
teen different cloth measures and 400 ways of expressing the area. 

For measurement of length, man used various limbs of the body 
e.g., foot, span, cubit, etc. yard came from the word yard which 
means a stick. In England a yard was fixed as the distance from the 
nose to the thumb of King Henry I. Ancient people in India also 
measured the yard similarly. The unit of weight ‘Pound’ was used by 
Romans. At some place, the pound was considered to be of 13 
ounces, at another of 18 ounces. 

So there was a lot of confusion in the system of weights and mea- 
sures. In 1970, the king of France decided to have some uniformity 
in the system. He appointed a committee of scientists for the job and 
also invited other nations to send their scientists. 

These scientists took the distance from the North pole to the 
equator on a line running through Paris and the one ten-millionth 
part of this distance was named as meter. However, it was found 
that the measurement of the meridian was not quite accurate. It was 
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given up. Now the meter is defined as the length of a standard bar 
kept in Paris. For shorter measurements, the meter was divided by 
tens. Thus we have. 


l meter = 10 decimeters 

1 decimeter = 10 centimeters and so on. 

For longer measures, meter was multiplied by tens 
10 meters = 1 decimeter 

100 meters = 1 hectometer and so on. 

AREA 


Similarly units of area were developed on the same principle, and 
we have square meters, square decimeters and square centimeters as 
the units of area. 


VoLumg 


In the same way, units of volume were evolved which are cubic 
meter, cubic decimeter, cubic centimeter etc. 


WEIGHT 


The weight of one cubic centimeter of water at 4°C was taken as a 
gram. The gram was further sub-divided into decigrams, centigrams 


and milligrams and multiplied into decagrams, hectograms and 
kilograms, 


SUPERIORITY OVER NON-METRIC SYSTEMS 


The metric system of weights and measures is definitely superior 
to non-metric systems on various grounds. Firstly it has brought 
uniformity in the units of measurement all over the world. The vary- 
ing non-metric units from place to place necessitated inter-system 
conversions and created confusion. It is easy to remember various 
metric measures as they are based on a scale of 10. The variety in 
nomenclature has also been simplified and has been made similar 
from measure to measure. The metric system facilitates the work of 
business and trade. The manufacturers and traders can deal and 


bargain on the basis of the same units throughout the world. The 
scale of ten facilitates calculations. 


(c) LoGaritums 


: The word logarithm is the combination of Greek words ‘logos’ and 
arithmos’, Logos means to reason, to reckon and to calculate. 


Arithmos means a number, Thus logarithm stands for calculations 
involving numbers. 
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Lugarithms were invented by a Scotsman, John Napier after many 
years of hard labour. The problems before him were to find out some 
way to cut short lengthy calculations. Napier spent about twenty years 
on the theory and finally logarithms were evolved. He got the idea 
of logarithms from the formula sin A sin B= [cos (A—B)—cos 
(A+B)]. He, at first, evolved the logarithms of sines. The discovery 
of logarithms attracted the attention of the mathematicians all over 
the world. Kepler the famous astronomer who made use of logari- 
thms to simplify his calculations said that Napier “tripled the life of 
an astronomer”. Henry Briggs actually went to Napier and discussed 
with him the whole process. He explained the whole process of 
logarithms as under : Napier proceeded somewhat like this : 
10'=10, 10?=100, 10°=1000 and so on 
So Logarithm of 10 is 1 

Logarithm of 100 is 2 

Logarithm of 1000 is 3 and so on. 
Further he observed that 100 x 100 means simply 
adding logarithm 2 and 1 

10? x 10? = 10° 
Similarly 10? + 10? =10* 
So division means the subtraction of logarithms. 

Napier began to multiply, divide, square and extract square roots 
of various numbers. He computed logarithms of hundreds of numbers, 
and computed them to several decimal places. It took him months and 
years. Finally in 1614 the first table of logarithms of numbers was 
Prepared. 

Thus starting with the logarithms of sines, Napier applied logari- 
thms to numbers. The terms Mantissa and Characteristic were intro- 
duced by Briggs in 1624. The first table of logarithms of trigonome- 
tric functions to the base 10 was made by Gunter in 1620. Gauss 
Suggested using it for the fractional part of all decimals. 


(d) COMPUTER MATHEMATICS 


This is the age of automation. Man has invented machines 
for every field of life which make his functioning easy, quick and 
reliable computers are there to belp a mathematician. They have 
their origin in man’s attempts to devise ways and means to facilitate 
calculations. 

The earliest attempt was probably a table of dust or sand on which 
calculations were carried out with the help of a stick. This was called 
abacus. Erasing on the abacus consisted in smoothing out dust or 
sand with hand. Next attempt was probably a ruled table with small 
sticks, pebbles or counters arranged in lines. Using the principle of 
Position a single bead on a line would represent 1, in the next line it 
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would represent 10 while an another line to the right, it would repre- 
sent șg and soon. The ruled table was commonly in use in Europe 
until the beginning of 17th century and much later than that in coun- 
tries like India, Mesopotamia, Egypt. A later form of abacus consists 
of a frame on which are stretched wires carrying movable beads or 
discs. With some experience, it is possible to add, subtract, multiply 
and divide more rapidly with this than with the help of pen and 
paper. 

It will be interesting to note that about a hundred years ago 
Williams Shanks, an Englishman computed II to 707 decimal places 
working with paper and pencil for 20 years. In 1950, a computing 
machine computed II to 3000 decimal places in 13 minutes. 

In 1617, Napier used a system of rods arranged to represent the 
method of calculations. The rods were known as Napier’s bones. 
In 1620, Gunter made use of a number of lines for calculations. The 
length of the lines were proportionate to the logarithms of various 
numbers. By measuring various lengths on a pair of compasses, he 
was able to work out multiplications and divisions. This led to the 
invention of slide rule. , 

In 1642, Pascal at the age of 19 made a calculating machine to 
help his father in auditing government accounts. It was an adding 
machine adopted to the numbers of six figures. In the modern 
machines, catrying of ten is done mechanically. A disc engages a 
second disc, turning the latter one unit after 9 units are turned on the 
former. 

The computer is developed from the calculating machines. It can 
perform a number of operations simultaneously whereas the calculat- 

ing machine can perform only one operation at a time. One is simply 
to feed the computer properly and it gives the output i.e., solutions of 
problems correctly and in no time. 


EXERCISES 


1. Discuss the importance of history of mathematics for @ 
teacher of mathematics. 

2.- How will you employ the history of mathematics for creating 
more interest for the subject among the students ? 

3. Give a brief description of the contribution of Hindus 
towards the development of mathematics. s 

4. The subject of mathematics has attracted the attention of 
Izdian scholars through the ages. Justify and illustrate. 

5. Most of what we find in mathematics today is of Greek 
origin. Justify the statement. 


6. Give an account of the progress made by mathematics under 


the important ancient civilisations. 
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7. Briefly trace the historical development of metric system of 
weights and measures. 


8. Write short notes on the following : 


(i) Development of notation system. 
(ii) Development of logarithms. 
(iii) Development of computer mathematics. 


CHAPTER FOUR 


SOME GREAT MATHEMATICIANS 


THE HEIGHTS WHICH mathematics is occupying today and the pro- 
gress which it has made through the ages is all due to the dedicated 
and sustained work of its great students. A large number of them 
have immortalised themselves by their memorable contribution to 
their subject. Mankind will remember them forever with gratitude. 
Their lives and deeds will continue to inspire the students and scho- 
lars. These were the geniuses whose works will benefit the human 
race throughout its existence. Out of these shining stars of the world 
of mathematics we sclect the following few to get a glimpse of their 
greatness : (i) Aryabhata (ii) Brahmagupta (iii) Bhaskara (iv) S. 
Ramanuja (v) Euclid (vi) Pythagoras (vii) Gauss. 


ARYABHATA 


He was the first of the great Hindu mathematicians, He lived 
from 475 a.D. to 550 a.D. in or near the present city of Patna. He 
wrote on arithmetic including under this heading arithmetic and 
geometric progressions, quadratic equations, and indeterminate 
equations. He also computed arithmetical tables which contained 2 
table of sines. His work in mensuration was crude and in this res- 
pect itsomewhat resembled that of the Egyptians. For example, 


he gave the area of a triangle by a scheme that applies only to the 
case of an isosceles triangle. 


_ He was also interested particularly in the series, permutations and 
linear and quadratic equations. He was familiar with the equations 


of the form a x?+b x+c=0, but he did not tell how he approached 
their solution. 


His work often called the Aryabhatiya consists of a collection 
of astronomical tables, and the Aryastasata which includes the 
Ganita, a note on arithmetic, the Kalakriya on time and its 
measure, and the Gola, on the sphere. The arithmetic carries 
numeration by tens as far as 10, treats of plane and solid numbers, 
and gives a rule for square root. His work is also noteworthy 45 
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He gave a as the value of = and suggested 3 as a practical value 


When he was only thirty years old, Brahmagupta wrote an astrono- 
mical work in twenty-one chapters entitled Brahinasidhanta. It begins 
by a definition of a calculator who is competent to study astronomy : 
“He who distinctly and severally knows addition and the rest of the 
logistics and the eight determinations, including measurement by 
shadow.” 

His arithmetic includes work with integers, fractions, progressions, 
barter, simple interest, the mensuration of plane figures, and problems 
on volumes and on shadow reckoning. He also states that the area 
of any quadrilateral whose sides are a, b, c, d, is, 

(= (s—b) (s—c) (s d) where 
s=} (at+b+c+d) 

a formula that is true only for cyclic quadrilaterals. However he 
has accurately given the formula for the triangular area as 

V(s—a) (s—b) (s—c) 

In the case of simultaneous equations of the first degree the 
unknowns are spoken of as colours, and the problems are chiefly 
astronomical. Indeed Brahmagupta was the first Indian writer, so far 
as we know, who applied algebra to astronomy to any great extent. 
One such problem is as follows: 

“On the top of acertain hill live two ascetics. One of them 
being a wizard, travels through the air. Springing from the summit 
of the mountain he ascends to a certain elevation and proceeds by 
an oblique descent diagonally to a neighbouring town. The other, 
walking down the hill, goes by land to the same town. Their 
journeys are equal. I desire to know the distance of the town from 
the hill, and how high the wizard rose.” 

Brahmagupta was interested in indeterminate equations also. 

The pleasing poetic garb in which all arithmetical problems are 
clothed is due to the Indian practice of writing all school books in 
yerse, and especially to the fact that these problems, propounded as 
puzzles, were a favourite social amusement. Brahmagupta says in this 
regard—“These problems are proposed simply for pleasure; the wise 
man can invent a thousand others, or he can solve the problems © 
the others by the rules given here. As the sun eclipses the stats 
by his brilliancy, so the man of knowledge will eclipse the fame 9 


others in assemblies of the people if he proposes algebraic problems, 
and still more if he solves them.” ii B P 


BHASKARA 


He was known as Bhaskara the learned. He lived in Ujjain in 
the twelfth century. He was notable for his treatment of negative 
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numbers, which he considered as debts or losses, and also for his 
treatise on arithmetic and measurement which he had named for his 
daughter Lilayati to console her for the accident which had prevented 
her marriage. Bhaskara, who was an astrologer as well as a mathe- 
matician, had discovered the propitious day and hour for this event. 
Any other time was prophesied as being sure to bring misfortune. 
While the bride was watching the hour cup whose sinking would mark 
the proper moment, a pearl dropped from her head dress and stopp- 
ed the holein the cup. The lucky moment passed unnoticed, and 
in compensation Bhaskara promised his daughter that he would give 
her name to a book which should last until the latest times. 

Bhaskara was also concerned with series, permutations, linear and 
quadratic equations, mensuration and astronomy. 

As an illustration of the properties of progressions, be gives the 
following problem: 

In an expedition to seize his enemy’s elephants, a king marched 2 
Yojanas the first day. Say, intelligent calculator with what increasing 
rate of daily march did he proceed, since he reached his foe’s city, a 


distance of 80 Yojanas, in a week ? 
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“There is no square root of a negative quantity for it is not a square.” 
Where several unknown quantities are used, they are mentioned as 
colours. Surds are treated extensively. Besides numerous problems 
relating to geometric figures there are the usual poetic type. 

A third work of importance written by Bhaskara is the Sidhanta 
Siromani (Head jewel of accuracy), in which he treats of astronomy 
and asserts the sphericity of the earth. 

It is said that Bhaskara’s grandson, Changadwa, was chief astro- 
loger to King Simghana, and that in his time a college was founded to 
expound the doctrines of Bhaskara, which was a great tribute to his 
great memory. 

The empirical nature of Hindu geometry is illustrated by 
Bhaskara’s proof of the Pythagorean theorem. He draws right 
triangle four times in the square of the hypotenuse, so that in the 
middle there remains a square whose side equals the difference be- 
tween the two sides of the right triangle. Arranging this square 
and the four triangles in a different way, they are seen, together, to 
make up the sum of the squares of the two sides. 

Bhaskara gave a method of deducing new sets of solutions of 
(x?--1=y? from one set found by trial). The problem is that of the 
equation : to solve (x?-+ 1 =y? in integres x, y where C is a given non- 
square integer and x, yv, #,0). Bhaskara also discussed (x*-+B=y’, C, 
B being non-square integers). His very elementary devices have ex- 
cited the liveliest admiration. Bhaskara’s attack on the equation is 
certainly the finest thing which was achieved in the theory of 
numbers before Lagrange. 


S. RAMANUSAN 


Ramanujan was a reai genius. Though he lived only thirty-three 
years, but he has left a lasting and memorable impression in the 
world of mathematics. 

He was born on December 22, 1887 in a village in Madras State. 
He was interested in mathematical studies even as a child and surpris- 
ed his teachers with uncommon intelligence. His passion for 
mathematics and indifference towards other subjects of study resulted 
into his weakness in the latter. Since it was equally compulsory to 
pass in these subjects, he failed to get through even the intermediate 
examination. However this failure in the examination was in no 
way any index of his ability. But it cut short his educational career. 
In spite of that he devoted himself to the subject he loved with greater 
dedication and published several studies which were hailed in the 
mathematical world as unique. 

He had a good deal of economic difficulty i ier stages, 
but in 1912, one Mr Walker came to his help. Mr Walker held an 
important post under the government. He was greatly impressed by 
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Ramanujan and obtained for him a scholarship of Rs 75/- per month 
from the Madras University. In 1914 he was invited to the Cam- 
bridge University to study mathematics at the expense of the 
University of Madras. He studied there upto 1917 and earned a 
name for himself in the whole of Europe. His articles were 
published in the best mathematical magazines of the world. 


Ramanujan was one of the greatest pure mathematicians known 
to this world. His most outstanding contribution was in the field of 
theory of numbers. He belonged to that school of hyper-pure mathe- 
maticians who consider that mathematics like cricket is merly a game, 
which involves manipulation of symbols according to given rules. Dr 
Jagjit Singh writes—“Two corollaries follow from this tenet. First, 
like cricket, this game of manipulating symbols has no ostensible 
purpose except the fun of playing it. Secondly if by playing it for 
pleasure mathematics is kept sufficiently pure, it will at least be as 
clean. Butit seems to me that in such an attempted rationalisation 
of what he (Hardy) and Ramanujan were doing, Hardy hurtled 
against the seme difficulty as Tolstoy experienced when confronted 
with the ten-year old musician Fedka’s question - “What is the use of 
singing?” It took Tolstoy 37 years to record the answer in his book— 
What Is Art. “Forit required a deep probe into the mysterious 
relationship between art and life.” He further writes “However, all 
mathematics, including hyper-pure branches which Ramanujan 
cultivated, is serious work and no serious work can be justified on 


such flimsy foundations.” 


Ramanujan’s contribution is remarkable in another sense also. 
His game of pure mathematics secured for India prestige in the 
intellectual circles of England. He put India on the map of world 
mathematics in his own times, even as the unknown Hindu inventor 
of zero did many centuries ago. As a genius, devoted to the wonders 
of mathematics, he had desired that the mathematics he created 
should be allowed to remain clean, pure and unsullied by any contact 
with technological application. But it appears his fellow mathema- 
ticlans and scientists are not prepared to grant him this privilege. 
Some of his theories are no doubt being used in the instruments of 
destruction which he would never have approved. However there are 
many instruments of peace also the preparation of which has been 


based on his mathematics. 


He was preoccupied with mathematics right from his early 
formative college days. Too much of this preoccupation resulted 
in the neglect of English and other subjects. It had very 
tragic consequences for him. He failed in English and could not 
secure promotion to the senior class. As a result of this, the 
Subrahmanyam scholarship won earlier by him was discontinued, 
This scholarship was his only support for higher education. He was 
too poor to afford further education. Quite frustrated, he drifted 
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into the Telugu country as a waif in desperate search for food for 
the preservation of his brain with which to cultivate mathematics. For 
many years he remained obscure and unknown and suffered from 
poverty and want. But when he was recognised as a great genius, it 
was too late. Inthe proper academic and scholarly atmosphere at 
Cambridge, he blossomed, but only for a while. His health had been 
damaged beyond repair. Moreover by the time he was honorably 
invited to Cambridge to study and work under Hardy, he had passed 
that early impressionable age in which along a born prodigy under 
proper guidance can amplify his natural powers and gifts. 


Ramanujan was gifted with an astounding memory. He remem- 
bered the idiosyncrasies of every one of the first 10,000 integers to 
an extent that each one of them became his personal friend. Dr 
Jagjit Singh has beautifully summed up Ramanujan’s play with 
numbers, thus: “Considering that a similar intimacy with 10,000 
words would make one as great a master of language as Milton, it 
is no wonder that having diverted all his faculties to the field of 
numbers, he composed number rhapsodies which seem to those with 
an ear for the music of numbers to possess the same austere grandeur 
as the strident, sonorous notes of Milton’s epic. One such lover of 
the music of mathematics was the great mathematician Hardy, who 
wrote—‘I still say to myself when I am depressed and find myself 
forced to listen to pompous and tiresome people, well I have done 
a thing you could never have done and that is to have collaborated 
with both Littlewood and Ramanujan on something like equal terms.” 
No greater tribute could be offered to the mathematical ingenuity of 
Ramanujan. 


Goldbach’s conjecture is one of the important illustrations of 
Ramanujan’s contribution. The statement is that every even integer 
greater than two is the sum of two primes, that is numbers having 
no divisors. Thus 4is the sum of the two primes 2 and 2, 6 of the 
primes 3 and 3, 8 of the primes 3 and 5, and so on. But any number 
of such illustrative examples whereby Goldbach made his guess do 
not prove that his statement is true of all the even numbers, although 
no one has yet found aninstance to disprove it. A proof of this 
conjecture is still beyond the accumulated mathematical wisdom 0 
the world. The nearest approach so far made is that of Vinogradow 
who, using methods tractable mainly to the work of Ramanujan an 
his collaborators, has been able to show that every large number 


can be written as the sum of at the most f : 3= 
2+5+17+19). our primes (example 4 


The partition of whole numbers is another similar problem which 
engaged the attention of Ramanujan. Take the case of number 3 
There are three alternative ways to write it: 3+0, 1+2, 1+1-+1. You 
may easily verify that there are no other ways "of partitioning this 
number, if we do not wish to use fractional numbers. Similarly 4 can 
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be written in five different ways : 4-+0, 3+1, 2+2, 24141, 141+ 
1+1, and there are no other ways if we decide to use only integers. 
It is easy to compute the number of partitions of any specific integer 
bya purely enumerative process like the one used above in calculat- 
ing those of 3 and 4, the general problem is much more difficult. For, 
it requires the rule which may be valid for any number and universally 
applicable—no matter whether the number is 3 or 3,000,000. Ramanu- 
jan developed a formula for the partition of any number which can 
be made to yield the required result by a series of successive 
approximations. Although this problem of partitioning any number 
into its competent integers has proved to be very difficult, still pure 
mathematicians like Ramanujan have taken delight in further com- 
plicating the problem by enquiring into the number of ways of 
breaking any integer into the sum of two or more square, cubes etc. 


When Ramanujan returned to India, Dr G.H. Hardy, the Head 
of the Department of Mathematics, Trinity College remarked 
“Ramanujan is returning to India as the greatest mathematician 
India has ever produced. I hope his country will give bim a befitting 
reception.” But alas the genius could not be spared to live for more 
than a few days and the cruel hand of death snatched him away from 


us too early. 
EUCLID 


as the distinction of being the only man to 
summarise all the mathematical knowledge of his times. Beyond the 
fact that he taught at Alexandria, we know nothing with certainty 
about Euclid himself. It is possible that he may have been an 

reek, Who he was is of small importance, 


Egyptian and nota A l m 
however, compared with what he accomplished in systematising Greek 
mathematics as it then existed. 

It has been conjectured that he received his early training in 
mathematics at Athens and that there he came in contact with various 
attempts at reducing the subject-matter of geometry to a logical 
basis. At the invitation of the ruler Ptoelmy, he taught at Alexand- 
ria, and while there, he wrote several works, the most important 
being the Elements. It is said that Ptoelmy asked Euclid if there were 
not some shorter way to the study of geometry than through the 

and that Euclid replied that there 


thirteen books of the Elements, E 
was no royal road to geometry. One of his students asked what he 
would gain from the study of geometry and in reply Euclid called to 


his servant, “Give this man three obols, since he must make gain out 
of what he learns.” 
Euclid’s work 


geometries today. 5 
needed no introductory work to convince 


Euclid (300 B.C.) hi 


was more formal than are the elementary 
He was writing for mature thinkers who 
them of the value of the 
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subject. Educators would say that his work lacked motivation—yet 
it has been the most widely used text that the world has ever produc- 
ed. The concepts needed in each book were defined at the 
beginning. Postulates were stated and also those generally accepted 
hypothesis which we call axioms but which Euclid called “common 
notions”. His Elements began with construction problems and the 
reader learned that a figure could be drawn with his instruments 
before he studied its properties. Each proof given in the Elements was 
stated in a standardised form: an enunciation of the problem in 
general terms, a statement of the conditions in specific terms (on 
hypothesis) the definition or specification of what is to be proved, 
the construction needed if any, the proof and the conclusion. At 
times, this would be followed by a statement of the condition under 
which the problem was impossible. These proofs were given syste- 
matically and there was no limit of the method by which they were 
first devised. 


The extent of the subject-matter of the thirteen books of the 
Elements is given below: 


Book 1 Triangles, perpendiculars, parallels, areas of rectilinear 
figures, the Pythagorean theorem. 

Book II Transformation of areas, geometric algebra. 

Book III Circles, chords and tangents. 

Book IV Polygons and circles, construction of regular polygons 
including the regular pentagon. 

Book V Treatment of proportion. 

Book VI Idea of proportion applied to similar figures. 

Book VII Theory of numbers, classification of numbers as even, 


odd, odd times odd—plane, solid, perfect, etc. numeri- 
cal theory of proportion. 


Book VIII Study of continued proportion. 


Book IX Number theory including a proof that the number of 
primes is infinite. 

Book X Study of irrationals. 

Book XI Solid geometry corresponding to Book I for plane 
geometry. 

Book XII 


The method of exhaustion used to show that circles 
are proportional to their diameters etc. 


Book XIN Regular solids. 


_ The Popularity of Euclid’s Elements is evidenced by the fact that 
it was one of the first works to be translated from the Greeks to 
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various languages. It was translated to the Arabic under the patron- 
age of Harunal-Rashid. Its translation to Latin was among the first of 
the translations of the twelfth century since its first version in English. 
His book Elements is rightly called the greatest text book of all times. 
Over one thousand editions of his geometry have appeared in print 
since 1482, and manuscripts of this work have dominated the teach- 
ing of the subject for eighteen hundred years preceding that time. 
He is the only manto whom there ever came or ever can come 
again the glory of having successfully incorporated in his own 
writings all the essential parts of the accumulated mathematical 
knowledge of his time. 

In addition to Elements, Euclid wrote a number of works. 
Among them are the Phoenomena, dealing with the celestial sphere 
and containing twenty-five geometric propositions ; the data, a course 
of practice in analysis, works on optics, and a work on division of 
figures, touching upon questions, which arise, for example, in survey- 
ing. There are some other works, namely, Catoptrica, containing 
propositions on reflections from mirrors; and Sectio Canonis, a work 
on musical intervals. Some of his lost works are Porisms, Fallacies, 
Comic Sections, and Loci on a Surface. 

Some riddles are also known to have been formulated by him. One 
of them goes as follows : A mule and a donkey were walking along 
laden with corn. The mule says to the donkey, “If you gave me one 
measure, I should carry twice as much as you. If i gave you one, 
we should both carry equal burdens. Tell me their burdens, O most 


learned master of geometry.” 
PYTHAGORAS 


of his birth are both unknown. He seems 
580 and 568 B.c. Various stories are told 
of his parentage, but we are quite uncertain whether his father was 
an engraver of seals or a merchant. It is believed that he came from 
the Island of Samos near the mainland city of Miletus. At any rate 
he lived in Greece at the time of the dawn of the golden age. He lived 
in stiring times and was himself one of the great makers of the 
civilisation of his period. The spirit of the times was active in great 
works. Buddha was just promulgating his doctrine in India, and 


Confucius and Lao-Tze were laying the foundation for their philoso- 
phic cults in China and, whether or not Pythagoras came into 
personal touch with the Far East, he lived when the world was ripe 


for great movements. 


The date and the place 
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and founded the brotherhood of the Pythagoreans. This seems to 
have been a secret society with an siner group of men admitted to 
full membership and an outer circle of people who knew only part of 
the mysteries. His brotherhood has ever since served as a model for 
all the secret societies in Europe and America. Their badge was a 
five-pointed star and their studies were arithmetic, music, geometry, 
and astronomy. Their philosophy placed great importance on the 
idea of the infinite and taught the doctrine of transmigration of souls. 
Their astronomy had advanced to the point of considering that the 
earth was a sphere. Pythagoras based his philosophy upon the 
postulate that number is the cause of the various qualities of matter. 
This led him to exalt arithmetic, as distinguished from logistic, out 
of all proportion to its real importance. It also led him to dwell upon 
the mystic properties of numbers and to consider arithmetic as one 
of the four degrees of wisdom—arithmetic, music, geometry, and 
astronomy, 


He asserted that unity is the essence of number, the origin of all 
things, the divine; that he had the idea of the limited and the unlimit- 
ed; and that he held that from the latter came the ideas of time, 
space and motion. He attributed various numbers and forms to 
physical elements, for example, five is the cause of colour, six of cold, 
seven of health, and eight of love. 


He is generally called the, inventor of musical science or the 
harmonic canon. With his love for music and number it is natural 
to believe that he must have taken great pride to himself for connect- 
ing the two in the harmonic proportion. He seems to have held that 
the intervals between the heavenly bodies were determined by the 
laws of musical harmony, and hence arose the doctrine of the 
harmony of the spheres. 


The difficulty of telling just what work was due to Pythagoras 
himself is increased by the fact that his follower tended to attribute 
their own discoveries to their master. It is evident, however, that 
Pythagoras had great interest in the properties of numbers, and that 
he devoted considerable attention to the study of areas, volumes, 
proportions, and the five regular solids. 


He proved the sum of the angles of any triangle to be two right 
angles, and tradition has it that he sacrificed an ox on discovering 
the proof of Pythagoras theorem. His greatest service to mathematics 
was his inclusion of geometry as one of the liberal sciences essential 
to. a man’s education. The influence of the school of Pythagoras was 
so great that the group was dispersed for political reasons. Pytha- 
goras died in exile, but his followers preserved his teaching and 
simplified his doctrines. Many great scholars of the times, like Plato 
and Zeno, studied under the Pythagoreans. 
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Pythagoras studied perfect numbers with veneration and interest. 
He travelled to Egypt with an urge to study under the Egyptian 
priests. 


The Pythagoreans were the first to use geometry to express 
relations between qualities. The work would have been greatly 
simplified had they been in possession of algebraic symbolism, but 
even with the handicap of the clumsy expressions which this geo- 
metric algebra entailed, they were able to state important formulas 
and virtually to solve quadratic equations. 


Under the influence of mysticism, the Pythagoreans believed the 
universe to be composed of five elements, one for each of the five 
regular solids. Thus the earth arose from the cube, fire came from 
the pyramid, air from the octahedron, water from the isosahedron, 
and the sphere of the universe from the dodecahedron. 


By studying geometry for its own sake, the Pythagoreans, devoted 
considerable attention to matters of definition. They studied the 
properties of parallel lines, evolved a geometric algebra based on 
equivalent areas, worked with the five regular solids, and developed a 
theory of proportion which was discarded with the discovery of 
incommensurable quantities. 


The Pythagoreans used symmetric arrays of dots to represent 
specific numbers, deriving the properties of various series of numbers 
from these diagrams. The addition of consecutive integers beginning 
with 1 made the triangular numbers 3, 6, 10 etc. The sum of consecu- 
tive odd integers gave the sqaure numbers 4, 9, 16 etc. The sum of 
consecutive even integers made the oblong numbers 6, 12, 20 etc. 
This system was extended to include polygonal numbers, which were 
really arithmetic progressions with the first term | and the common 
difference 3, 4, 5, etc. Solid numbers were made ina similar style 
and they may be visualised as symmetrical piles of marbles or of 
cannon balls. 

Although he died away from his country in exile, but very soon 
the world realised the greatness in him. Two centuries later, the 
Government of Italy erected his statue in Rome to pay honour to 
“the wisest and bravest of the Greeks.” 


GAUSS 


Gauss (1777-1855) was born at Brunswick. The marvellous 
aptitude for calculation of the young boy attracted the attention of 
Johann Martin Bartels, afterwards professor of mathematics at 
Dorpat, who brought him under the notice of Charles Williams, 
Duke of Brunswick. The Duke undertook to educate the boy, and 
sent him to the Collegium Carolinum. His progress in language there 
was quite equal to that in mathematics. In 1795 he went to Gottingen 
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as yet undecided whether to pursue philology or mathematics. When 
nineteen years old, Gauss began jotting down ina copy-book very 
brief Latin memoranda of his mathematical discoveries. This diary 
was published in 1901. Of the 146 entries, the first is dated Marc 
30, 1796, and refers to his discovery of a method of inscribing in a 
circle a regular polygon of seventeen sides. This discovery encourag- 
ed him to pursue methamatics, He worked quite independently of 
his teachers and, while a student at Gottingen, made, several of his 
greatest discoveries. Higher arithmetic was his favourite study. In 
1807 the Emperor of Russia offered Gauss a chair in the Academy at 
St. Petersburg, but by the advice of a friend, he declined the offer, 
and accepted a job at Gottingen. This was the Post of the astrono- 
mer of the newly opened Observatory. He spent his life „here in the 
midst of continuous work. He had a strong will, and his character 
showed a curious mixture of self-conscious dignity and child-like 
simplicity. He was little communicative, and at times morose. 


Although the work of Gauss belongs properly to the nineteenth 
century, he may well be considered as bridging the gap between work 
of the eighteenth century and the mathematical rigor of the nine- 
teenth. Prior to his day, for example, scholars sought to prove 
Euclid’s paralled postulate. Gauss, with his rare insight anticipated 
the discovery of a geometry that should not accept this postulate. He 
wroto in 1817, “I am becoming more and more convinced that the 
necessity of our geometry cannot be proved.” 


is almost impossible to find a topic that is not closely connected with 


his work. He is tightly considered the real founder of modern 
German mathematics. 


During his university career he conceived the idea of the theory of 
least squares, discovered the celebrated proposition that a circle can 
be divided into 17 equal arcs and began his great work on the theory 


lems of electricity, and astronomy and also found time to write on 
the theory of surfaces, complex numbers, 
and hyperbolic geometry. He contributed substantially to every 
leading field of mathematics. He was one of the 
serious thought to the question of a non-Euclidean geometry. He 
asserted that mathematics is the queen of t 
of numbers is the queen of mathematics,” 


mechanics made Laplace call him the leading mathematician of 
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Europe and in general he continued to enjoy this recognition from 
that time until his death. Kronecker said of him that “‘almost every- 
thing which the mathematics of our century has brought forth in the 
way of original scientific ideas, is connected with the name of Gauss,” 
and the elder Bolyai spoke of him as “‘the mathematical giant who 
from his lofty heights embraces in one view the stars and the abysses."’ 


A new epoch in the theory of numbers dates from the publication 
of his Disquisitiones Arithmaticac, Leipzig, 1801. The great law of 
quadratic reciprocity, given in the fourth section of this book, a law 
which involves the whole theory of quadratic residues, was discovered 
by him by induction before he was eighteen, and was proved by him 
one year later. The solution of the problem of the representation of 
numbers by binary quadratic forms is one of the great achievements 
of Gauss. He created a new algorithm by introducing the theory of 
congruences. 

Gauss was led to astronomy by the discovery. of the planet Ceres 
at Palerrmo in 1801. His determination of the elements of its orbit 
with suflicient accuracy to enable offers to rediscover it, made the 
name of Gauss generally known. In 1809 he published his book on 
astronomy, which contains a discussion of the problems arising in 
the determination of the movements of planets and comets from 
observation made on them under any circumstances. 


In it are found four formulae in spherical trigonometry, now 
usually known as Gauss Analogies. He spent many years of hard 
work in the astronomical and magnetic observatory. He founded the 
German Magnetic Union with. the object of securing continuous 
observations at fixed times. His researches on the theory of numbers 
were the starting-point for a school of writers. 

Gauss is usually rated with Archimedes and Isaac Newton as one 
of the three great mathematicians in history. He was the first 
great mathematician to rebel successfully against intuition in 
analysis. 


EXERCISES 


1. Euclid’s ‘Elements’ has been regarded as the most popular 
and universal text book adopted so far in the world of 
mathematics. Comment on this statement. 


2. What do you know about Pythagoras and Pythagorcans ? ` 
With the distinctive contribution of both to the knowledge of 


mathematics ? 
3. Discuss briefly the achievements of great Indian mathe- 


maticians. What is their place among the galaxy of the 
mathematicians of world fame ? : : 
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4. S. Ramanujan was the greatest Indian mathematician of 
this age, who revived with full glory the ancient Indian tradi- 
tion of scholarship in mathematics. Discuss. 


5. Write short notes on the following : 


(i) Gauss (ii) Bhaskara’s Lilavati (iii) Aryabhata (iv) Brahma- 
gupta. 


CHAPTER FIVE 


THE RELATION OF MATHEMATICS WITH OT HER SUBJECTS 


MATHEMATICS AND PHYSICAL AND BIOLOGICAL SCIENCES 


“ALL SCIENTIFIC EDUCATION which | does not commence with mathe- 
matics is, of necessity, defective at its foundation. —Comte. i 
“A natural science is a science only in so far as it is mathemati- 
”—Kant. ; 
oe aihenak is the indispensable instrument of all physical 
arch.” —Berthelot. ; 
ee Mathematics is the gate and key of the sciences... . Neglect of 
mathematics works injury to all knowledge, since he ome is ignorant 
of it cannot know the other sciences or the things of he world. And, 
what is worse, men who are thus ignorant Re nnl e e perceive 
their own ignorance and so do not seek a remedy.” —Roger Bacon. ; 
“It is almost impossible to follow the later developments ir piri 
cal or general chemistry without a working knowledge of higher 
mathematics." — Mellor, J.W. e , 
“In mathematics we find the primitive source of rationality 
and to mathematics must the biologists resort for means to carry on 
their researches.” — Comte, A. m 
For a long time, mathematics was taught because of the training 
in discipline it was supposed to give to the learner. But now, there 
has grown a different attitude towards it. This is the attitude of 
utility. As has already been pointed out, utility has not to be inter- 
preted ina narrow sense. It hasto cover the entire range of the 
possible uses of mathematics, 


Mathematics has played a very important role in building up 
modern civilisation by perfecting all sciences. Even though, people 
have only a vague idea that all progress made by man is the result of 
Scientific progress, they are strongly in favour of scientific and indus- 
trial education. This emphasis is confined to sciences such as physics, 
chemistry, biology, medicine and engineering. Mathematics, which is 
a science by any criterion and which rightfully belongs to this group, 
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has not been accepted and emphasised as a science. It is an efficient 
and necessary tool which is employed by all these sciences and with- 
out which these sciences would not have made much progress. It 
has been very properly said about mathematics, “It is a science of all 
sciences and art of all arts.” It is the pivot of all the sciences and 
arts, It may bè a back-stage performer, but is a very powerful one. 


For glimpses of its relationship with other sciences, for knowing 
its contribution to other sciences or for understanding the dependence, 
of other sciences onit, here are given some examples from these 
subjects : 


MATHEMATICS AND PHYSICS 


Perhaps no other science is as close to mathematics as physics is. 
For higher education in physics, it is very helpful to possess a good 
qualification in mathematics. Only mathematical mind can take up 
the study of physics with confidence. 


Pick up any standard book in physics, you will find that every 
rule and principle takes ultimately the mathematical form. Mathe- 
matics gives a final shape to the rules of physics. It presents them in 
a workable form. Mathematical calculations occur at every step 10 
physics. Isis not mathematics that gives form and definiteness to 
the properties of matter? Harnessing of nature is possible only 
through quantitative interpretations of ideas and imagination. 


The units of measurement are employed to substances in physics 
as frequently as in mathematics. 


The law of lever is based upon the simple mathematical principle 
of the balance of the sides of an equation. 


Coefficients of linear expansion of different metals have been 
calculated, such as, coefficient of linear expansion of Iron has been 
found out to be .€00012. 

Similarly coefficients of cubical expansion of liquids have been 
calculated. 


Charles’s law of expansion of gases is based upon mathematical 
1 


calculations. “All gases expand —— of their volume at 0°C for each 
273 


1°C rise in their temperature, provided they are kept at constant 
pressure.” 


Graduation of the stem of a thermometer and then the conversion 
of scales is also a mathematical work. 


Tables of specific heat, Latent heat and Melting points have been 
prepared with the help of mathematics. 
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The Law of gravitation is given in the form of an equation : 


mm 


F=G.—; 
7 


To find the resultant of two velocities, when a particle is under 
their influence, there have been deduced formulae, which only a 
good knowledge of mathematics can enable the learner to under- 
stand : 


y sin 0 


=s 2 2 = 
R=/12-+y"+ Z uv cos 8 tan PB uec 


Further are given a few numerical problems to be done in physics, 
and these problems illustrate this relationship veyond any doubt : 


Laws or MOTION 


A train of 120 tons mass running 45 miles an hour is pulled up in 
half a mile. What is the retarding force of the brakes in poundals 
and also in tons-weight. 


FRICTION 


Find the H.P. of an engine which is to move at the rate of 20 
miles per hour up an inclined plane rising 1 foot in 100, the weight 
of the engine and the load being 60 tons and the resistance from 
friction 12 Ib. weight per ton. 


Liquip PRESSURE 


A submarine weighs 2400 tons and has a volume of 112000 c. ft. 
Find the capacity of the blast tanks which must be filled with water 
so that the submarine may sink in water when desired. Take the 
weight of a cubic ft. of water as 62.5 Ibs. 


EXPANSION OF SOLIDS 


A clock which keeps correct time at 25°C, has a pendulum of brass 
whose coefficient of linear expansion is .000019. How many seconds 
a day will it gain if the temperature falls to 0°C. 


There can be given countless similar examples to prove beyond 
any doubt the dependence of physics on mathematics. 


Take another instance viz., ‘Light changes its direction in going 
from a rarer to a denser medium.” But unless it is known definitely 
how much it turns, what the relation is between the turning and the 
densities of the two media, the above property cannot be made use 
of in making eye-glasses or optical tsneraurtsni i 
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Mathematics pervades physics so much that its impact and 
influence can be felt in every part of it. 


MATHEMATICS AND CHEMISTRY 


All chemical combinations and their equations are governed by 
certain mathematical laws. Formation of chemical compounds is 
governed by mathematical calculations. Water isa compound. Its 
formation is possible when exactly two atoms of hydrogen combine 
with one atom of oxygen. Without strict observance of this mathe- 
matical fact, the preparation is improbable. 


In the manufacture of any chemical, there is some mathematical 
ratio in which different elements have to be mixed. 


For estimation of elements in organic compounds, the use of 
percentage and ratio etc., has to be made. 


‘Composition of air is another example. There are to be given the 
ratios of its different elements, when the composition by weight and 
by volume is to be interpreted mathematically. 


Molecular weights of organic compounds are calculated mathe- 
matically, 


__ The mathematical nature of the chemical equation can bə further 
illustrated by the fcllowing examples : 


2KCIO;+MnO,=2KCl+-MnO,+30, 
CaCO,+2HCl=CaCl, +H,0+CO, 


MATHEMATICS AND BIOLOGY 


Comte asserted, “The claim of any particular branch of natural 
philosophy to be considered as a science can be assessed only on the 
basis of the amount of mathematics employed init.” Knowledge of 
mathematics is considered essential for a biologist for two reasons. 
Firstly, biological study depends largely on its branches Biophysics and 
Biochemistry, which have attained a rank almost equal to that of 
independent sciences. It is necessary for the biologist to study mathe- 
matics for understanding these branches. It is indispensable for bio- 
physics and biochemistry. Again, biomathematics is also growing as 
an important field of study for biologists. 


Secondly, the biologist begins with his investigation with a series 
of direct observations of phenomena. The phenomena are described, 
classified and compared for generalising and deriving a biological 
law. Atevery stage of this process of investigation, mathematics is 
of immense help. Life processes are the most intricate of all natural 
phenomena. They have to be analysed and expressed clearly and 
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concisely in a simple intelligible language. Mathematics provides 
symbols for a brief and precise expression of ideas. The expression 
and the calculation of the results of the Mendelian Lews are a clear 
example. In fact, the first paper that Mendel wrote on his discovery 
was called “The Mathematics of Peas.” 


The application of Mathematics in Biology can further be illustra- 
ted with an interesting example on the phenomenon of respiration in 
rabbit. 


“During normal quiet breathing about one-eighth of the gaseous 
content of the lungs is changed at each inhalation and exhalation. 
During violent exertion this may rise to one-half, but there is always 
50 per cent of the total lung capacity in which the air is unchanged 
except by diffusion. Thus, interposed between the changing air and 
the absorbtive surface is still air, which is the actual mediator be- 
tween atmosphcric air and lung epithelium. That the diffusion 


: Carbon Water 
Oxygen Nitrogen Dioxide Vapour 
Inhaled 20.96 79.00 0.04 Variable 
Exhaled 16.5 79.5 4.00 Saturated 


process is efficient is shown by comparing the proportions of the gases 
in inhaled and exhaled air. Roughly, in place of the oxygen absorbed, 
an equal volume of CO, is given out. This is the respiratory exchange 
and the ratio CC,/O, is the respiratory quotient; in the case quoted 
it is 4.16/3.96.”" 

Experimentation in Biology requires analysis and isolation of the 
particular character that is to be experimented upon. Biological 
Phenomena are so complex, and the required analysis and isolation 
are so difficult that it is impossible to bring many of them under 
experimental control. The method of statistics is the only way of 
attacking such problems. Gestalt used this method to the measure- 
ment of inheritance of stature of children and the stature of their 
parents (the stature of the two parents being averaged in each case to 
give the “mid parent”). He found this coefficient to be a 

The Schultz-Borissoff Law of the Action of Enzymes such as 
pepsin and rennin is expressed by the formula 

x—KẸvV F. gt. 

Where x=amount of substance transferred. 

t=time of transformation. 


f=concentration of enzyme. 
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g=initial concentration of substrate (e.g. aloumen of milk) 
and k is a constant. 


The growth in weight of infants upto nine months is given by the 
x à ee 
i ———— = — ounces 
formula, iog 341 Sox K(t—1.66), where x is the weight in 


and ¢ the no. of months. 


Mathematical processes and calculations have been applied to 
advanced studies in heredity, nutrition, growth, maturation, fatigue 
and many other branches of biology and physiology. 


The caloric and nutritive values of the food articles have been 
calculated. 


__ Rates of respiration, transpiration and supply of water in connec- 
tion with living bodies have been mathematically interpreted. 


Ted Mcdonald has given very interesting mathematical facts about 
the human figure. The Proportions of the human figure are stricily 
mathematical. A human being's beauty and attractive form depends 
on his/her proportionate build-up. The whole figure is six times the 
length of ihe foot. Whether the form be slender or plump, this rule 
holds good. Any deviation from it is a departure from the highest 
beauty of proportion bestowed on a human body. The Greeks made 
all their statues according to this rule. The hand, from the wrist to 
the middle finger is one tenth of the whole stature. 


Similarly we have a scientific calculation about normal weight. 
The weight in pounds is double the height in inches. 


MATHEMATICS AND ENGINEERING 


The use of mathematics in engineering is very well known. It is 
considered to be the foundation of engineering. Thai is why a good 
mathematics qualification is necessary for admission to an engineering 
course. Engineering deals with surveying, levelling, designing, estimat- 
ing construction, etc. In all these processes, application of mathe- 
metics is very important. By the application of geometric principles to 
design and constructions the durability of things constructed can be 
increased. With its help, results can often be verified iu engineering: 


_ You may pick up any book on engineering, you will find that it 
si full of mathematical calculations, though the calculations are of 4 
different nature and the formulae used are also of a different nature. 


Here is an example to illustrate the point. A steel rod, 1 “diameter 
and 10 ft. Jong is subjected to an axial pull of 5$ tons. If E=13000 
tons/in.”, calculate the elongation of the bar. Here E is the Young’s 
modulus of Elasticity. 
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Any number of such exercises can be quoted from engineering. 
These can be understood and solved only by a mathematical mind. 


MATHEMATICS AND AGRICULTURE 


Agriculture as a science is going to depend extensively on mathe- 
matics. Without a calculating attitude towards this important means 
of livelihood desirable targets in agriculture cannot be attained. The 
common agriculturist knows only how to work endlessly in this voca- 
tion, but he lacks the sense of comparing the return with the amount 
of work put in. It is not a paying profession for a large majority 
of the people, yet they cling to it. They invest power and money, 
but derive little substantial gain. 

Of this science there are certain aspects which need direct applica- 
tion of mathematics, such as, measurement of land or area, average 
investment or expenditure, average return or income, production per 
unit area, cost of labour, time and work, seed rate, manure rate, etc. 

Progress of a farm can be judged by drawing graphs of different 
items of production. 


MATHEMATICS AND SOCIAL SCIENCES 


The views of some eminent thinkers on the relationship between 
Mathematics and Social Sciences are given below : 


W.F. White says, “The social sciences mathematically developed 
are to be the controlling factors in civilisation.” 


Lord Kelvin “All great scientific discoveries are but the rewards 
of patient, painstaking sifting of numerical data.” 


L. Karpinsky “Analytical and graphical treatment of statistics is 
employed by the economist, the philanthropist, the business expert, 
the actuary, and even the physician, with the most surprisingly valua- 
ble results, while symbolic language involving mathematical 
methods has become a part of well-nigh in every large business.” 


MATHEMATICS AND ECONOMICS 


, Mathematical language and methods are used frequently in des- 
cribing economics phenomena. 


A training in mathematics is of great help in acquiring command 
over exact language for expressing clearly some general relations and 
some short processes of economic reasoning. 


Use of mathematics is now considered to be so essential for the 
study of economics that in most of the universities of the world a 
course in advanced mathematics is a necessary part of degree course 
in economics. 


712 TEACHING OF MATHEMATICS 


According to Marshall, “The direct application of mathematical 
reasoning to the discovery of economic truths has recently rendered 
great services inthe hands of master mathematicians.” Economics 
does not deal with the actual amount of money, production, capital, 
labour, utility, etc , but with how they behave in certain conditions 
and how they are connected with one another. 


Statistical methods are applied to economic forecasts. Different 
issues of economics can be represented statistically, such as ‘Trade 
Cycles’, volume of trade, trend of exports and imports, population 
trends, industrial trends, thrift, expenditure of public moneys etc. The 
theory of probability is the basis of insurance. 


_ Here is an example of direct application of mathematical reason- 
ing. Demand for an article certainly depends on its price. It may 
also depend on other things. If D be the demand, P the price, it can 
be expressed as D=f (P), provided other things are equal. PD is the 
total price of the article sold. It is not known what P is and what D 
is, but this relation holds good. From this relation the value of P 
can also be found out which will give the maximum profit to the 
producer. It will also be so when PD is maximum. 


Professor Moore has arrived at certain results with regard to the 
prediction of the yield and the price of cotton. He has shown that 
his forecasts are exceedingly accurate. Professor Smith of the U.S. 
by following the same method of procedure, showed “there are certain 
critical periods in the growth of each crop, and he was able to locate 
these with much exactness. If to this is added a knowledge of the 
weather conditions, the importance of such discoveries for agriculture 
is obvious; a particular variety of crop and the time of its planting 
etc., can be then adjusted to suit particular places. 


The businessman, who is the leader in the field of economic 
system, depends on statistical procedures to know about economic 
conditions and market trends. He deals with problems involving 
accounting, profit and loss, precentage, ratio, interest, taxes, etc. 
Knowledge of mathematics is necessary for understanding activities 
involving investments of money. 


Popular literature and articles on economics make increasing 
demands on one’s mathematical understanding and information. Com- 
mon readers must have acquaintance with the common terms like 
average, ratio, percentage, variation, variable constant and formula. 
Such words daily occur almost on every page of the newspaper. 
Graphic and tabular interpretations of data depict economic condi- 
tions so simply and nicely that, without understanding them, a person 
cannot have clear comprehension of these conditions. Magazines, 
newspapers and bulletins are full of figures on accidents, governmental 
budgets and expenditures, employment, producion, market, crops etc. 
They employ different numerical and statistical procedures. To keep 
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one’s knowledge up-to-date, one must study such literature and the 
mathematics applied in it. 


MATHEMATICS AND PSYCHOLOGY 


The great educationist Herbert has said “It is not only possible 
but necessary that mathematics be applied to psychology.” 


Now experimental educational psychology has become highly 
mathematical due to its concern with such factors as intelligence 
quotient, standard deviation, mean, median, mode, correlation 
coefficients and probable errors. Sooner or later, every science tends 
to become mathematical. 


Arbuthnot says, “There are few things which we know, which are 
not capable of being reduced to a mathematical reasoning and when 
they cannoi, it’s a sign, our knowledge of them is very small and con- 
fused; and where a mathematical reasoning can be had, it is as great 
folly to make use of any other, as to grope for a thing in the dark, 
when you have a candle standing by you.” 


Statistical analysis is the, only reliable method of attacking social 
and psychological phenomena. Until mathematicians entered into 
the field of psychology, it was nothing but a fight. Living organism 
cannot be easily isolated and experimented upon. Whenever any 
psychological experiment is made, it has to be made on large groups 
taken at random. No single individual can be representative of the 
whole species. For interpretation of a result, statistical analysis is 
necessary. 

Suppose, you want to discover, whether ability is general or parti- 
cular, General ability means, that if a student be brilliant in mathe- 
matics, he will be equally brilliant in language or history, or any other 
subject. Particular ability means, that if a student is brilliant in 
mathematics, it is not essential that he will be equally brilliant in 
language or history or any other subject. 

The method of investigation is to be followed here. An adequate- 
ly large number of pupils are taken. Carefully prepared tests in 
two subjects are given to them, say mathematics and language. 


: The pupils are arranged in their order of merit in both the sub- 
jects, separately. There can be four possibilities. Firstly, there may 
be perfect agreement or similarity between the two orders; i.e. the 
first boy in mathematics is the first boy in language and so on. In 
this case it can be said that the correlation coeflicient between the 
ability in language and mathematics is plus one. 


Secondly, there may be perfect dissimilarity. The first boy in 
mathematics may be the jast in language and so on. Here the coefii- 
cient of correlation is said to be minus one. Here ability in language 
means want of ability in mathematics, and vice versa. 
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The third possibility is that there might be no correlation at all, 
i.e. the ability in one has no dependence on the ability in the other; 
a boy may have both, either the one or the other, or neither. In this 
case, the coefficient of correlation is said to be zero. 


The fourth possibility and the most common type is what may be 
called partial or imperfect correlation. Tbis will lie between zero 
and one, but unless it lies between 0.3 and one, after allowing for 
possible errors, one might as well say the coefficient is zero. 


The finding of coefficient of correlation in this case is a mathe- 
matical problem. The science of statistics helps in solving this prob- 
lem fairly accurately. Correlation coefficient is now widely used in 
the solution of psychological, economic and social problems. It is 
the most popular method used by Spearman and others for the 
investigation of man’s abilities. 


MATHEMATICS AND LOGIC 


D'Alembert says, ‘Geometry is a practical logic, because in it, 
rules of reasoning are applied in the most simple and sensible 
manner.” 


Pascal says, “Logic has borrowed the rules of geometry. The 
method of avoiding error is sought by everyone. The logicians pro- 
fess to lead the way, the geometers alone reaeh it, and aside from 
their science there is no true demonstration.” 


Geometry is a true demonstration of iogic. Mathematics is the 
only branch of knowledge, in which logical reasoning or logicai Jaws 
are applied and the results can be verified by the method of logical 
reasoning. 


W.C.D. Whetham--‘‘Mathematics is but the higher development 
of Symbolic Logic.” 


C.J. Keyser -“Symbolic Logic is Mathematics; Mathematics is 
Symbolic Logic.” 


The symbols and methods used in the investigations of the foun- 
dation of mathematics can be transferred to the study of logic. They 
help in the development atid formulation of logical Jaws. In mathe- 
matics the symbol < has got a meaning, e.g. a<b means ‘a’ is less 
than ‘p’. In logic, the meaning of this symbol has been extended. 
Let ‘a’ denote the class denoted by the cows and b, stand for the 
class denoted by the animals, then a <b, is easily interpreted to mean, 
“a is included in b”, that is, all cows are animals. 


For another example, take the symbol ‘x’. Let A denote the class, 
‘Teachers’ and B the class, ‘Ladies. AXB may be interpreted to 
mean the class of persons who are both Teachers and Ladies. 
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Thus the meanings of mathematical symbols have been extended 
to represent the relationship of propositions in logic. 


The aims of the mathematiciaa and those of the logician are 
practically the same. 


MATHEMATICS AND PHILOSOPHY 


The function of mathematics in the development of philosophical 
thought has been very aptly put by the great educationist Herbert, in 
his words, “The real finisher of our education is Philosophy, but it 
is the office of mathematics to ward off the dangers of philosophy.” 


Thomas Reid—‘‘Mathematics have, in many cases, proved some- 
thing to be possible and others to be impossible which, without 
demonstration, would not have been believed . .. Mathematics affords 
many instances of impossibilities in the nature of things, which no 
man would have believed if they had not been strictly demonstrated. 
Perhaps, if we were able to reason demonstratively in other subjects, 
to as great an extent as in mathematics, we might find many things to 
be impossible, which we conclude, without hesitation, to be possible.” 


A.N. Whitehead—‘‘Philosophers, when they have possessed a 
thorough knowledge of mathematics, have been among those who 
have enriched the science with some of its best ideas.” 


us. Mill—‘*Mathematics wiil ever remain the most perfect type 
of Deductive Method in general; and the applications of mathematics 
to the simpler branches of physics, furnish the only school in which 
philosophers can effectively learn the most difficult and important 
portion of their art, the employment of the laws of the simpler phe- 
nomena for explaining and predicting those of the more complex.” 


A common man may ask, “How can there be any relationship 
between such widely different branches ?” 


Mathematics deals with clear and definite things, whereas about 
philosophy it has been said ina jest. “When A talks to B about 
things which he does not understand and B replies wilh equal clear- 
ness, then they are said to be discussing philosophy.’’ That is, they 
don’t vnderstand what they discuss, still they continue to discuss 
with all seriousness. They don’t understand what they are talking 


and arguing, still they go OD talking and arguing. 


But mathematics occupies a central place between natural philoso- 
phy and mental philosophy. It was in their search of distinction 
between fact and fiction that Plato and other thinkers came under the 
influence of mathematics. 

Usually, philosophy is defined as the science that investigates the 
ultimate reality of things. But the meanings of words, “ultimate” 
and “reality” are themselves controversial among philosophers. Hach 
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school of philosophy strongly maintains its own doctrines even 
though it is not able to convince the others. But the caseis quite 
different in mathematics. This very difference in the nature of the 
subjects accounts for their mutual infiuence. 


In mathematics, the philosophers find orderly and systernatic 
achievements of unambiguous truths. By warding off the dangers. 
mathematics puts the philosophers on the right path of acquiring 
true knowledge. The philosopher finds that in mathematics one is able 
to rely on sheer thinking. By eliminating irrationality, mathematical 
methods produced the realistic school of thought in philosophy. 


It has already been shown that mathematics has been very help- 
ful in the development of various science at every deal by expelling 
superstitions from life, and clarifying various natural and social 
phenomena, The proper understanding, of the nature and composi- 
tion of stars, of the nature of thunder and lightning, of theories 
about the atom, of diseases and their causes and treatment, has 
es a profound influence on the nature and scope of philoso- 
phy. 


In fact, itis the mathematical development of the sciences that 


saved philosophy from degenerating into pure sensationalism and 
imagination. 


Moreover, accumulation of ideas is not the aim of a philosopher. 
He wants to find the ultimate nature of the things, and for this 
he has to coordinate and synthesise different facts and bring all 


things into system. Thus he has to proceed according to mathemati- 
cal procedures. 


Philosophy owes a good deal to men like Pascal, Descartes and 
Leibnitz. They were all great mathematicians first. 


MATHEMATICS AND FINE ARTS 


Here are given a few prominent views on the relationship between 
Mathematics and Fine Arts : 


_Leibnitz, the greai mathematician—‘‘Music is a hidden exercise in 
arithmetic of a mind unconscious of dealing with numbers.” 


Boltzman — “. . . the simplicity, the indispensableness of each 
word, each letter, each little dash, that among all artists raises the 
mathematician nearest to the World-creator; it establishes a subli- 
mity which is equalled in other art,—Something like it exists at 
most in symphonic music.” 


W.F. White—‘‘Mathematics too has its triumphs of the creative 
imagination, its beautiful theorems, its proofs and processes whose 
perfection of forms has made them classic. He must be a “practical” 
man who can see no poetry in mathematics.” 
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Pythagoras—‘‘ Where harmony is, there are numbers. 


Bertrand Russell—‘‘Mathematics, rightly viewed, possesses not only 
truth, but supreme beauty —a beauty cold and austere, like that of 
sculpture, without appeal to any part of our weaker nature, without 
the gorgeous trappings of painting or music, yet sublimely pure, and 
capable of a stern perfection such as only the greatest art can show.” 

Thoreau—‘‘The most distinct and beautiful statement of any truth 
must take at last the mathematical form.” 

John Arbuthnot--“Truth is the same thing to the understanding 
as music to the ear and beauty to the eye.” 

Helmholtz—“The manipulations of artists’ genius are but the 


unconscious expression of a mysteriously acting rationality.” 

Beauty of a piece of art depends on the manner in which it ex- 
presses truth. Mathematics is a knowledge of iruth and realities. It 
is in itself a piece of fine art. Itis a thing of beauty, and for many 
it is a joy forever especially when they do not study it for examina- 
tion purposes. Something like mathematics exists in music. Every- 
body cannot appreciate fully a beautiful piece of architecture, a 
painting of musical notes. Only a mathematical mind can appreciate 
these arts with some sense of confidence. Mathematics provides a 
basis and backround for aesthetic appreciation. Appreciation of 
rhythm, proportion, balance and symmetry postulates a mathematical 
mind. 


EXERCISES 


1. “Mathematics is a science of all sciences and an art of all arts.” 
Comment on it and justify this statement. 

2. Discuss and explain that mathematics has been a playback 
pioneer in the scientific advancement of the modern civilisation. 

3. What is the relationship of mathematics with other subjects of the 
high/higher secondary school curriculum ? Give illustrations. 


4, Mathematics has contributed immensely towards the enrichment 
and advancement of all the modern sciences ? What is your opi- 


nion about it ? 

5. Even the social sciences of the modern era are becoming more 
and more mathematical. What is your acquaintance with this 
fact ? i 

6. -Write short notes on :— 


(i) Relationship of Mathematics and Physics. 
Gi) Relationship of Mathematics and Economics. 
(iii) Relationship of Mathematics and Fine Arts. < 


CHAPTER SIX 


CURRICULUM IN MATHEMATICS 


“Ir wouLD BE utterly contrary to the beautiful economy of 
nature, if one kind of culture were needed for the gaining of informa- 


tion and another kind were needed as a mental gymnastic. 
— Herbert Spencer. 


“Teach nothing merely because of its disciplinary value, but teach 
everything so as to get what disciplinary value it does have. ; 
—Thorndike. 


Any effort which is made intelligently will aim at certain results. 
If instruction in mathematics is to be worthwhile, it must be planned 
with the idea of achieving certain aims which represent values attain- 
\ able from its study. It is thus possible to set up a rational criterion 
for determining suitable and useful content of mathematica! courses. 
Selection and organisation of these courses and planning of student 
learning activities are extremely important though tedious undef- 
takings. Selection of material should be controlled by purpose, which 
is to be served by mathematics in the general scheme of education. 

The complexity of this task has further increased in recent years 
because of rapid social, technological and scientific changes. There 
have come about significant changes in man’s outlook on life. Tae 
philosophy of life has changed and consequently the philosophy of 
education has also undergone a revolution. Curriculum has to be 
organised in the light of these changes. Tradition alone can no 
longer be regarded as adequate justification for its selection or org@- 
nisation. The curriculum that suited a few years ago is not neces- 
sarily capable of satisfying our present needs. It must be able not 
only to identify the present needs of community but also to visualise 
the emerene needs in the modern commercial and the industrial 
field. 


THE DYNAMIC APPROACH TO CURRICULUM 


As already stated, tradition is not going to be our guiding princi- 
ple in the task of selection and arrangement of the subject-matter 
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On the other hand, breach of tradition will be the rule. Revision of 
curriculum should be a continuous process. The existing subject- 
matter should be tried and its shortcomings noted for future modifi- 
cations and improvements. We should never become complacent 
about it. Every year experts must confer and conclude about any 
modifications to be made in curriculum. It should not only be just 
workable but it should work well. Its difficulties and complications 
should be reduced, and scope widened after such annual stock- 
takings. It must be put to an annual check up. Any drastic or 
basic chauges cannot of course, be made every year. Some of the 
loopholes can definitely be plugged and ground can be prepared for 
major changes. . 


THE TEACHER'S CONCERN IN CURRICULUM CONSTRUCTION 


The teacher may genuinely feel that he is not concerned with 
this task, The curriculum is framed for him by others. Then, why 
should he bother himself with the study of the technique of curricu- 
jum construction ? His job is only to put into practice the content 
thought to be appropriate by experts. This theory has its roots in 
the past. The present day approach to curriculum construction is 
widely different. The teacher has to play a major role in this affair. 
His opinion has to be given maximum consideration at the time of 
revision or reconstruction of curriculum. He has not to remain 
indifferent and disgusted as he was in the past. He has to come 
forward with his suggestions so that curriculum may be made most 
effective and purposeful. Assimilation of the entire background and 
theory of curriculum construction is thus important for him. Only 
then he will be able to offer constructive suggestions for putting the 
curriculum on right lines. The new trend expects maximum partici- 
pation and contribution from the teacher’s side. Therefore he must 
prepare himself well for this new responsibility. He should no more 
be an unhappy and helpless critic of the curriculum, but he should 
come foward with his own ideas and suggestions to solve practical 
difficulties. 


OBJECTIVES OF CURRICULUM 


A study of these objectives is obviously important at this stage. 
Without objections, selection and organisation may result in a plan- 
less, wasteful and ineffective course. The ‘What’ and the ‘How’ of 
mathematics have always been determined by its “Why”. These 
objectives are fundamentally important as a guide to curriculum 
makers, text book writers, teachers and supervisory officers. If it is 
decided that mathematics as a subject is an essential part of school 
curriculum on account of its educational values, we have to adopt 
only those ways and means which help in realising those values. The 
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educational values of the subject will guide us to make out the 
objectives of its curriculum. The aims of teaching mathematics have 
to be realised through the curriculum. It is the first practical step 
towards such realization. 


* Young discusses the principal values of the study of mathematics 
under three general sub-heads (i) Practical values; (2) Mathematics 
as a mode of thought; and (3) Other functions. Under the third 
and rather indefinite heading he mentions values which are in the 
nature of attitudes, habits and ideals. 


Breslich classifies the principal aims as (1) understandings, 
(2) skills, (3) problems and methods, (4) appreciations, (5) attitudes, 
and (6) habits. 


Blackhurst lists them as (1) attitudes, (2) concepts, and (3) infor- 
mations. 


Schorling present them as (1) attitudes, (2: concepts, (3) abilities, 
and (4) information. 


Mimick discusses them under four sub-heads as (1) practical 
values, (2) preparatory values, (3) cultural values, and (4) discipli- 
nary values. 


Since the objectives classified by Mimick are the most comprehen- 
sive, they can be adopted here for discussion. These values will 
then be the fundamental criteria to judge the suitability or other- 
wise of any topic. The topics will have to be selected or rejected 
accordingly. 


CURRICULUM AS A MEANS TO AN END 


Courses of study are rightly coming to be thought of as means to 
ends rather than as ends in themselves, and curriculum can be justified 
only in so far as it gives the promise of being the means through 
which certain desirable educational objectives can be attained. 
Curriculum is an instrument or a tool in the hands of the teacher to 
modify the child’s behaviour. Adjust curriculum to suit the child 
rather than adjust the child to the curriculum. 


FLEXIBILITY IN THE CURRICULUM 


Curriculum should not be taken as a rigid pattern. Jt should 
rather be looked upon as a general outline of the material considere 
necessary as a part of the learner's training. There should be some 
freedom for the teacher aad the taught to choose their subject-matter 
in the light of learning situations as they arise. 


From the strictly practical point of view, flexible curriculum may 
not be a reality. In a class-teaching system, it is almost impossible 
to cater to individual aptitudes and differences. Hither the selection 
and organisation of the content should be perfect or some freedom 
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of selection and arrangement should be given to the teacher who, of 
course, would have to be a person of adequate initiative and resource- 
fulness. 

Moreover, flexibility should not be taken to mean the absence of 
a system. Some minimum standards of attainment will have to be 
specified. There may not be any rigidity and enforcement in the 
matter, and the teachey may be told that he is free to make minor 
adjustments here and there. The entire selection and arrangement of 
the course content is a very heavy task and so cannot be assigned to 
an already overburdened teacher. 


Way REVISION OF THE PRESENT CURRICULUM IN MATHEMATICS ? 


What is wrong with the existing Curriculum? The curriculum 
has remained traditional in spite of ambitious and repeated efforts to 
improve it. The existing curriculum is far from being satisfactory. 
Prof. Kuppuswami has remarked very aptly that mathematics has 
been organised and taught in accordance with the ideas of the pure 
mathematician on the one hand and of the layman on the othe1. The 
mathematician has to be satisfied because, in many cases, it is he or 
those who are influenced by him that lay down the rules for the 
teacher. The layman has to be satisfied because ultimately it is he 
who pays the teacher. To satisfy the mathematician the content 
provides for the boys definitions, rules and reasoning processes. To 
Satisfy the layman, the child is enabled to add, multiply and divide 
numbers and to commit to memory innumerable tables, rules and 
formulae. The layman may be told that his child will find use for all 
this in later life, that mathematics is a subject for the training of the 


mind and all that. 


The teacher and the taught have been subordinated to some set 
Processes of mathematics. The emphasis is only on the nature of 
the subject and future adult needs of the learner. The child Teceives 
a setback rather than education, in this process. The teacher 
remains indifferent and shows no enthusiasm about the curriculum, 


Ordinarily, the official curriculum gives only the names of the 
topics to be done in different classes. The teacher cannot know 
what exactly he is expected to do. The present syllabus is anything 
but definite. The teacher is required to work out the details in his 
own way. It amounts to an excessive expectation from average 
teachers. Expert guidance is, therefore, needed; but it should come 
from a trained and experienced person rather than from one who has 
never taught the subject at school. 


To form a clearer idea of detailed guidance to be provided by 
curriculum organisers, the teacher will Please refer to later Pages of 
this chapter. 


82 TEACHING OF MATHEMATICS 


WHO SHOULD ORGANISE AND REVISE THE CURRICULUM 2? 


Organisation and revision of curriculum should be done by & 
committee consisting of persons sincerely interested in the improve- 
ment of mathematical instruction. Big guns should be there, not 
simply because they hold high administrative positions, but because 
their interest in the subject is very practical and genuine. Field 
workers or teachers of mathematics should have a stronger voice in 
this committee. Some prominent businessmen, accounts officers, 
bankers and other experts may be taken on the committee. These 
members in particular and other teachers and administrators 1n 
general should be required to keep a regular record of their findings 
regarding any good points and drawbacks of the present curriculum. 
The committee should meet at least once a year to assess the situa- 
tion and should then devote adequate time according to the volume 
of work. This work is very important and so should. not be rushed 
through or done in a haphazard manner. Sometimes a change. is 
proposed simply for its own sake. The work of curriculum revision 
needs proper handling by an expert and responsible committee. 

The changes being brought about in the syllabi of other countries 
may also be kept in view. 


PRINCIPLES GOVERNING CURRICULUM CONSTRUCTION 


Mathematics is a very vast subject. The teacher does not have suffi- 
cient time to teach it as a whole. Hence the question of selection and 
choice of the course content. What should or should not be selected, 
is to be decided according to scientific criteria. 

It has already been mentioned that there are four fundamental 
principles that should form the core of this criteria. The extent to 
which each of these should be depended upon, is now to be seen. 


CRITERION OF PRACTICAL VALUE 


“Knowledge for knowledge sake” is a noble ideal, but most stu- 
dents simply cannot afford to follow it. This ideal may be pursue 
in college education but not in school education. 

Such knowledge as is applicable in daily life is everybody’s 
necessity. Utility aims at intelligent, economical, well planned, Wer 
balanced, civilised life. From the point of view of immediate utili- 
tarian values, there are certain aspects of mathematics which are 
indispensable for the individual. These are of universal application 
and importance, and their acquisition by every child should be 
regarded as necessary. As illustrations of such distinctly practica 
value here may be mentioned the concepts of measurement : the four 
simple rules, percentage, average, profit and loss, interest, areas 
taxes, graphs, simpler notions of statistics, more common geometric 
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figures, algebra of the formulae and the linear equation, mensuration, 
house-hold accounts, application of mathematical concepts and 
processes to problems of everyday life, and the mastery of mathe- 
matical vocabulary for intelligent reading of contemporary articles 
in current periodicals, These attainments should constitute a very- 
important part of the educational equipment of every citizen. The 
knowledge shouid not remain completely divorced from life. ft 
should enable the pupil to solve problems that he actually meets in 
life. 

The above mentioned topics directly represent practical values, 
and have been drawn almost entirely from the field of elementary 
mathematics. The word ‘utility’ should not be given a narrow inter- 
pretation. Giving a little broader meaning, it may be seid that a 
topic should be included in the curriculum, if it is useful in everyday 
life, in the study of other subjects, in vocations, or if it is likely to 
help the pupil in appreciating the part played by mathematics in the 
development of civilisation in its various aspects—in commerce, trade, 
industry, engineering, physical and social sciences. 


CRITERION OF PRLPARATORY VALUE 


The preparatory value is of two kinds (a) the part of mathematics 
in preparing the child for future life, and (b) the part of mathematics 
in preparing the child for future education. An interpretation of the 
first kind has been given in the section on the criterion of practical 
value. It is for the teacher to ensure that those who give up their 
studies after school stage, go fully prepared and equipped for future 
life. This group of students constitutes the majority and its needs 
should be given priority over those who would join the university. 

Regarding the later part of this criterion, it can be said that a 
very small percentage of students go in for university education. Both 
the educationist and the administrator have come to realise that in 
secondary education there are other aims more important than the 
aim of preparing students for university education. Ways and means 
have to be devised to remove the dominance of college education 
Over school education. It is not worthwhile to cater to needs of 
university education at the school stage, since most of the students 
are not going to benefit by that. 


There is of course no denying the fact that something more than 
the minimum in mathematical instruction is not only an asset but a 
definite necessity at the collegiate and professional levels also. A stu- 
dent without the requisite background of high school mathematics, 
is often barred from entering courses which he likes to choose later. 

Success in of sought courses in the college stage depends to a great 
extent on the degree of soundness of mathematica! background made 
in the earlier stages. 
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In spite of these favourable arguments a topic having only prepa- 
ratory value of this type is not entitled to occupy a place in the curti- 
culum. The preparation for college education should be given during 
the college siage itself, because then it would be given to really needy 
and willing students. Nobody would feel compelled at learning such 
preparatory topics then. A topic may be helpful in the pupil’s future 
education, but it should be useful in some other ways also. 


CRITERION OF DISCIPLINARY VALUE 


Any discussion of this value of mathematical instruction must 
take into account the question of transfer of training. Experiments 
by psychologists have demonstrated that transfer is never complete, 
automatic and inevitable. Many uncritical people bave interpreted 
this to mean that transfer is nonexistent, although no experimental 
evidence has ever warranted this conclusion. Acceptance of the theory 


of transfer would mean that every mathematical topic should be given 
a place of high importance in the curriculum, regardless of any practi- 
cal values that it might have, whereas denial of this principle would 
mean a consequent denial of any important place to topics other than 
those having distinctly practical or purely cultural values. The first 
viewpoint thus favours a broad comprehensive programme of mathe- 
matical instruction; the second advocates a definitely limited offering 
in this field. 

Competent psychologists today are agreed that the truth about 
transfer lies between the two extreme positions of ‘complete transfer’ 
and ‘no transfer’. It has been established that transfer takes place. 
The real question now pertains to the manner in which it takes place 
and to the conditions that are most favourable to it. The most 
teliable evidence indicates that, in order to achieve the disciplinary 
values of any subject, it is necessary to teach that subject with that 
specific end in view. 

In particular, the ability to generalize meanings, symbols, rela- 
tionships and processes and to apply such generalizations to new 
situations, represents transfer of the most genuine and vital sort. In 
fact, this is clearly what is meant by the expression “functional 
mathematics”. 

But it should not be forgotten that disciplining or training the 
mind is not the only function of education. By education useful and 
functional knowledge is to be imparted to the students. In the past 
this value was over emphasised, which consequently brought into the 
syllabus much useless material. For disciplining the mind one topic 
of mathematics is as good as another. So this quality of a topic 
cannot be made the sole criterion to justify for it a place in the curri- 
culum. Unless and until there are some other virtues in a topic, 
mere disciplinary value does not oF chould not entitle it to a place 
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in the curriculum. The topic must be useful to the learner in some 
other way also, There are so many useful mathematical facts to be 
learnt by the child during the limited time at his disposal, that it will 
be an irrational engagement for pupils to solve puzzles and riddles. 
When the same set of topics can provide both useful knowledge and 
mental training, it is a folly to make pupils learn one set on facts 
for mental exercise and another for the acquisition of useful infor- 
mation. Real and useful facts train the mind much better than 
unreal and useless problems. Unreal and fancy problems kill the 
critical attitude of the pupil. 

Moreover, it is common knowledge that training of the mind 
largely depends on methods of teaching adopted in the classroom. If 
a topic is taught in an effective and logical manner, it will surely 
create certain mental habits. Therefore the disciplinary value of 
mathematics should be realised through suitable methods of teaching, 
and not through its acceptance as an important criterion for curricu- 
lum organisation. 


CRITERION OF CULTURAL VALUE 


Formation of desirable attitudes and ideals pertains to the 
cultural aim in education. But some People wrongly hold the view 
that less useful a piece of knowledge is, the more cultural it is. 
Classical, formal, unreal problems were considered to be cultural, 
whereas real life oriented topics were condemned as vulgar and 
narrow, for their stress on mere utility. The word ‘cultural’ was 
taken to mean ornamental. But in reality there is no such funda- 
mental opposition between what is useful and what is cultural, Por 
a piece of knowledge to claim a cultural Status, it must clearly be 
useful. It must serve some purpose, otherwise it cannot find a 
place in culture. From this point of view, every piece of purposeful 
knowledge is of cultural value and vice versa, 

The mathematical topics which can develop in a child the habits 
of _tolerance, appreciation, sympathy, cooperation, accuracy and 
logical reasoning are no less important than those which claim to be 
useful in solving mathematical problems of daily life. 

The subject of mathematics has played a great role in the ad- 
vancement of human race and there may be many of its topics which 
have a history behind them. Cultural advaucement owns a great deal 
to the discovery of certain mathematical facts, These facts are not 
going to lose their place, as long as society exists, 

There may be certain ideas which were pursued by students of 
mathematics in ancient times but which were disproved later. The 
study of those ideas now will, no doubt, be of ornamental value only. 
But there are certain ideas which have become the life blood of 
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modern culture and society. Their study, of course, will be a source 
of inspiration. 

While making selection for the curriculum, the cultural value of 
a topic should not be ignored. 


Use 1s THE CHIEF CRITERION 


The above discussion should lead the reader to conclude that 
“use” is the chief criterion. The modern man has become so utility- 
minded that he is not prepared to waste even @ single moment in 
any non-utilitarian pursuit. Utility has become the driving force in 
his life. Moreover, the pre-specialization stage cannot be taken as 
the stage of preparation for specialization. The entire approach in 
curriculum construction has to be functional and purposeful. Useful 
information is a pre-requisite of useful life. Every attempt made 
and every minute spent has to be evaluated in the ‘utility scale’. 
Useful knowledge has to be give. top priority and, time permitting, 
other things may be considered in the end. 


CHILD-CENTRED CURRICULUM 
Though it has not been included in the list of fundamenta! crieteria, 


it is an equally fundamental principle for the selection and organisa- 
tion of the course content. Today education is to be made child-cent- 
tic. The days of subject centric education are gone. The child’s present 
and future needs, his interests and aptitudes, his abilities and difficul- 
ties, have tc dominate even the most insignificant aspect or activity 
of the educational process. The syllabus has not to be viewed from 
the point of view of the administrator, the mathematician and the 
teacher. Everything has to be made to suit the child. Every detail 
of the curriculum should be worked out in relation to the expected 
responses of the child. If the teacher can’t make him like a parti- 
cular portion, he kas no right to thrust it on him. The curriculum 
is meant for the child’s uplift and welfare, and jt is subordinate to 
him. Its construction and revision should be governed by its work- 
ability with the child. It should be a child-centred scheme. 


A COMPREHENSIVE CURRICULUM 


A mere list of topics does not make a Curriculum. There should 
be necessary details also. Tt will be expecting too much from an 
ordinary teaching if he is required to work out the details for him- 
self, When the same topic has to be distributed over a number of 
classes, the organisers should specify the points of ‘start’ and ‘end’ 
in each case. The teacher and the taught should know clearly what is 
expected of them. 


Educationists and curriculum experts advise that teaching and 
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learning processes of mathematics be made interesting and lively, but 
they never care to suggest how teaching of different topics can be 
made interesting. Too much is left for the teacher to devise and 
accomplish. Curriculum should provide a comprehensive picture of 
its contents. Techniques, life situations, material aids, related crafts 
or other activities and possibilities of correlation and other items that 
promote effective teaching should be listed in the curriculum. Curri- 
culum should serve as a guide to teachers and authors of text-books. 
It should elucidate how the subject has to be made meaningful and 
comprehensive. As an illustration of this type of organisation, the 
following columns are suggested : s 


Name of the topic Its sub-parts How to teach 
I If HI 
How to learn Possibilities Material aids 
of correlation 7 
IV v VI 
Activities or Projects Application 
VII VIII 


With such an exhaustive plan of curriculum, the teacher and the 
taught wili be obliged to adopt at least some of the proposed measu- 
res for effective teaching and learning. Students will also feel attracted 
towards, and interested in, the subject. The topics will appear real 
and meaningful to them. They will have something real and interest- 
ing to perform. Their learning wiil most likely be based on under- 
standing and concrete experiences. Similarly the teacher will get 
expert guidance. His work will be facilitated a great deal. Something 
sea teadily at his disposal to enable him to put life into his class- 
work, 


PRINCIPLES AND METHODS OF ARRANGING THE CURRICULUM 


„ After topics have been selected according to relevant fundamental 
Principles, the work of arrangement of the topics starts. When and 
where a particular topic be introduced ? How should it be developed 
through different classes ? What should be done before and after 
it? How much of it should be taught at a time? All these and 
many more similar requirements have to be met through proper 
arrangement of the matter. Here follows a discussion of the princi- 
ples and methods which are helpful in this case. 


1, PSYCHOLOGICAL AND LOGICAL ARRANGEMENT 
In the development of a particular branch of mathematics, the 
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mathematician is chiefly concerned with a logical, rigorous treatment 
of the subject matter, whereas the teacher is usually concerned with 
its psychological organisation and presentation. It is the curriculum 
organiser who is called upon to integrate the two approaches. | It 
may be remarked that the two do not differ substantially. The diffe- 
tences have been exaggerated and multiplied. The coalesce—the 
logical and the psychological methods merge. 

There is no reason why the organisation cannot be both logical 

and psychological. The happy combination of the two is very desi- 
rable and feasible. All thinking is psychological. Education should 
make it logical as well. Psychology throws light on the use of a 
topic for the student from the academic as well as practical point of 
view. It takes into consideration the power of understanding and 
„grasping of pupils in a particular age-level group. The order in 
which topics are to be taken will largely depend on its findings. 
Similarly logic must be there. Psychology should decide what kind 
of logic is appropriate for the pupils of a certain age and what type 
of topics will be most suitable for the development of such logical 
thinking. Logic will help in maintaining the link and sequence of 
topics found useful and meaningful for the child. In combination, 
these two view points can make the subjeci-matter interesting and 
comprehensible. 


2. SCOPE FOR PRACTICAL WORK 


All healthy and normal children like to be active. They derive 
pleasure from all activity. Handling of objects is delightful for ihem. 
Practical work is fascinating for them. Organisers of curriculum 
should not fail to suggest some practical work whenever there is a 
scope for it. They have rather to explore and propose opportunities 
of practical work. Topics which demand passive listening and 
abstractness are not to the taste of children, especially young ones. 
In their case the topics must be presented in a form which appears 
to arise out of their own activities. The approach should be made 
situational as far as possible. A topic which carries a greater scope 
for practical work should come in the lower classes and should 
gradually develop to its abstract form. It should be possible for the 
young child to learn every topic through practical work and real oF 
concrete things. Incase this view point is accepted, the subject 
matter should be arranged according to the taste of the child; further; 
there is absolutely no reason why a pupil of the Fourth or the Fifth 
class should not be allowed to make use of the foot-rule and the 
compass to draw figures. These figures may not necessarily conform 
to specified geometrical shapes. Similarly there is no reason why the 
children of the second class should not learn to add 3 kgms. 40 gms- 


and 4 kgms. 12 gms. before they learn h i 15 ‘OF 
even to add 340 and 412. g Pn EEEE a © 
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3. THe CRITERION OF DIFFICULTY 


What is either too difficult or too easy for a class should not be 
included in the curriculum for that class. The mental level and power 
of comprehension of the pupils should be taken into account while 
arranging the subject-matter. The organisation should suit the mental 
capacity and development of the pupil. 

It is, of course, not easy to determine the intensity of difficulty 
from the pupil's point of view. He must, by all means, be offered 
the facility of learning from ‘simple to complex.’ 

It is a very difficult task to decide what is really difficult and what 
is really easy for the child. What is simple for the mathematician 
May not necessarily be simple for the child. Similarly, what is 
difficult toa mathematician mey net be so difficult for the child. 
Organisers wiil have to watch constantly the difficulties of children 
So that some genuine observations may be available at the time of 
readjustment of subject-matter, 

One more theory is considered to be helpful in this tegard. Itis 
known as Culture-Epoch-Theory. The order in which the human 
race developed different topics of mathematics can be the best order 
to follow. The topics which were discovered or developed the ear- 
liest of all, must have been the easiest of all. The topics were 
discovered and developed in the order of their difficulty. The present 
day research in the subject is obviously the most difficult of all. This 
order will offer the path of least resistance to pupils. It, however, 
does not imply that the order should be followed in all cases, The 
criterion of utility and the psychological criterion will override this 
theory. When other things are equal, this theory is a real source of 


` heip in deciding the order of difficulty of topics of the subject-matter. 


4. Voicr OF THE TEACHER 


This point has already been adequately emphasised under the 
caption ‘Teacher’s Concern.” The field worker must have a sort of 
final say in the selection as well as arrangement of the course content. 
His experience is of practical nature, so it must count in this respect. It 
will be very sad and harmful if this opinion is set aside. 


5. TOPICAL Versus SPIRAL ARRANGEMENT 


The criterion of difficulty emphasises that topics should be arrang- 
ed in order of their difficulty. But it is no good arrangement to take 
the topic as a unit. Topical arrangement is based on the unity of 
topic. It implies complete exhaustion of atopic at the same time 
or at a stretch. But it is highly unnatural and impracticable to take a 
topic, such as time and work: in a particular class and exhaust all its 
Possible portions and problems, simpie as well as complex in the same 


- 
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class. Every topic has easy portions and also difficult portions. 
When a topic is started its elementary OF introductory portions are 
considered to be within the comprehension of the class. At that 
stage the difficult, portions will be certainly beyond them. Therefore 
the topical arrangement is defective. The chief defect is that it intro- 
duces into the curriculum many irrelevant things. Certain portions O 
the topics are to be imposed on the child who is not yet mentally pre- 
pared. He does not find any immediate need of, or use for, these 
portions. These are beyond his comprehension and so he cannot 
substantially gain by their study. He cannot appreciate them at that 
stage. They are introduced to make the subject matter of tbe 
topic complere and thorongh. Moreover, in the topical system, the 
topics which are dealt earlier receive no attention later, and 80 
there is every possibility of their being forgotten. There is no scape 
for year-to-year revision of any important topic even. Complete 
understanding of a mathematical topic needs a varied experience. No 
topic is so water-tight that other topics or subjects cannot help in its 
better understanding. One cannot claim that one has grasped the 
notion of “traction” thoroughly before learning anything about the 
“unitary method.” 


_ Good arrangement requires that (a) every topic should be divided 
into parts, (b) those parts should be graded accordiug to difficulty 
and (c) each part should be introduced at a proper stage. ‘These 
different portions will be allotted to different classes according tO 
their difficulty and the maturity of minds of pupils. This approach 1 
known as spiral arrangement. A. portion is introduced wher a 
sufficient background has already been prepared for it. The rematn” 
ing more tedious portions are left to be done later. Spiral is the 
opposite of topical arrangement and attempts to remove all the defect 
of topical arrangement. Everythiag is done at its proper stage, an 
there isan opportunity for its revision also. The only care which 
has to be taken about itis that the portions should be neither to? 
long nor tco short. Ifa portion is small, the study will last for 2 
short period and no durable impression will be formed on the learner 
mind. if a portion is very long, its study will take a very long time 
The students’ interest will flag; the idea will not go home. 


6. THE PRINCIPLE OR CYCLIC ORDER 


_The number system and the four fundamental operation? of 
arithmetic, which form the basis of mathematical development, reap” 
pear frequently in more complicated forms. This repetition of fox 
damental ideas in building the structure of mathematics is known asi 
the cyclic development of the subject. It isan example O natura 
spiral arrangement in the subject. Jt isthe duty of the organiset T 
note such possibilities of cyclic treatment of subject matter an T 
make adequate provision for the efective arrangement of sue 
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material. Hints to stress this cyclic repetition should be given side 
by side with the relevant topics in the syllabus itself. 


7. INCIDENTAL VERSUS ORGANIZED TEACHING 


Knowledge grows by application. One cannot be said to haye 
learnt anything unless one is able to use it. The application of 
mathematics to other subjects not only imparts clarity and definitness 
to them but has a healthy bearing on the learning of mathematics also 
The study becomes pleasant. This principle is more on the side of 
incidental than organised teaching. The arrangement of subject 
matter should promote this incidental approach in teaching. 

The aim is not to teach the boy mathematics, science or language 
it is rather to educate him so that he may understand the real nature 
of life. If knowledge is divided into subjects such as history language. 
mathematics and so on, it is only for the „sake of convenience. Itis 
hoped that by such division the impressions of the various subjects 
will be synthesised and will enable the learner to form a true idea 
of life. But the present situation gives no promise of fulfilment of 
this hope. There is no cohesion. A blind faith in the theory of 
formal discipline is partly responsible for this situation. 

This formalism has to make room for incidentalism. The student 
may have to learn an unspecified item of any topic on an unforeseen 
occasion. It is better, if such incidents are anticipated and recorded 
in the curriculum. In the list of activities mentioned for the students 
a suggestion can be given that they should collect incidents and 
situations which might have posed a mathematical problem before 
them. Thus they will be able to learn it while they are solving their 
practical difficulties and satisfying their needs. 


8. INDIVIDUAL VERSUS CLASS TEACHING 


Curriculum has so far been organised mostly for class teaching 
purposes. Class teaching (though a very good compromise between 
efficiency and economy) is not free from defects. It has been found 
that there are wide differences in ability of individual pupils. Students 
differ in tastes, aptitudes, capacities, intelligence, interests and experi- 
ences. The class teaching system neglects individual needs and 
interests. It subordinates the individual to the group. 

Understanding individual differences, and dealing suitably with 
their unique characteristics have become very important. The 
syllabus must help the teacher to meet this demand of emphasis on 
the individual. One teacher for one pupil is the ideal or one syllabus 
for one pupil may be taken as the ultimate goal; but initial steps 
should be taken in this direction. It is the teacher’s responsibility to 
give to the quicker and brighter pupil all that he can muster and 
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allow the slower or less intelligent pupil to proceed at his own speed. 
The two should not be put together. The duli may reach just the 
minimum while the bright may reach the maximum. Each should 
get opportunities to use his ability to its maximum. Both will have 
to be led through different routes. 

One syllabus for one pupil is, of course, not practicable; but the 
demand of individual teaching is considerably met by the arrange- 
ment of “ability grouping”. Here the students are grouped in such 
a way that differences in the abilities within a particular group are 
zeduced as far as possible. There are no extremes in these groups. 
In a group, students possess almost the same interests and intelligence. 
Thus the class group will be further divided into four or more homo- 
geneous groups. This grouping will necessitate some grouping of 
topics in the curriculum. The curriculum will slightly vary for diffe- 
ent ‘ability groups’. The ‘Dalton Plan’ has got its roots in this very 
approach. Different techniques to make pupils of different abilities 
understand the same topic may also be adopted. 

It would not be out of place to mention that class teaching bas 
got its own merits, which cannot be ignored outright. ít helps the 
students to shake off their natural shyness and nervousness. lt deve- 
lops in them the power to understand, criticse and explain—a power 
which is greatly needed in the present social and democratic set-up of 
the country. Everybody is conscious of his dignity and remains alert 
and attentive in the classroom. Nobody likes to be in the background 
therefore he has to think and act quickly. When the class is engage! 
in work, individual help can also be given. General or commoiì 
mistakes can be corrected collectively; it will save time Rules and 
formulae can be discovered and developed in the class. The spirit 
of group work and healthy competition may be created. In com- 
petition, there is always a stimulus for the students. They want to 
surpass one another. It enables the teacher to usea variety of 
illustrations and devices in order to cater to different tastes and cap- 
abilities of the individual pupils. The teacher will always be present 
and his presence will be a source of iaspiration to all alike. 

This “individual mode” has its own advantages. Everybody gets 
a fair chance of progress. The input and thoroughness of work in- 
creases since everybody feels keenly interested in his own work. The 
pupil becomes self-reliant. The teacher is looked upon asa friend 
in need. But there are also some disadvantages. The students miss 
the opportunity of group or class exercise. They will be always i 
an unnecessary haste and may acquire the tendency for superficial or 
show fy ote They may suspend work and sit idle just for no reason- 
> te chs Joana or the teacher to attend to each and every indivi- 

Organisation of subject matter has to satisfy both the individual 
and the class interests. Some differentiated assignments may be pro- 
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posed for students of different levels of intelligence. etc. There must 
be some provision for individual and independent work for the 
aspiring learner. There may be some individual projects and some 
group projects related to the same topic. 

Thus curriculum has to devise a middle route, so that it can be 
adopted on class as well as individual basis. It should at least meet 


the requirements of the ‘ability grouping’ system. 


9. THE DALTON PLAN 


_ As mentioned earlier this plan suggests that curriculum organisa- 
tion should accommodate the criterion of individual differences. The 


development of the topics should be such that pupil may be able 
to attempt them independently with considerable chances of success. 
The pupil has to depend on organised private study in this case. The 
syllabus will have to be broken into monthly assignments. The Dalton 
Plan is based on these assignments. A month's task can be further 
divided into four weekly instalments of work. There is no time- 
table, and no regular classes haye to be held. 

Though it is not adequately practicable tc reorganise the curricu- 
lum on the lines of the Dalton Plan as the present set-up does not 
favour it, even partial introduction of the plan will be a healthy re- 
form. It will give the pupil something to attempt independently. 


10. THe PROJECT PLAN 


According to this plan, mathematics is to be taught incidentally, 
when the need arises in the working out of the project. The kind of 
project which can form one of the bases of curriculm construction is 
that in which the dominating purpose is to solve a problem, to un- 
tavel a mystery, to overcome some intellectual tangle or difficulty. 
Such is a real project which can lead to understanding of mathema- 
tical facts. From time immemorial, it has been seen that, in schools, 
no good work is done under compulsion. It is the inner urge that 
produces good work. No good teacher will fail to use such projects to 
arouse and maintain interest provided these have been suggested and 
elaborated in the curriculum and also in the text-book. “Teach 
when the need arises”, is a good rule but its reverse, “Don’t teach 
unless the need arises spontaneously in the course of the pupil’s work” 
is absurd. In the case of some boys, never may need arise for 
anything. “In one high school (in America) where project teaching 
is in vogue some of the pupils have betrayed the fact that when asked 
to suggest projects they always vote to take some trip in order to get 
away from school”. “I suspect that even some of the teachers are not 
above this dodge”, Sh. N. Kuppuswami says “under the circumstances, 
projects may become occasions for the pupils and teachers 
to learn a number of, may be, useful things but not mathematics. 
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In mathematics, project work, cannot supplant systematic teaching. 
It may lead to introduction, but cannot carry to accomplisament. 
Practice is so necessary in mathematics, that it can be provided by 
no other method than continuous sustained practice. 

But the organisation of the curriculum on the project plan will 
certainly help the students to discover and understand mathematical 
facts. Dependence on project work occasionally will iend variety and 
life to the otherwise monotonous work. Soa few suitable projects, 
if included in the curriculum, will not be out of place. 


11. FROM THE EMPIRICAL TO THE RATIONAL 


The learning of a topic in mathematics begins from experience 
and induction, and itis accomplished gradually through deduction. 
This is what is meant by the process of go:ng from the empirical to the 
rational. The most familiar and evident things should come in the 
beginning of the topics, and general ideas or principles should be 
rationalized later. The subject matter should be arranged on these 
lines, so that the teacher can follow inductive deductive methods cor- 
rectly and conveniently. From clear and evident facts to principles, then 
to more complicated facts and thence to more general and abstract 
principles—this should be the order of arrangement of the detailed 
portion of a topic. There should be no place for definitions in the 
very beginning. The syllabus should clearly conform to the steps 
which the teacher is expected to adopt in the class-room. 


12. THe PRINCIPLE OF CORRELATION 


A vital question, which arises in connection with the fusion of 
methods of treating the subject matter, is “How can the subject matter 
be correlated with some other branches of mathematics and with 
other fields of application ?” This correlation may extend in four 
directions : (1) Correlation of mathematics with life, (2) Coorelation 
of mathematics with other subjects of the school curriculum, (3) 
Correlation of the different branches of mathematics among them- 
selves, (4) Correlation of different topics of the same branch. 


According to Perry, “mathematical study began because it was 


useful, it continues because it is useful, and it is valuable to the world 
because of the usefulness of its results”. 


CORRELATION WITH LIFE 


One of the aims of teaching, mathematics is that outgoing students 
should be fully prepared for life. Even after the introd o otiok of com- 
pulsory education, a large number of the pupils do not continue their 
studies beyond the primary stage. They would become labourers, 
farmers, petty shop-keepers or the like. They would ordinarily not 
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among themselves. Shri N. Kuppuswami emphasises the need of this 
correlation, ‘Only the other day I found that in a class, that had 
jearnt to find the cost of carpeting the floor, gravelling paths, and 
plastering the four walls of a room, the boys did not know what a 
rectangle was much less how to draw one. The teacher very gravely 
explained that they had not come to that stage in practical geometry”. 
Similary there are many teachers who do not use equations in solving 
arithmetical problems. Nobody can refute the arguments that 
algebraic method is a far better method in solving many typical 
problems in arithmetic. It is contrary to the very purpose of 
mathematical education to ignore an easy and general method for the 
sake of following difficult methods applicable only to particular 
problems. The equation method is the most natural method of 
solving difficult arithmetical problems. This method saves time which 
can be utilised in other ways. 


The compartmentalisation of the subject into different branches 
has outlived its utility. In schools the idea of teaching them separa- 
tely has to be given up. There will be occasions when correlation 
between algebra-geometry, arithmetic-algebra and arithmetic-geometry 
will facilitate the teacher's and the pupil’s work. 

The task of separating the branches was very easy, but now 
coming back to their cohesion needs a thorough planning and sustai- 
ned action. The Organiser of the syllabus can help a good deal in 
this respect. The topics which are inter linked, should be grouped. 
They should come together. Their common factors should be given 
a vivid treatment in the syllabus. Whenever one formula or idea is 
taken up in one branch, it should be possible to tackie it in other 
branches also. Even addition, subtraction and multiplication 


problems of algebra can come simultaneously with allied arithmetical 
problems. 


CORRELATION OF TOPICS IN THB SAME BRANCH 


There must be a logical sequence or continuity in the different 
topics of the same branch. Each topic in whatever branch it may be, 
‘should show its bearing on its preceding topics and succeeding topics. 
The different units should be so correlated as to bring out clearly the 
object of teaching the whole subject. 


It has been emphasised in a preceding paragraph that the branches 
should be merged into one. It should not be taken to mean that the 
present stand contradicts the previous one. Branches or no branches, 
inter-topic correlation is a “must”. Even if all branches are merged to 


form a new single branch the topics in it will have to be arranged in & 
sequence. 


The organisation of topics in a branch should be perfe s 
i tly logical 
so that every topic grows from previous topi perfec i 
topic in the particular case. p opic and leads to the nex 
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A problem is an exercise and something novel. Sometimes it is 
compared with a project. Mathematics differs from other school 
subjects, as it provides an opportunity of solving problems which 
evoke thinking. Training children to solve problems is meant for 
training them to meet and surmount difficulties, and for enabling 
them to solve problems offered by life itself. But the proposed 
approach to the nature and scope of problems has been misdirected 
to some extent. The problems so far framed and proposed have served 
re better purpose than’ making trapped-in-the-school boys solve 

em. 

The problem is the next step after the syllabus, in the educational 
Process in mathematics. Suitability of the problem is very impor- 
tant. Generally the text-book writers have followed the traditional 
line in this respect. Some problems have become a ‘‘must” in every 
text-book, and those are very important also for examination 
Purposes. Since the text book writers have failed to deliver the 
goods, therefore the organiser has to show them the way. The syllabus 
should contain model problems on its topics and text-book must 
be written accordingly. The text-book writers should be obliged to 
come out of the old rut. Every problem should be a novelty and 
Should pose a new challenge to the thinking capacity of the pupil. 

While judging the quality of a problem one should be very clear 
about the following points :— 

_ >l. No problem should be made to look real when itis in fact 
incredible and unrealistic. 

_ 2. The difficulty of a problem or its capacity to challenge 
intellect is not a sufficient reason why everybody should solve it. The 
Problem should have something in it which may necessitate its solu- 
tion from the child’s point of view. 

3. Similarly it is not enough that a problem gives the mind a 
chance to reason. The problem should be worth reasoning about. 
The reasoning involved in it should be genuine. 

_ 4. That a problem gives an opportunity to apply a mathematical 
Principle or formula, is not in itself a good and adequate reason for 
its inclusion in the subject-matter. The schoo! problems should be 
Of the same kind, and should be put under the same circumstances, 
as those offered by life itself. 

Here is a survey of the different types of problems available in 
mathematics. 


1. PUZZLE PROBLEMS 


Puzzle problems are meant to bewilder and perplex the student. 
These are mostly solved as a pastime and recreation. Their solution 


98 TEACHING OF MATHEMATICS 


demands patience, but their intricacy helps in maintaining the curio- 
sity of the student. But puzzle problems have been excluded from 
the current subject matter. Their inclusion in small numbers will 
however be a healthy change. The boy who has done his day's work 
may, as a reward, have his recreation in the form of solving such 
problems. The problems in ‘‘Lilavati’ were framed, we are told, to 
serve as a pastime or recreation for the widowed daughter of the 
author. These problems are useful in another way also as they offer 
an opportunity of drill in the mechanical operations of mathematics. 
Some young students will certainly show more interest in this type 
of problems than in any other type. Their interest and skill in 
mathematics will have to be developed through puzzle problems. 
A few examples of the puzzle problems are :— 


(i) Magic square :—Complete a magic square of nine places, 
with number 1—9, so that the sum of the numbers in each 
row is 15. 

(ii) An example from Lilavati :—‘The square root of half the 
number of bees in a swarm has flown out on a jessamine- 
bush, of the whole swarm has remained behind; one female 
bee flies about a male that is buzzing within a lotus-flower 
into which he was allured in the night by its sweet odour, 
but is now imprisoned in it. Tell me the number of bees y 
Answer 72, 

(iii) A snail climbs up at the rate of 2 feet per hour throughout 
the day and falls down half the distance in the night. How 


much time will it take to reach the top of a pillar 60 ft. high? 
(Five days). 


2. CATCH PROBLEMS 


These are remarkable for the jugglery of words. Ina puzzle 
problem the pupil knows its nature. He understands that his power 
of thinking is being tested through the intricate problem, But in a 
catch problem, he is not sure about its exact nature. Here the 
purpose is to test the mental alertness of the pupil. The pupil will 
attempt it correctly if he can catch the meanings of the particular 
words involved. A puzzle problem is generally long and difficult, 
whereas a catch problem is generally short and not so difficult. Catch 
problems are-also good for mental gymnastics and amusement. There 


is no reason why the pupils should not have some ice in such 
problems at school. Whe i pracuce n 
a usda patpi n used occasionally, they are likeiy to serve 


A few examples of the catch problems are :— 


. @ You have to give a pillar after every three feet, how many 
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pillars will have to be erected te support a verandah 30 feet 
long. (Answer 11) 

(ii) A dying man wills that his horses be divided among his three 
sons that the eldets gets half of them, the younger gets one 
third of them and the youngest one ninth of them, He leaves 
behind 17 horses. How should the horses be divided to 
satisfy the three sons? [Add one horse to 17 to make 18 
and perform division. They get 9, 6 and 2 respectively.] 

Gii) Sohan has a double number of balls than Mohan. If Sohan 
has three balls more than Mohan, what is the total number 
of balls with them ? (Nine). 


3. UNREAL PROBLEMS 


__ These are problems which are not true to the real situations of 
life. They create wrong notions in the minds of the learners and are 
harmful to them. -Their existence in the subject matter is without 
any sound basis. The information contained in themis false and 
misleading. It is difficult for the young child to understand and 
appreciate them. 
A few examples of the unreal problems are : 

ely fill a tank in 8, 10 and 12 hours, 


mpty itin 6 hours. All the four 
h time will it take the tank to 


(i) Three pipes can respectiv 
anda fourth pipe can e 
pipes are opened. How muc 
fill ? 

Gi) Find out the least number which when divided by 48, 64, 72, 
80, 120 and 140, leaves respectively the remainders 38, 54, 
62, 70, 110 and 130 ? 

(iii) The price of three tables is the same as that of two chairs 
and that of five chairs is the same as that of three trunks. 
If eight trunks cost Rs. 1240.00, find the price of one 


table ? 


4. REAL PROBLEMS 


h are true to life and are directly related 
These provide a real training for life and 
ous new and even unexpected situa- 
It is urgent that such problems be 
matier. The students will develop 
They are very useful for the 
oject work and understanding. 
the students will enter life with 


These are problems whic 
to the actual life situations. The 
Prepare the students to face vari 
tions in different walks of life. 
allotted a major share in the subject 
a natural affinity for real problems. 
Purposes of correlation, activity, Pr 
After adequate practice in them, 
confidence. 
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A few examples of the real problems are :— 


(i) You have to purchase a table cloth for your table 3 ft. x 24 
ft, and you want that it should fall by six inches on all 
sides. What should be the length and breadth of your table 
cloth ? 

(ii) The rate of income tax is 2%. After paying his income tax, 
a person is left with Rs. 4700%. If the rate of tax increases 
by 1%. what will be his real income ? 


Similarly there can be many more examples to illustrate this type 
of probleins. 


ORAL AND WRITTEN FORMS 


All the four types of problems can be set both in oral and written 
forms. The subject matter should contain both these forms in proper 
proportions. To enable the teacher to proceed from simple to 
complex in the matter of problems, there must be some provision of 
simple or oral problems. In a way, these are essential at the intro- 
ductory stage of each and every topic. The progress should gradually 
be made from oral problems to written problems. The difficulty of 
the problems should increase by degrees. 

A few general suggestions about selection and formulation of 
problems : 

Unreal and undesirable problems at present occupy a. dominating 
position in the subject matter. The theory of formal discipline and 
transfer of training has been stressed too far to justify the existence 
of this rejected stuff. This cannot be allowed to continue. The undue 
emphasis has to be righted. Following points may be borne in mind 
while determining the worth of a problem :— 


1. It should be real. 

2. It should have social value. 

3. It should have environmental! value. 

4. It should occur in everyday activities of the pupils. 

5. It should be helpful in other subjects or it may have been 

_ borrowed from another subject. 

6. It should promote the achievement of general aims of 
education. 

7. Itsho | i i 
ees le COE gaia from business, industry Of 

8. Its intellectual discipline should be transferable. 

a i oe form an indispensable basis for higher studies. 

i; ould challenge the intellect and be otherwise rational. 


It should be interesting and enjoyable. 
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12. 


13, 


w 


1 may be put inthe form ofa story associated with a 
child. 
It should have some historical background or significance. 


EXERCISES 
What is the importance of the knowledge of organisation of 


the subject-matter in mathematics to an ordinary teacher 
of the subject ? 

Enlist and elaborate the important principles of the organisa- 
tion of the syllabus of mathematics ? 

Who will organise the syllabus of mathematics and how ? 
What type of problems do you propose to be included in the 
subject-matter of mathematics ? 


CHAPTER SEVEN 


METHODS OF TEACHING 


‘How To TeAcH’ isa really difficult problem for the teacher. Teach- 
ing, as it is generally said, isan art. Methods are the ways to 
understand and practise the art. ‘Why’ and ‘what’ of mathematics 
have so far been discussed, and the chapter deals with the ‘how of 
mathematics. “How to impart its knowledge ? How to enable the 
child to learn, it” are the questions to be answered in this discussion. 
It isthe final step of the execution of what we plan to teach in 
mathematics. 

Different methods of teaching have been proposed or propounded 
by different educational thinkers or schools of thought in education. 
It is but desirable for the student to know about all of them, so that 
he can make a rational choice for himself. The knowledge of proce- 
dures, raerits and demerits of all the methods will broaden the out- 
look of a would-be teacher. The choice for him is not to be made 
narrow. It should be then left for him to decide form his wide 
information, which of the methods to use and when. 

The following methods have been discussed in detail : 


1. Lecture Method 2. Dogmatic Method 
3. Inductive-Deductive Method 4. Heuristic Method 
5. Analytic-Synthetic Method 6. Laboratory Method 
7. Project Method 8. Topical Method 
9. Concentric Method 
LECTURE METHOD 
DEFINITION 


It is the method of presenting the word picture of an idea; or the 
method of imparting information through tee Tectos is another 
name fora speech, and when you are speaking continuously to 4 
class or an audience, you are considered to be lecturing. It is the 
method of depicting everything in words. The speaker speaks and 


M 
ETHODS OF TEACHING 103 


the listeners listen. Itis a one way traffic of flow of ideas ; the 
speaker gives ideas and the listener takes them. 


PROCEDURE 


_ How to apply this method to the teaching of mathematics ? What 
i the shape or form of this method ? The teacher prepares his talk at 
Ome and pours it out in the class. The students sit silently, listen 
q eniiyely and tryto catch the point. Supposing “Profit and 
oss” is the topic in hand. The teacher goes on telling and ex- 
plaining “Well boys, profit and loss is always to be calculated on the 
cost price, because the cost price is our investment in the bargain if 
you invest less and carn more you gain; therefore gain is to be cal- 
culated by subtracting cost price from the selling price. When you 
invest more and earn less, you lose; therefore loss is to ‘be calculated 
by subtracting selling price from the cost price, so on and so forth.” 
the teacher is extremist in lecturing he may not even write anything 
on the black board simultaneously or he may not even argue a point 
with the listeners by cross questioning. The method takes the form 
of a “One man’s show”, where the listeners remain passive. 


Its ADVANTAGES 


1. When the number of students in class is very large, this 
method is the only way out. The teacher’s voice is heard 
clearly even in the farthest corner of the class-room. All the 
students are provided with an equal opportunity to listen and 


learn. 

2 When a heavy syllabus isto be covered ina short time, 
lecture method is suitable. The teacher can teach at his 
own speed and thus finish a topic in one or two days as he 
likes. He need not adjust his teaching to the learning speed 
of the students, 

3. The situation becomes impressive. When the teacher is 
delivering his lecture frequently, the students are listening 
attentively and there is pin drop silence among them. An 
outsider forms a good impression of the discipline in the 


school. 

4: The method is convenient for the teacher, because he does 
not have to give individual help. 

. There is always 2 natural sequence between the ideas of a 
topic and this sequence or interconnection can be best main- 
tained in a lecture. Sequence of ideas in a carefully planned 
lecture makes the topic understandable. The présent idea 
follows from the previous idea and leads to the next idea. This 
interrelationship of ideas facilitates learning. 


un 
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6. The teacher and the taughi feel satisfied at their respective 
places. After delivering a lecture the teacher feels satisfied 
that he has finished a part of the syllabus. After listening 
to a lecture the student feels satisfied that something new 
has been taught to him. Such satisfaction may be denoun- 
ced, as false but it is there. 

7. In certain topics like insurance, budget, interest and income 


tax, an introductory talk may be found most impressive and 
useful. 


Its DISADVANTAGES 


These can as well be interpreted as demerits of the method. 

1. The method gives a false sense of satisfaction, which is 

dangerous and harmful. , 

2. Receiving and memorising’ bits of information is not so im- 
portant a purpose of the study of mathematics as it-1s 
thought to be. Rather, its study is more concerned with the 
thinking and reasoning power of the learner. 

. The students may remain inattentive during the lecture. 

. They remain passive. 

. Experimentation is totally neglected. There is no opportunity 
for the students to discover and find out facts for them- 
selves. 

6. There-is no scope forthe development of close contacts 
between the teacher and the taught. The teacher can’t give 
individual guidance because he can’t properly judge the 
difficulties and potentialities of an individual. 

7. There is a rapid and hurried flow of ideas in a lecture. Every- 
thing may not be comprehended by young learners. 

8. If somehow or other, a student fails to catch any essential 
point in a lecture, he won’t be able to understand the sub- 
sequent ideas, because the ideas follow logically. 

9. It is a sort of putting everything from above, where different 
abilities and capacities of the child are not made use of. 

10. Homework is likely to be very heavy. 


ub w 


CONCLUSION 


_ The reader must have noted that the method suits neither the sub- 
ject nor the learner. Itis an informational method which goes 
against, independent and original thinking of the learner. There 
ee ome Participation in the learning process. Very few 
ee ica topic lend themselves to effective treatment by this 

- The teacher talks continuously. Most of the time his face 
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is towards the class, and the back is towards the blackbord. This is 
defective. He should mostly face the blackboard. It must, however 
be conceded that, on topics like income tax, and insurance, lectures 
by experts from outside may be arranged and would be found useful. 
But oo method is highly unsuitable as a regular method in class- 
work, 


DOGMATIC METHOD 


In this method of teaching mathematics rigour is extremely 
emphasised ‘rigour’ means ‘the strict enforcement or observance 
of rules. The dogmatists say that the foremost educational value of 
mathematics is the training in exactness which it amply provides. 
Mathematical knowledge observes a high standard of exactness. 
Any deviation or departure from this standard of exactness will 
defeat the very purpose of teaching mathematics, and will consequent- 
ly lead to inexact, aimless and slipshod thinking. The advocates of 
this method say that the inefficiency of mathematical teaching is 
mainly due to lack of rigour. 


PROCEDURE 


The rules and formulae are given to the class to cram. The 
teacher tells the pupils what to do, what to observe, how to attempt 
and how to conclude. He works out the modei sums on the black- 
board and the pupils have merely to follow the patterns. The steps 
of the solution of a problem are brought home to the students who 
then follow them in their minutest details. The model or pattern as 
presented and advocated by the teacher or the book is to be strictly 
adopted and imitated by the learner. 


Merits oF DOGMATIC METHOD 


1. The method saves time, energy anda good deal of loose or 
useless thinking. 

2. It can be adopted with advantage at a stage when pupils are 
adequately advanced in mental development. 

3. It promotes skill, efficiency and speed in the solution of pro- 
blems. 

4. It glorifies memory. sha 

5, At the revision oF application stage emphasis on rigour is 
most desirable and appropriate. 


ITs DRAWBACKS 


l. In this method rules and formulae form the beginning of 
knowledge, whereas these are truly the ends of knowledge. 
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2. The stress is laid on rigour, and no attention is paid to the 
specific abilities of students. Mechanical cramming is 
enforced without any regard for the individual’s capacity. 

3. There is no emphasis on development of power to acquire and 
apply knowledge, independent thinking and originality: so 
the real aim of teaching Mathematics is ignored. 

4. The subject becomes dull and uninteresting for the students. 
Mechanical methods cannot promote interest. 

5. Most of the mechanically memorised information is likely to 
be forgotten soon. 

6. It is the method of imparting information, which is a wrong 
approach to the teaching of the subject. 

7. If mechanically memorised facts just slip from the memory 
ar the time of need, the student fails to recall or reconstruct 
them. 

8. The student repeats and adopts others ideas. He becomes 
a slave of the ideas of others. 

9. Students without real mathematical ability, but with good 
cramming capacity, begin to consider themselves successful 
students of the subject, which is a dangerous notion. 


CONCLUSION 


This method suits neither the child nor the subject. The mind of 
the student is stuffed with information, and the understanding of the 
subject finds no place there. Therefore, if popularised, this method 
will cause stagnation in teaching. Still it has one commendable as- 
pect, that is, its spirit shouid influence the student when he is applying 
or revising knowledge and when he is quite mature, and advanced in 
the study of this subject. Errors, incompleteness, inexactness and 
vagueness should not be allowed and overlooked in these cases. If 
the student commits these mistakes even at the revision stage, or when 
he is expected to be adequately mature, when shall he be able to do 
things correctly ? 


INDUCTIVE-DEDUCTIVE METHODS 
_Itis a combination of two methods. To be able to understand 
this combination, one shall have to understand them separately. 
INDUCTIVE METHOD 


Tt leads from concrete to abstract, particular to generaland from 
examples to general rule, It is the method of constructing a formula 
with the help of a sufficient number of concrete examples. It is based 
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i Sa ec which means proving a universal truth by showing that 
ps ue for a particular case and is further true for a reasonably 
equate number of cases, it 1s true for all such cases. A formula or 
ani gece pe is thus arrived at through a convincing process of rea- 
h ing and solving of problems. After a number of concrete cases 
ire been understood, the student successfuly attempts the generalisa- 


PROCEDURE 


i Ex. 1. Ask students to draw a few sets of parallel lines with two 
ines in each set. Let them construct and measure the alternate and 
corresponding angles in each case. They will find them equal in all 
the cases. This conclusion in a good number of cases, will enable 
them to formulate the relevant generalisation. 

Ex. 2. Ask them to construct a few triangles. Let them measure 
and sum up the angles in each case. The sum will be the same in all 
the cases. Thus they can safely conclude that the sum of angles of a 
triangle is equal to two right angles. 

Ex. 3. Give them a number of cases €.8-» a+b, x+y; I+m and 
p+q, and ask them to find the squares in each case, by the method 
of multiplication. They can further be helped to generalise on the 
basis of these conclusions that 

(ist term+2nd term 2 =(Ist term)?+(2nd term)* 

-+2(1st term) X (2nd term). 


Ex. 4. Give 3, 5 and 7 things to three students individually, and 


then ask them to divide the things equally among themselves. For 
this purpose they will first calculate the total number of things and 
then divide the total number by the number of students. Again give 
3, 6, 7 and 8 things to four students individually. To divide the 


things equally among themselves, they will first calculate the total 
number of things and then divide this total by the number of students. 
'he generalisation can 


Another similar concrete case may be taken. 
be made on these cases. d to them that this 
equal quality is known as the average. TO calculate this average they 
have to first calcualate the sum of the given quantities, and then to 
divide this sum by the number of qualities. Thus the following for- 
mula or generalization is arrived at : 

Average== Sum of the terms 

age “No. of terms 


there can be many more examp 
be followed in this method. 


Jes to illustrate the procedure to 


MERITIS OF THE INDUCTIVE METHOD 


1. It helps understanding. It is easy to understand a mathematical 
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principle established through a number of simple exam- 
ples. Any doubts aboutthe “how and why” of a formula 
are clarified in the very beginning. 

2. It is logical method. So it suits mathematics. 


3. It gives the opportunity of active participation to students in 
the discovery of formula. 


4. It is based on actual observation, thinking and experimenta- 
tion. 

5. It curbs the tendency to learn things by rote, and also reduces 
homework. 


6. As it gives freedom from doubts and helps in understanding, 
it suits the child. 


DRAWBACKS OF THE INDUCTIVE METHOD 


1. It is limited in range. It contains the process of discovering 
the formula with the help of a sufficient number of cases, but 
“what next?”, is not provided in it. The discovery of a for- 
mula does not complete the study of the topic. A lot of sup- 
plementary work and practice is needed to fix the topic in the 
mind of the learner. 


2. Inductive reasoning is not absolutely conclusive. Three or 
four cases are picked up to generalise an observation. There- 
fore the process establishes a certain degree of probability 
which can, of course, be increased and made more valid by 
increasing the number of cases. 


3. It is likely to be more laborious and time consuming. 


4. At the advanced stage, itis not so useful as some of the un- 
necessary details and explanation may make teaching dull and 
boring. 


5. Its application has to be restricted and confined to understan- 
ding of rules in the early stage. Once a formula has been 
established, time should not be wasted in rediscovering it for 
every subsequent problem. 


Depuctive METHOD 


It is the opposite of Inductive Method. Here the learner proceeds 
from general to particular, abstract ‘to concrete, and formula to ex- 
amples. A pre-construed formula is told to the student and they 
are asked to solve the relevant problems with the help of that formula. 


The formula is accepted by the learners as a pre- i ll- 
E inte pre-established and we 
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PROCEDURE 


_ Immediately after announcing the topic for the day, the teacher 
die the relevant formula. To explain further the application of the 
pre to problems, he solves a number of problems on the black- 
ae The students come to understand how the formula can be 
ba ed or applied. Then a few problems are given to the students. 
ee solve them on the same lines as have been explained by the 

er. 


Area of a rectangle=Length x Breadth. 


Simple interest = Principal x Rate Time : 


and profit or loss is always calculated on the cost price. The students 
apply these formulae to solve the problems, and then memorise them 


for future use. 


MERITS OF THE DEDUCTIYE METHOD 
1. Itis short and time-saving. The solving of problems by pre- 
determined formulae takes little time. Authors and teachers, 
therefore like to adopt it (give it preference over others). 
2. It glorifies memory, as students have to memorise a consider- 
able number of formulae. 
3. At the “practice and revision” stage, 


and advantageous. 
4. It combines, with the inductive method to remo 


pleteness and inadequacy of the latter. 
5. It enhances speed and efficiency in solving p 


this method is adequate 


ve the incom- 


roblems. 


Its Drawbacks : 
1. It is very difficult for a beginner to understand an abstract 
formula if it is not preceded by & number of concrete instan- 


ces, 

2. Pure deductive work requires a formula for every type of pro- 
blems and an extensive use of this method will demand blind 
memorisation of a large number of formulae. 

3. It will thus cause an unnecessary and heavy burden on the 
brain. It may. even result in brain fag. E 

4. Memory becomes more important than understanding and 

tionally unsound. 


intelligence, and that is educa’ ad 
the memorised formula, which is very 


5. i t 
ae ere of blind cramming, he is at a loss 


likely to happen in cas : 
and Tenet colligi and reconstruct the formula easily. 


6. The students cannot become active learners. 
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7. It is not suitable for the development of thinking, reasoning 
and discovery. 


Conclusion :—The discussion of the scope, merits and drawbacks 
of these two methods leads us to conclude that Inductive Method is 
the forerunner or predecessor of Deductive Method. The Deductive 
Method will give a good follow-up, if it is preceded by understanding 
through induction. Any loss of time due to the slow speed of indu- 
ction can be made up through the quick and time saving process „of 
deduction. There may bea number of arguments against deduction 
but it cannot be driven out of the field. Itis to serve as the comple- 
ment of induction. Induction leaves the learner ata point where he 
cannot stop; the after-work has to be completed by deduction. De- 
duction is a handmaid of induction; and what is left undone in induc- 
tion, is fulfilled by deduction. The two methods are such good 
partners that the shortcomings of the one are offset by the other. 
Deduction is a process peculiarly suitable for a final statement, and 
induction is most suitable for the exploration of new fields. Deduc- 
tionis the chief glory of mathematicians, but they take their facts 
from induction. Probability in induction is raised to certainty 1n 
deduction. The happy combination of the two is most appropriate 
and desirable. There are two clear-cut major parts of the process of 
learning of a topic; viz, establishment of formula, and application of 
that formula, The former is the work of induction, and the latter the 
work of deduction. Mathematics in the making is inductive, and its 
finished form is deductive. Understand it inductively and apply 
deductively. Application and practice should be preceded by under- 
standing. Blind practice leads one nowhere. Thus the teaching 
should begin with induction and end in deduction. Induction gives 
the lead, deduction follows. 


HEURISTIC METHOD 


The term ‘Heuristic’ is derived from a Greek word, which means 

‘I find’, Here the child is put in the place of a discoverer. The 
method involves finding out by the student, instead of merely telling 
of everything by the teacher. It aims at removing the shortcomings 
attributed to lecture method. Contrary to lecture method, it demands 
complete self-activity or self-education on the part of the learner. It 
is a method by which pupils learn to reason for themselves. Staunch 
supporters of this method are of thé opinion that every child should 
be made a discoverer and inventor. When this method is applied in 
its extreme form, the teacher stands aside as an onlooker and the 
child selects his own path and proceeds according to his own lights. 
The teacher is not required to encourage, help or guide him. There 
is no need of the teacher’s approval or disapproval of his work. If 
be wails A accomplish something, let him do it in his own way. The 
acher should not impose or thrust his Teasoning, argument and pro- 
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product of thinking on him. Let the child help himself with reasoning 
and argument. The bookish, readymade and teacher-made argu- 
ments should not be forced on him. This method makes the student 
self-reliant and independent. It imparts a sound training in the edu- 
cation of self. The teacher's job is not to slove problems for the 
pupi!, but to enable the pupil to solve problems for himself. 
_ Prof. Armstrong was the originator of this method. He devised 
it for the teaching of science. He was of the opinion that the school 
should develop thinking power of student, and for this the latter must 
be given an opportunity to think. This method has been found use- 
ful in the teaching of mathematics also. It isa sort of attempt to 
develop in the learner a particular attitude, now popularly known as 
the scientific and heuristic attitude. It aims at training a learner in 
the method of learning. Knowledge is not the primary consideration 
here. | Self confidence originality, independence of judgement and 
thinking power are to be developed in the individual to m ke him an 
ever successful student. 
Practically speaking, it may be well-nigh impossible to adopt the 
extreme form of this method—the form where the teacher is simply a 
Passive observer and the child has to learn in his own manner. The 
is child after all a child, he is ignorant, most of the 
new to him. He needs guidance, an i 


the teacher’s help at every step. e c 
Proper acquaintance with the new knowledge. Some hints or instruc- 


tions have to be given when he does not show continuous and steady 
progress. He should overcome his difficulties by his own efforts as 
far as possible, but the teacher’s help has not to be denied or with- 
held when he needs it badly. Teaching has to become @ process of 


the maximum possible participation of the child. 


PROCEDURE 


Ex. 1. Take the problem of the discovery of the characteristics 


of a parallelogram. Give students many parallelograms already 
drawn on sheets of paper and ask them to find out the qualities of 
the different elements ofa || gm. Naturally the students will start 
judging and measuring the elements of different | gms. their findings 
about the equality of its opposite sides and the equality of the sum 
of its adjacent angles, will perfectly agree. Thus their epee 
observations will enable them to generalise about some of ie c arar 
teristics of a || gm. They can further be encouraged to a k heir 
diagonals and find out after actual measurements that these isect 
each other in every parallelogra 

Ex. 2. Take the problem 0 
Classroom. The teachet 
Process from the learners. 


m. y 
e four walls of their 


mber that he has to educe the 
d graded questions 
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he has to lead the students to discovery—e.g. How is the area of all 
the four walls found ? 

(First shall be found the area of each separate wall, excluding the 
area of windows, ventilators or doors in it; and then the sum of their 
areas will be easy to calculate.) 

What is the form of each wall ? (It is rectangular.) 


[By beginning from one side.] How to find the area of this 
wall? (By multiplying its length and height.) 

Its length=25 ft. and height=12 ft. therefore its area=25x 12 
square feet or 300 sq. ft. 

Similarly questions regarding each separate wall have to be put. 
By appropriate questions the students would be made to observe that 
the opposite walls have the same areas, and so the double of the area 
of one gives the area of two opposite walls. By afew more similar 
problems the learners would be made to realise that-there can also be 
a formula which will be applicable to the areas of four walls of any 
room. Questioning has to replace telling in the classroom. 


MERITS OF THE Heuristic METHOD 


1. The student becomes an active participant in the learning 
process. 
2. The student thinks for himself and does not merely listen for 
information. 
. Home study and memorisation work become light. 


4. It is certainly a psychologically sound method, asit aims at 
utilising the active, original, creative and constructive tenden- 
cies of the learner. 

5. After discovering something by his own efforts, the student 
starts taking pride in his achievement. It gives him happiness 
and mental satisfaction, and encourages him towards further 
achievement. 

6. The student acquires a rea! understanding and clear notion of 
the subject. It gives him a complete mastery of what he has 
learnt, i 

7. The teacher remains in constant touch with his students. 


8. I geld in them the heuristic attitude or scientific atti- 
ude. 


9. It creates in them a spirit of enquiry. 
10. The student becomes self-reliant. 


w 


Its Drawbacks : 


1. It demands extraordinary labour and special preparation 
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ristic and true heuristic. Then the 
Questioning. The difference is i 


l. 


12, 


Is it true that a square has 
all sides equal ? 


Do you remember that 


. Specially, in early stages, th 


. The method presumes small classes, 


. Sometimes the teacher cann 


from the teacher, who is already over-burdened. 

Every teacher may not be able to use it successfully. The 
teacher must be gifted with the heuristic spirit. 

It is a slow method. Too much time is taken up by investi- 
gation. 

There is very little certainty that, the child left to himself 
will make steady and sufficient progress. 

child cannot be expected to be a gifted discoverer. The 
his limitations and difficulties. 

e child needs guidance and hints. 
him proper guidance, he may get 


Every 
immature child has 


If the teacher does not give 
discouraged and disgusted. 
The teacher has to give well-measure 
nor less. Over-guidance may also 

learner and make him dependent. 
If the students are tempted to consult books and copy from 
them for the sake of discovery, the method fails in its purpose. 
Imagine the following situation. The teacher announces, 
‘Today we shall discover such and such formula’, and a stu- 
dent gets up in his seat to relate the formula word by word. 


It may not be possible to teach all topics by this method. In 


some cases, discovery may not be possible at all. 
because it demands indi- 


he part of the teacher. 


ot frame good questions. Bad 
f the child, and do 


d guidance, neither more 
harm the initiative of the 


vidual attention on t 


questions leave little to the imagination o 
not provoke real thinking. 


Sometimes the teacher fails to distinguish between false heu- 
method degenerates into worthless 


llustrated below : 


True heuristic 


False heuristic 
I. What do you know about 


the sides of a square ? 


2, How do we calculate the 
area of a rectangle ? 


area of a rect.= 


length x breadth ? 
Tell me whether the profit 


3. On which price do we 
calculate profit or Joss % ? 


or loss % is calculated on 
the cost or selling price ? 
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CONCLUSION 


At school, use of the extreme form of this method is out of the 
question. The teacher's presence in the classroom should mean 
something. He is not to behave as an indifferent onlooker, but his 
presence is to inspire and stimulate the learners. In practice, the suc- 
cess of this method depends largely on good questioning. It is the 
spirit behind this method, which matters most. Nothing has to be 
told, so long as the child is progressing by himself. His limitations and 
difficulties, of course, cannot be allowed to baffle him. The teacher 
no longer teaches; he guides. The learner no longer listens; he finds. 
It is, in reality, a scientific and psychological method of learning. The 
teacher should frame the hints and instructions very carefully to avoid 
over-feeding and under-feeding. He should let the child be his own 
teacher, and also see that his difficulties are removed in time. omr 
ever be his method of teaching, the guiding principle should be the 
adoption of the heuristic approach. 


ANALYTIC AND SYNTHETIC METHODS 


These two methods are applicable in combination. To conclude 
anything about them, one has to understand them separately first. 


ANALYTIC MeTHOD 


It proceeds from unknown to known. ‘Analysis’ means ‘breaking 
up’ of the problem in hand so that it ultimately gets connected with 
something obvious or already known. It is the process of unfolding 
of the problem or of conducting its operation to know ils hidden 
aspects. Start with what is to be found out. Then think of further 
steps and possibilities which may connect the unknown with the 
known and find out the desired result. In its original sense the verb 
“to analyse” means to loosen or separate things that are together. 


About analysis, Thorndike says that all the highest intellectual perfor- 
mance of the mind is analysis. 


PROCEDURE 


Ex. 1. Here is a proposition : “If from the centre of a circle, 4 
a st. line be drawn to bisect a chord, it will be perpendicular to the 
chord’, You shall have first to perform the 
construction as provided in the statement. Then 
the analysis of the statement will be performed. 
What is given ? (The st. line OC from the cen- 
tre bisects AB, such that AC=BC). 
What is unknown ? (OC is | AB or ZOCA 
=90°), 
Now is the stage to make a beginning th 
the analytical proof. How can you show 
ZOCA=90° ? (We shall have to prove it equal Fig. | 
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to its adjacent angle. So prove ZOCA= Z OCB.) 

How can you prove the equality of two angles? (By proving the 
congruency of two triangles which contain those angles.) z 

Where are the triangles ? (Not available in the diagram, therefore 
we have to construct them). 

Which is the possible construction ? (Const. : Join OA and OB) 

Now, which are the two triangles ? 

(As AOC and BOC). 

How to prove their congruency ? or Do 
you find some equalities in the elements of 
these triangles to enable you to prove their con- 
gruency? [Yes, AC=BC (given) OC=OC 
(being common) and OA=OB (radii of the 
same circle)] 

Hence the congruency of the two As is 
proved. 

What is the conclusion ? (LOCA= ZOCB=90"). 


“, OC is. L AB. 
a. 2 ac—2b? _ c*—2bd 
Ex 2. f= T prove hiat = ~ a 


ill start from the unknown part of the statement. 


Fig. 2 


The analysis W 
= i 
pa aiid is to be proved true. 
What should be the first step to 
two sides of the equation ? (Cross- 
ac— 2b" _ c8—2bd yill be true 
q 
if acd—2b°d=be*=—2b"d 
What is the next possibility of furt 
(Cancelling — 2b°d, which exists on 
T acd—2b?d=bc°—2b”d will be true 
if acd=bč. 
What next? ( 
sides.) 


acd=b will be true if ad=be. 
tematic form. 


wards the simplification of these 
multiplication). 


her simplification ? 
both sides of the equation). 


‘w can further be cancelled as common on both 


Arrange it now in a more sys 

vm c er, 
ad=be will be true if b = 7>’ which is known and true. 
g back through the chain of argument, you can 


Therefore by goin 
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— 2? — 
say that co = mite is also true. 


Ex. 3. In any triangle, the square on the side opposite to an 
acute angle is equal to the sum of the squares on the sides containing 
the acute angle minus twice the rectangle contained by one of these 
sides and the projection upon it of the other. 

What is given here ? 

Given: Anactue Zd AARC, 


acute /d at B. A 
What has to be proved? or 
What is unknown ? 
(Note :—The second part of the 
statement may be read S 5 
more than once.) S 
Which is the side opposite to Fig. 3 


the acute 7B ? (It is AC.) 
Square on this opposite side is AC’. 
Which are the sides containing this acute. 2B ? (AB, BC) 
Sum of the squares on these sides is AB? x BC*. 
What more is needed ? (Twice the rect. contained by one of 


these sides and the projection upon it of the other.) 
But, where is the projection ? 


Not available in the diagram, therefore it has to be constructed. 


Construction :—Draw AD J. BC, so that BD is the projection of 
AB on BC. 


Now which are the two sides of the rectangle ? 
(BC and BD). 
What is the twice of this rectangle ? (2BC x BD). 
To prove: AC?=AB’?+BC?—2BC BD. 
Proof: It naturally has to start from the unknown. 
AC?=AB?+BC?—2BC.BD. will be true 
(Try to convert the L.H.S. and R.H.S. of the equation into some 
known elements.) 
If AC’=AD?+BD?+(BD+CD)*—2BC. BD. 
(.: AB?=AD?+ BD? and BC=BD-+-CD) 
(Simplify the R.H.S, further.) 
or if AC’=AD*+BD?+BD°+CD?+2BD. CD—2BC. BD. 
Write down the value of AC? from the triangle. 
(AC-=AD*+CD’), 
<. The statement will be true 


METHODS OF TEACHING 117 


AD’*+CD?=AD?+CD?+2BD?+2BD. CD—2BC. BD 
(What do you notice about further possible simplification ?) 
a = ia last three terms on the r.h.s. cancel out, the problem is 
If AD*+-CD*=AD*+-CD*+2BD (BD-+CD)—2BC.BD is true 
or if AD*-+CD?=AD*+ CD? +2BD.BC—2BC.BD is true. 
What can you cancel now? (2BD.BC—2BC.BD) 
that is, the original statement will be true 
if AD?+CD*=AD?-}+CD? which is obviously true 
<. Reversing the argument, 
AC’=AB?+BC*—2BC.BD. Q.E.D. 


MERITS OF THE ANALYTIC METHOD 


1. Itis a logical method. It leavesno doubts and convinces 
the learner. 

2. It facilitates understanding. {t also strengthens the urge to 
discover facts. 

3. The steps in its procedure are developed in a general manner. 
No cramming of a fixed step and a set pattern is necessitated. 
Each step has its reason and justification. 

4. The student is throughout faced with such questions as 
“How to prove the equality of two angles?” “How to simp- 
lify the two sides of an equation ?” “What are the possible 
ways of resolving a statement into simpler elements etc. ?” 
Thus the student grapples with the problem confidently and 
intelligently. He gains in comprehension and skill. 


Drawbacks 
1. It isa lengthy method. 
2. With this method, it is difficult to acquire efficiency and 


speed. 
3. It may not be applicable to all topics equally well. 


SYNTHETIC METHOD 


It is the opposite of the analytic method. — Here one proceeds 
from known to unknown. In practice, synthesis is the complement 
of analysis. To synthesise is to place together things that are apart. 
It starts with something already known and conaects that with the 
unknown part of the statement. It starts with the data available or 
known and connects the same with the conclusion. Itis the process 
of putting together known bits of information to reach the point 
where unknown information becomes obvious and true. 
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PROCEDURE 


As the comparative study of these two methods is very significant, 
it will be more appropriate to illustrate synthesis with the help of 
the same problems as have been used in the case of analysis : 


Ex. I. If from the centre of a circle, a st. 
line be drawn to bisect a chord, it will be 
perpendicular to the chord. 


Synthetic proof :— 

Given : In the circle, OC bisects AB, such 
that AC=BC. 

To prove: <OCA=<OCB=90°. Fig. 4 

Const. : Join GA and OB. (But why ? There is no answer and ao 
justification for this step at this stage. The necessity will automatica y 
get justified after you have proved the proposition with the help o 
this construction). 


Proof: In As OCA and OCB. (But where is the necessity of 
referring to these two triangles ? Why should this and only this step 
strike the learner ?) 


OA=OB. (radii of the same circle.) 
oc=O0C. (common.) 
AC=BC, (given.) 


<. AOCA=AOCB. But what is the reason that you should prove 
the congruency of these triangles ? Why not do something else ?) 
Hence <OCA= <OCB=90°. 

Q.E.D. 
= a c 7 at GC—2b" _.c*—2bd 
Ex. A If or? prove that ear Tae 

Synthetic proof :— 


+ =o (It is known, and hence the starting point.) 


Subtract Z on both sides ? (But why ? Why and how should the child 


remember to subtract Zand not any other quantity ?) 
a bat _2b 


b c J c 
or aez E 2bd 
be cå 
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ac—2b? _bd’—c* A 
or r S- enn Zon both sides) 
Hence the identity is proved. 

Ex. 3. In any triangle, th i i 
aiee A at a on the side opposite to an 
of the squares on the sides con- A 
taining the acute angle minus 
twice the rectangle contained by 
one of these sides and the pro- 
jection upon it of the other. 

Given: Anacute <d. A B D 
ABC, acute <d at B. BD is pro- © 
jection of AB on BC. Fig. 5 

To prove : AC?=AB?+-BC?—2BC. BD. 

Proof: Inrt. <d A ACD 
AC?=AD?+CD? (But why should this 

AC?=AD?+CD* Expanding the R.H.S. further. 

—AB?—BD?+-(BC—BD)* Į’ CD=BC—BD] 
= AB?—BD?-++ BC?+BD*—2BC. BD 
=AB?-+BC?—2BC. BD. Q.E.D. 
_ [The fundamental reason behind e 
given.] 


be the first step of ‘Proof’ ?) 


ach and every step has not been 


Merits 
1. Itis a short and elegant method. 
2. It glorifies memory. 


Drawbacks 
1. It leaves many doubt: 
no explanation for them. 
2. Without a satisfactory ans 
in synthesis, the pupil is perp 
to him. Even the recall of ali t 
possible for the learner. 
3. It does not provide full understanding. 
There is no scope of discovery and thinking in this method. 


5. Memory work and home work are likely to become heavy. 


sin the mind of the learner; and offers 


wer to so many questions that arise 
lexed when a new problem is set 
he steps of synthesis may not be 


CONCLUSION 


The pupil taught by the method of synthesis is just like a man 
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led blind-fold to the desired goal. Since analysis is a lengthy me- 
thod, it needs the help of Synthesis for the removal of this defect. It 
will not be useful if it is not followed by synthesis. Synthesis is the 
complement of analysis; and, in the teaching of mathematics, the two 
should always go together. Analysis leads to synthesis, and synthesis 
makes the purpose of analysis clear and complete. In the teaching 
of mathematics, analysis is done for synthesis-analyse in order to 
synthesise, ie., facts or things are separated in order to find out 
how these can be knit together to form one whole. Analysis helps 
in understanding and synthesis helps in retaining knowledge. 
Analysis forms the beginning and synsthesis forms the follow-up 
work. The two are interdependent. Teacher should realise that he 
may offer help for the analytic form of the solution and that synthetic 
work should be left to the pupils. 


A comparative study of the two methods should be of interest to 


the reader. 


Analytic Method 


It proceeds from the un- 
known to the known facts. 


Synthetic Method 


it proceeds from the known 
to the unknown facts. 


It starts from the conclu- 2. Jt starts with the hypo- 

sion and goes to the thesis and ends with the 

hypothesis. conclusion. 

It is a process of thinking 3. It is a product of thought. 

(exploration.) 

It isa process of explora- 4. Itisa process of presenta- 

tion and demands thought. tion of the previously dis- 
covered facts. 

If pulls apart or analyses 5. It puts together or synthe- 

the statement under solu- sises known facts. 

tion. 

It is a general method. 6. Itisa special device. 

It is lengthy, awkward, It is concise, elegant, quick, 

slow, roundabout, and straightforward, and does 

involves trial and error. without trial and error. 

It answers satisfactorily 8. It does not satisfy the 

any question that may arise doubts and questions aris- 

in the mind of an intelli- ing in the mind of the 

gent pupil. learner. 

It is a method for the 9. It is a method for the 


thinker and discoverer. 


crammer. 
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10. 


Ik, 


than by reading. 
of a suitable method anda suitable p } 
laboratory are the proper answer to it. 


mathematical y i 
scover mathematical facts. Itis based on 


method leads the pupil to di 
the principles of ‘learning by doing’, 
oncrete to abstract. 
Inductive Method. 
f the Inductive Metho! 
something practic 
lised and establish 


proceeding from c 
extension of the 
practical form o: 
information, but do 

be discovered, genera 
used, should help in t 
matics. it makes the su 


There are close contacts 


between the teacher and 
the taught. 
The students can recall 


and reconstruct easily any 
steps if forgotten. 


It develops originality. 
It is informal. 

It is psychological. 

It is formational. 


It is based on heuristic 
lines. 


Itis the fore-runner of 
synthesis. 


121 


There are no such intimate 
contacts between them. 


Itis not easy to recall or 
reconstruct any forgotten 
steps. 


Ti develops memory. 
It is formal. 
It is logical. 
It is informational. 


There is no heuristic ap- 
proach in it. 


It is ‘the 
analysis. 


follower of 


LABORATORY METHOD 


activity. 


PROCEDURE 


The construction work in geo 
work. The drawing of a line, 
of a triangle or a quadrilatera 
use of some equipmen 
or laboratory work. Th 
the procedure. 
triangie of cardbo 


board and then fin 
by the weight of the unit area of the same c 


the area of the triangle. 


cons 


t, and therefore t 


For calculating the 
ard. Find the weig 


Mathematics is a subject which has to be le y 
The doing of Mathematics, gives rise to the need 
lace. Laboratory method and 


arnt by doing rather 


This activity 


‘learning by observation’ and 


In one sense, it is only an 
it is a more elaborated and 
d. Pupils do not only listen for 
ally also. 
ed. The method, if properly 
he removal of the abstract nature of mathe- 
bject interesting as it combines play and 


Principles have to 


metry is on the whole a laboratory 
truction of an angle, construction 
1 or a parallelogram, etc., all involve the 
heir nature is that of practical 
here can be many more illustrations to explain 


area of a triangle, cut out a 


ht of a unit area of the card- 
d the weight of the triangle. This weight divided 


ardboard will give you 
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Similarly, proving the congruency of triangles by the method 
of placing is basically laboratory work. Calculation of the volume 
of a solid (cuboid or cylinder) can be done with the help of a 
graduated cylinder which is filled with water to a certain height. 
When we immerse the solid in this water, the rise in water will give 
the volume of the solid. After doing so practically with a number of 
similar solids, the formula can be established, 


To prove the indentities connected with (a+b), (a—b)*, a2—b?, 
etc., the help of cardboard models can be taken. The models will 
preferably be prepared by the students for themselves. The proof 
that, the sum of angles of a triangle is equal to two right angles. 
can be attempted practically also at the initial stage. Take triangles 
of different sizes, ask the students to sum up their angles after 
measuring them. The sum in ali cases wil! be the same. Every geome- 
trical proposition may be proved practically before it is attempted 
theoretically. Every process like counting, notation, addition, 
subtraction, multiplication, division, weighing, measuring, equalising, 
etc., of course with the help of some relevant material, isa kind of 
Practical laboratory work. Especially in lower classes, the introduction 
of this work is more essential, desirable and practicable. 


Merits 


I. It is interesting and joyful for the learner. He likes to do 
‘something with’ his own hands. 


2. Itis based on two sound psychological principles, namely, 
“Proceed from concrete to abstract” and “Learn by doing”. 


3. The learner acquires a clear understanding of the subject. 
He finds or discovers facts with his own effort. 


4. It provides great scope for independent work and individual 
development. It helps in the growth of self-reliance. 


5. It inculcates the spirit of cooperation and exchange of ideas 
when the students are required to perform laboratory work 
in groups. 

6. A successful experiment is a source of joy and encouragement 
to the learner. 


7. Shyness of hands is removed, as the learner has to handle 
apparatus and material. 


8. The application of mathematics becomes increasingly evident 


tothe learner. Thus the subject becomes functional and 
meaningful to him. 


9. Same topics of mathernatics are best understood through this 
method. 
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Drawbacks of Laboratory Method 


1. The Method is very expensive. Every school cannot afford 
to spend a large amount of money on laboratory equipment. 


2. Laboratory work is not typical mathematical work; and 
hence this. method, if exclusively used, does not give any 
training to the learner in true mathematical thinking. 


3. It acquaints the students with facts and not with mathematical 
reasoning. 

4. All the topics of mathematics cannot exclusively be taught by 
this method. 

5. It needs thorough planning and supervision, otherwise 
students may just play with instruments without deriving any 
substantial gain. Since teacher will be required to pay 
individual attention, it may not be practicable in large 
classes. 

6. It is an exceedingly laborious and slow method. 


7. Ttis not at all easy to make the students discover mathe- 
matical facts experimentally, especially in lower classes. 


8. It may sometimes degenerate into a kind of manual training 
only. 

9. The tendency of cooking up results or copying may develop 
among them, as it is not easy to check. 


CONCLUSION 


It is a difficult and Jengthy method, but can prove exceedingly 
profitable if properly employed. A lot depends on facilities available, 
which vary according to whata particular school car offer by way 
of staff, laboratory accommodation and equipment. Cost can be 
reduced a bit, if equipment is improvised in the school itself. Young 
children wiil then be fascinated by this method. This method should 
be “a must”, where circumstances favour. 


THE PROJECT METHOD 


It is based on John Dewey’s philosophy of pragmatism. According 
to Dr Kilpatrick, “A project is a unit of whole-hearted purposeful 
activity, carried on preferably, in its natural setting.” Stevenson 
defined it as, “A problematic act carried to its completion in its 
natural setting.” “A project is a bit of real life that has been import- 
ed into the school”, thus says Ballard about it. Project planis a 
modified form of an old method called, “concentration-of-studies” 
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The main feature of the ‘concentration-of-studies-plan’ is that some 
subject is taken as the core or centre and all other school subjects, 
as they arise, are studied in connection with it. It is based on the 
principle of learning by doing. It assumes that knowledge grows 
by application. Moreover, it is based on the fact that the different 
branches of knowledge are not separable, though they are studied 
Separately for some superficial convenience. Knowledge is indivisible, 
and project method is amethod in accordance with this natural 
correlation. It is a method of spontancous and incidental teaching. 
As the project progresses, the learner or group of learners 
goes on picking up any piece of knowled.:: that may happen to be 
relevant, necessary and useful. 

PROCEDURE 

There are two types of projects : 


(a) individual Project, carried out by a single individual; (b) the 
Social project which is carried out by a group of individuals. 


To complete any Project, we have five stages in actual practice. 
(i) Providing a situation. 

(ii) Choosing aad Purposing. 

(iii) Planning of the project. 

(iv) Executing the project. 

(v) Judging the project. 


There should not be any rigidity about these stages. Modification 
may be made according to the nature of the project and the mental 
levei of students. The teacher has to give the pupils an equitable 
distribution of work, according to their abilities and stamina. The 


whole project work should be reviewed, judged and evaluated in the 
end. 


To begin with, a project should arise out ofa need felt by pupils. 
It should not be torced on them. It should be purposeful and signi- 
ficant. It should look important, as its importance will enhance the 
value of work. It must be interesting. The absorbing interest will 
sustain pleasure. 


Ex. 1. Understanding about a local factory’ may be a project for 
the students. The following different aspects may have to be dealt 
with for the accomplishment of the Project. 

The name and location of the factory. 

The nature of its raw material and its produce. 

The source of its raw material. 

The geography of its raw material. 

Whether it is an enterprise of an individual or of share- 


holders. In the later case, what are the shares of the different 
share-holders ? 


Vise 
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6. The number of persons employed in the factory. 

z Their ranks, grades and salaries. 

. How much per cent of indivi ķ i ited i 
provident ae y an individual's salary is deposited in 

9. The annual income of the factory. 

10. The share of profit for different share-holders. 

ll. The progress of factory in the matter of production and in- 
come from year to year. The graphs of this progress. 

12. The scope of expansion of the factory. 

13. The relation of the factory with other local social institutions. 

14. What type of qualifications will enable a person to get 
employment in the factory ? 

15. An essay on the visit to the factory. 

While answering these and many other possible queries, the 
students will acquire a thorough knowledge of the local industry and 
at the same time learn many relevant topics of different subjects. The 
teaching of mathematics will also come in incidentally. 

Ex. 2. ‘Celebration of Republic Day’ may be another project. The 
project can have the following different aspects : 

1. Why do we celebrate this day ? 

2. The school programme of its celebration. 

3. Estimated expenditure for different items; 

tion. 

4, From where to arrange for the expenses ? 

5. The account of collections from the locality, if any. 

6. The account of collections from amongst the students, if 

any. 

7. The preparation 

programme. 


8. Making purchases for the programme. 
nses incurred. 


budget prepara- 


and organisation of different items of the 


9. Keeping accounts of the expe 
10. Execution of different programmes. 
11. Preparing the report of the programme. 


12. Evaluation of the entire celebration.. 

These are the directions for the students to carry out the project. 
An enthusiastic planned celebration will necessitate the learning of 
many valuable ideas concerned with different subjects. As soon as 

f the project, the teacher will utilise 


the students take up an aspect o! c 
the opportunity to enable the students to learn something. 
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MERITS OF THE PROJECT METHOD 


Ls 


12, 


It is based on psychological laws of learning. Education is 
related to child’s life and is acquired through meaningful 
activity. 


It upholds the dignity of labour. 


It introduces democracy in education, because it necessitates 
cooperation among students and their acting together for a 
common cause. 


It brings about concentration of studies and correlation of 
activity and subjects. 


It emphasises problem-solving rather than cramming Or 
memorising. 


It inculcates social discipline through joint activities. 
It develops self-confidence and self-discipline. 


A project tends to illustrate the real nature of a subject and 
produce a spirit of enquiry. 


Projects can be used to arouse interest, justify the study of 
topics, encourage initiative and give the students joy at the 
successful completion of a given work. 


Teaching becomes incidental because the child expresses 
willingness and is goaded by the desire to learn. 


It challenges the capacities and abilities of the child and puts 
him on the track to think and act. 


There is an opportunity for mutual exchange of ideas. 


DRAWBACKS OF THE PROJECT METHOD 


Ls 


Mathematics cannot be taught purely by this method. Inci- 
dental teaching will not suffice; planned teaching will have to 
be added to it. 


The student will not acquire skill and efficiency without 
collective and individual drill which will be possible through 
planned teaching only. 


There is no saving of time, energy and effort. 


A single opportunity for practical experience cannot develop 
or promote computational ability. 


Systematic and continuous teaching is not possible. 
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CONCLUSION 


ù This method brings life to the school atmosphere. Learning 
comes a cooperative affair. Its approach is scientific and psycho- 


logical. As it is not suitable for drill and continuous and systematic 


knowledge. Its occasional use will always remain an eflective tool 

in the hands of the teacher. The teacher has to work asa careful 

guide during the execution of the project. Costly projects should be 

apm Unsupervised and unevaluated project work will also be of 
se. 


SOME SUITABLE PROJECTS 
_A few good and suitable projects are listed here for the teachers 
guidance : 
A picnic—its organisation, expenditure, etc. 
Purchase of craft material. 
Running the hostel mess. 
Model of Bhakra Dam. 
Model of the Panjab State. 
The sports-day. 
A Variety Programme. 
Model of the village. 
Running 2 cooperative shop in the school. 


School Bank. 


Collecting rates of a few commo 
in the bazar. 


Uses of mathematics in large business. 
Collecting data about national and provincial budgets. 
their town to important stations. 


Swern anpwne 


dities from a number of shops 


oa 
B P 


Bus and Railway fares from 
Mathematics in the classroom. 
Mathematics in the kitchen. 


Graphs of employment, death rate, 
locality. 


Mathematics in a post-office. 


as o pee 
ao 


population, etc., in the 


= 


= 
s 
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TOPICAL METHOD 


It is the opposite of Concentric Method. Concentric Method 
involves the breaking up of a topic into suitable portions, whereas 
Topical Method aims at keeping it intact. A topic is taken as a 
unified whole or as an unbreakable unit. It is based on the principle 
that any topic when begun should not be left half done. It should 
be finished in its entirety, before the next topic is taken. 


PROCEDURE 


‘Topical Method’ is more a system of arrangement of subject- 
matter than a method of teaching. its adoption depends on a suit- 
able organisation of the syllabus. The topic is to be taught at a 
stretch, without a break or a gap. The other approach to this method 
is that a topic is selected and is made the basis of many other topics. 
The selected topic becomes the centre of correlation. While dealing 
with the unitary method, the students can be acquainted with time 
and work, simple interest, average percentage and even, to some 
extent, with simple equations of algebra. Topics of other subjects may 
also be mentioned. 


Merits oF TopicaL METHOD 


I. Continuous teaching of a topic not only will save the students 
from divided attention, but may ensure their full and whole- 
hearted concentration on the topic in hand also. A natural 
link and sequence will exist in the day-to-day work in the 
classroom. The student’s complete attention, ability and 
capacity will be directed exclusively to the topic under study 
for a sufficiently long time. 


II. When a topic is treated as centre for other topics, it facilita- 
tes the learning process. It illustrates the advantages of 
correlation. 


Tts Drawbacks 


I. Keeping psychological reasons in view, it will be foolish to 
take up a topic like Area in the 4th class and try to finish 
it at a stretch. The students may be capable of under- 
standing the elementary portion of the topic at that stage, 
but will certainly not be able to attempt the most difficult 
problems at that very stage. 


II. It is but natural that the interest of students in any topic will 
cease or wane after a month or so of its start. 


| 
y 
j 
| 


Be eh aw ae a ee ne hn 


Sa 
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III. The method does not provide any opportunity for year to 
year revision. Most of the knowledge acquired in earlier year 
is likely to be forgotton by the time the students leave the 
school. At the school leaving stage the students are wanted 
todoa final and overall revision so that when they go out 
everything should be fresh in their minds. But topical method 


does not provide for such revision. 


CONCLUSION 

ess any significant advantage. 
in the form of Concentric 
method is that a topic is made 


The method or system does not poss 
Moreover. there isa better substitute 


Method. The only advantage of this 
a centre for other topics, which can prove a good step towards 
correlation, As a method, it is only an idea, which should be kept 


in mind to be used only at the appropriate opportunity. 


CONCENTRIC METHOD 
nowledge just as concentric 


The method implies widening of k ( 
It is more appropriate to call 


circles go on extending and widening. Iti 
ita system of arrangement of the subject-matter. The study of a 


topic is spread over a number of years. Beginning from a nucleus, 
the circles of knowledge go on widening year after year. An element- 
ary knowledge is given in the introductory year, something more is 
taught in the next year, something still more is added in the subse- 
quent year and so on. A steady progress is maintained in the 
acquisition of knowledge of a topic for a sufficient number of years 


continuously. . 
PROCEDURE 


A topic is broken into a number of po n 
allotted to various classes. The criteria are di 
power of comprehension of students in an age group. Any gaps of 
knowledge are filled up year after year. Full-fledged knowledge of the 
topic is ultimately provided. It is mostly concerned with year to year 


teaching, but its influence can be exercised in day-to-day teaching as 
ould follow from the know- 


well. Knowledge to be given today S t 
ledge given on previous days and should lead to the teaching on the 
following days. 


rtions and the portions are 
fficulty of portion and 


Irs MERITS 


I. It is a suitable system of arrangement, because it is highly 
unpsychological to take up & topic like “Time and work” 
with a particular class and try to deal with all its aspects in 


the same class. 
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II. It enables the teacher to doa portion of a topic according 
to the receptivity of learner. The learners get as much as 
they can grasp. 


III. Continuance of the study of a topic for a number of years 
makes its impression more lasting. Previous knowledge or 
comprehension a topic is revised year after year, which helps 
in its retention, 


IV. It does not allow the teaching to become dull. The interest 
of the student remains alive for the short duration of the 
study of the portion of a topic. Every year, a new interest can 
be given to the topic. 


Its Drawbacks 


1. Ifa portion is too long, the interest is likely to flag; and if 
a portion is too short, it is not likely to make any lasting or 
permanent impression on the learner’s mind. 


2. It may prove harmful, if a teacher becomes over-ambitious 
and exhausts all the possible interesting illustrations in the 
introductory year. Those who have to teach the topic in the 
subsequent years are left with nothing to create interest. 


CONCLUSION 


The system is worthy of being adopted in the arrangement of sub- 
ject matter. The organisers have to be careful so that a portion is 
neither too long, nor too short. It should be a well-measured por- 
tion. To remove its other drawbacks, it is proposed that the teach- 
ing of same students should remain with the same teacher throughout 
their schooling. Then the teacher will always reserve some illustra- 
tive examples for each year, so that each new Portion of the topic 
can be started with fresh interest and vigour. It should be possible 
to introduce the topic with interesting illustrations every year. 


PROBLEM METHOD 


_ It can also be called problem-solving method. Here problem 
itself is the crux of the problem. It Pre-supposes the existence of & 
problem in the _teaching-learning situation. A problem is a sort of 
obstruction or difficulty which has to be overcome to reach the geal. 
According to Yoakam and Simpson “a problem occurs in a situation 
in which a felt-difficulty to act is realised. It is a difficulty that is 
clearly present and Tecognised by the thinker. It may be a purely 
mental difficulty or it may be physical and involve the manipulation 
of data. The distinguishing thing about a problem however is that it 
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impresses the individual who meets it as needing a solution. He 
Tecognises it as a challenge...” 

Life is an arena of problems. L.A. Averill has said, “The only 
worthwhile life is a life which contains its problems; to live without 
any longings and ambitions is to live only half-way.” A human 
child has to meet and solve problems as he grows—problems which 
Present themselves in his physical surroundings, his intellectual asso- 
ciations and in his social contacts. These problems grow in number 
and complexity as he grows older and older. His success in life is in 
large measure determined by the individual's capacity and compe- 
tence to solve them. Problems exist for him at every step; his growth, 
development and living lies in their solution. In school, the child is 
to be trained in the art and craft of problem-solving. 

The problem method aims at presenting the knowledge to be 
learnt in the form of a problem. It begins with a problematic situa- 
tion and consists of continuous, meaningful, well-integrated activity. 
The problems are set to the students in a natural way and it is ensur- 
ed that the students are genuinely interested to solve them. 

Mathematics is a subject of problems. Its teaching and learning 
demands solving of innumerable problems. Efficiency and ability in 
Solving problems is a guarantee for success in learning this subject. 


PROCEDURE 


The procedure of problem method is almost like that of the project 
method. It can also take the form of inductive-deductive methods. 


he procedure involves the following steps : 


Recognising the problem or sensing the problem. 
Interpreting, defining and delimiting the problem. 
Gathering data in a systematic manner. 
Organising and evaluating the data. 

Formulating tentative solutions. 

Arriving at the true or correct solution. 
Verifying the results. 


ADU fwn= 


Tt involves scientific thinking as a 


It is a res -like method. 3 
congas with inductive-deductive method 


Process of learning. Its relationship 
18 very intimate. 

According to exclusive inductive approach the method will take 
the form of the steps—sensing the problem, analysing the situation, 
p ganising information, framing solutions, elimination and verifica- 

ion, : 
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Whereas according to exclusive deductive approach the steps will 
be—understanding the problem, collecting information, reviewing, 
drawing inference and verification. 


But how to employ this method in the teaching of mathematics ? 
Take for example that finding the volume ofa cylinder is a problem 
before the class. Its formula has to be developed on the basis of the 
earlier formula for the volume of a cuboid. While analysing the 
problem, it gets connected with the previous knowledge that volume 
of any regular solid can be found by multiplying area of its base 
with the height of the object. The given information is so organised 
that it becomes the required information. The area of the base of 
the cylinder is found by an already known formula and method. Then 
the required formula is obtained by multiplying this area with the given 
height. For the purpose of verification it is applied to a number of 
similar problems or situations and the results are checked. The solu- 
tions to the problems always come from the students. The teacher 


remains in the background and directs or guides the student activity 
from that position. 


Its Merits 


1. Problem-solving in schools prepares the pupils to solve the 
problems of life. It approximates to life. Facing and solving 
problems is the true nature of life itself. 


2. The method involves reflective thinking. Therefore it stimu- 


lates thinking, reasoning and critical judgment in the stu- 
dents. 


3. The pupils learn by problem-solving which is the method of 
learning by self effort. 


4. It develops qualities of initiative and self-dependence in the 


students as they are to face the problematic situations them- 
selves. 


5. It is a stimulating method. The problem is a challenge. 
Once it is properly recognised, it acts as a great motivating 
force and directs the students’ attention and activity. 


. It is especially suitable for mathematics which is a subject of 
problems. 


- Init there is strong motivation, tension and mental activity 
which are the conditions for effective learning. 


8. It serves individual differences. 
dent achievement. 


a specified time and 


There are no limits on stu- 
He can solve any number of problems 10 
make progress accordingly. 
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It develops desirable study habits in the students. They get 
engaged in analysis of the problem, reflective thinking, sys- 
tematic data gathering, verification and critical study. 


It is a method of experience-based learning. Problem-solving 
by self-effori is an experience of its own type. Such an expe- 
rience is found missing in the lectures and reading from the 


textbooks. 

There is possibility of close contact between the teacher and 
the taught. Every student needs individual guidance from 
the teacher. The teacher comes to know the difficulties which 
the students face and helps them accordingly. 


The students get valuable social experience like patience, 
cooperation, self-confidence, etc. 


Its LIMITATIONS 


į; 


Its limitations are largely due to its ineffective use. There 
are, otherwise, 00 limitations inherent in it. “If the teacher 
is not able to think reflectively, does not nave an attitude of 
critical enquiry; or when the classroom situation is dominated 
by him, and the atmosphere is that of recitation and of ready- 
made answers, the problem-solving method is going to fail.” 

It is difficult to organise the contents according to the require- 
ments of this method. It is difficult to frame really good 


problems and to jntroduce them at every step. 

It is a time-consuming method. The progress of the students 
is bound to be slow. 

All the topics and subject are 
method. 


The method does not sui 
do not possess enough 

problems. 

When the structure of 
mark, or when the problems chosen are unreal 
the method will not be applicable. 

Textbooks written in the traditional style do not help in the 
use of this method. There is absence of suitable books for 


reference and guidance. 


Teacher’s burden becomes 
to problems necessitates 2 lot of study an 
part. 


as cannot be covered by this 


t the students of lower classes. They 
background for scientific approach to 


the problem itself is not upto the 
and artificial, 


heavier. Real scientific approach 
d preparation on his 
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9. It is an intellectual approach in learning. Mental activity 
dominates in this method and there will be neglect of physi- 
cal and practical experiences. 


10. In case the assigning of problems or proposing of problems 
becomes the teacher’s main job, then the procedure obviously 
smacks of authority, spoon-feeding and artificiality. 


CONCLUSION 


On the whole, problem-solving is a suitable approach ın the 
teaching of mathematics. it develops in the learners the ability to 
recognise, analyse, solve and reflect upon the problematic difficulties. 
This method is akin to other progressive’ methods like heuristic, 
project or inductive. At the same time it has its own distinct entity, 
its own procedure and its own way of doing things. There is a wrong 
tendency not to consider problem method as a distinct procedure, but 
to use it every where in every form. Problem-solving helps us at 
every step in our teaching-learning process. The only precaution 
about its use is to select the problems which have definite educational 
values and to set-up an intellectual atmosphere in the class for proper 
problem-solving. : 


AN ASSESSMENT 


A number of methods of teaching have been discussed. Some 
of them have been recommended for use, some have been disapprov- 
ed and some have been recommended for use with caution. Out of 
all the available methods, every teacher has to make his own choice. 
This choice cannot to be a whimsical choice, but it will have to be 
made in a rational way keeping in view the facilities available and the 
nature of work to be done. Certain methods have been fully approved 
whereas others have been partially approved. There are still others 
which have been outrightly disapproved. After understanding all of 
them, the teacher has to make his own decision as to which of the 
methods is best for him. Each of the methods like inductive- 
deductive, analytic-synthetic, problem-solving, and heuristic can be 
reasonally supported to be one of the most suitable methods. It is in 
no way difficult to argue in favour of either of these. But supporting 
any one of the methods after ignoring all others may not be a very 
sound proposition. Our preference for any one of them alone may 
deprive us of the possible benefits from all others. There are bound to 
be available some good qualities even from the worst of the methods. 
It may not be a sound practice and a good bargain to select one of 
the good methods as the best method and forget ali other methods 
for ever. Perhaps, €ven the worst of the methods has also got to show 
us the way in some special circumstances. No teacher can afford to 
rely for ever and in all circumstances only on one method, however 
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good that may be. Even the best of the methods may not succeed in 
certain conditions or in the case of certain topics. It is wrong fora 
teacher to become slave of only one method, and think that the same 
method will serve his purpose for ever. He should not cultivate this 
Toton that all other methods excepting one are no good and therefore 
© not concern him. It will not be educationally sound on his part to 
commit himself to one method and to severe connections with all 
others. He should try to imbibe the good qualities of all the methods 
and should so improve his command over all of them that he can even 
make the best out of the worst. He will keep his knowledge of all 
the methods up-to-date and will exploit their qualities to the maximum 
while reducing their shortcomings to the minimum. He will disowa 
only the defects of a bad method and will try to have the advantage 
of anything found appreciable in it. 
The teacher will keep himself on the right side of every method. 
e a master of every method in the real 
Sense. With the passage of time, he will evolve his own method and 
will formuiate a teaching style of his own. His best method will be 
his own individualised and personalised method, which is the result 
of his rich and varied experience in teaching. His method, an 


amalgam of all the known qualities, will obviously carry the stamp 
d experiences 


of his individuality. He will teach best as he learns an 
teaching. 

Preferably he will adopt heuristic approach 
cedure in teaching. His method will be a pupil-dominated method 


rather than a teacher-dominated method. All i 
n to the students and will impose himself 


work. Whatever method he adopts, the 
e to prevail. Let it be the 
things for himself, and let 


as an overall pro- 


to be completely avoided. Tbe heuristic approach will be 


mainstay of any teacher of mathematics. However, 
a happy combination of al! the methods minus the drawbacks of all 
of them. He will be watchful of the defects of even the best of the 


methods and fully employ the good points of even the worst of the 
methods. 

The twin combinations of inductive-deductive and analytic-synthetic 
methods are recommended as his day-to-day methods. The inductive- 
deductive combination will be-more suitable in the case of arithmatic 
and algebra whereas analytic-synthetic will find greater application 10 
Plane geometry, trignometry and solid geometry. 

The teacher need not stick to the same method always. Even the 
best of the methods will become monotonous with continuous use. 
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His method must carry init some variety and newness in order to 
sustain interest. No doubt he will stick largely to his favourite 
method. but he should occasionally introduce a new method in his 
method. When he finds that the students are showing lack of inter- 
est towards the best method being adopted by him, he should bring 
in a different method just for the sake of change. 


In some topics, it will be quite interesting and rewarding to use 
project method or laboratory method. These methods may be of 
great help to break the monotony created by theoretical methods. 
Activity involved in these methods will provide a good change. In 
addition, these methods possess some distinctive qualities and incul- 
cate good characteristics in the learners, which no other method can 
impart equally well. 


_ Undoubtedly, in some cases, it will be not only obligatory but 
suitable to use dogmatic or lecture approach. May be, they are 
considered to be the most unsuitable methods in this age of child- 
centred education; but still they have some place in the total pro- 
gramme of teaching. It is wrong to ban them completely. There 
are many descriptive topics like budgeting, insurance, taxation, etc., 
where a good lecture may create a real interest. Similarly a dogmatic 
approach may suit on occasions where a number of things have to be 
remembered thoroughly and accurately. It is in the interest of the 
students if the teacher becomes dogmatic to demand complete exact- 
ness from them. ' 


The problem method is also reasonably suitable as an approach 
towards problem-solving in mathematics. Let there be a general 
attitude to accept every mathematical problem of a difficulty as a new 
challenge. The same should be met with pleasure and confidence. 
The solving of problems in mathematics should not be mechanical or 
routine-like affair, it should rather be an experience of scientific or 
reflective thinking. In the composite method of teaching to be 
adopted by an intelligent teacher of mathematics, problem method 
will claim its well-deserved place. 


There are some less important methods like topical and spiral. 
They will also not be completely ousted from the day-to-day pro- 
gramme of class teaching. A teacher who understands them can 
cenlainiy take advantage out of them whenever there arises an oppor- 
unity. 


_ Inthe end, we can safely conclude that it is wrong to name one 
single method as the best method. A good teacher will so digest or 
absorb them all that he evolves his own method comprising good 
points of all the methods. He will not permit any of the methods 
to become his master but will remain a true master of all of them. 
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. Which is the best method of teaching ma 
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ments. 
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an of the methods of teaching. His method, 
wine will be the combination of almost all the methods. 
iscuss. 


nductive-deductive methods of 


Illustrate and discuss the i 
heir combination ? 


teaching. What is the justification for t 

Explain the use of analytic-synthetic methods of teaching. 
‘compare them for their similarities dissimilarities. 

baba is the teaching method most popular with the present 
ay teachers of mathematics ? What are its major drawbacks 

and how can improvement be brought about under the exist- 

ing conditions and limitations ? 

den rule which 

, whatever 

discuss. 

method for the teaching of 


Heuristic spirit is the gol a teacher of mathe- 
matics should never forget method of teaching he 


may adopt ? Elaborate and 
e project 


How will you employ th 
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mathematics ? How can n actual practice ? 

f laboratory method in the teaching of 
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What is its 
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s? How will you employ 


What is the place O 
mathematics ? How can you 


What do you understand by proble 
scope in the teaching of mathematic 
it as your day-to-day method ? 


Write short notes oD : 


G) Unsuitability of lect 

Gi) Dogmatic method. 
Gii) Concentric method. 

(iv) Need of a standardised method for the teaching of 

mathematics. 

(v) Limitations of heuris 
(vi) Combination of analytic- 
(vii) Procedure of project method. 

(viii) Drawbacks of problem inethod. 
(ix) Merits of laboratory method. 


ure method. 


tic method. 
synthetic methods. 


CHAPTER. EIGHT 


AIDS TO TEACHING AND MATHEMATICS LABORATORY 


THE USE OF sensory aids in the teaching of mathematics is of _Tecent 
origin. In fact, all teaching has always involved the communication 
of ideas through the senses either orally through the medium of 
speech, or visually by the use of written or printed material. Text- 
books, writing materials, geometrical instruments and the blackboard 
(all these are sensory aids) have long been regarded as indispensable 
equipment for mathematics classes. For many years resourceful 
teachers have used models, instruments, drawings, and other devices 
to stimulate interest and facilitate learning. But for a long time the 
potential values of these supplementary devices were fully realised 
only by exceptional teachers. Only lately has there been a concerted 
effort among leaders in mathematics teaching at making teachers alive 
to these possibilities. 


Mathematics is essentially a subject, where doing is more promi- 
nent than reading. That is why a certain amount of equipment is 
indispensable in order to make even a start in this subject. Moreover, 
it is held by a vast majority of people that mathematics is a dry and 
difficult subject, full of abstract things. The result is that students 
take very little interest in it. To create the necessary interest is a 
constant problem for the teacher. This subject demands the use of 
aids at every step. 


Equipment for mathematical instruction falls into two categories: 
(1) that which the student needs in order to pursue his own individual 
study, and (2) that which can be used in common and has to be 
provided by the school in the Mathematics Laboratory. 


The former category includes such obvious necessities as textbook, 
writing equipment, simple drawing and measuring instruments in the 
form of a geometry box, and in some cases special equipment such as 
the slide rule. 


J 
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Per 
SONAL EQUIPMENT OF THE STUDENT 
As menti 

the chin ioned above this equi i i 

h F pment include: i 
Hints ihe os to frennen nso for his individual corn h a 
any effecti I essential equipment—e uipm AN get seed 
this ce & in mathematics is ponte, Pir ee oni wa 
It is very im p not extensive; rather, it is simple and per on 
equipmesit os ant that each student should have his own ee ae 
pencil, i : seo ay — with textbook, i eoa 

ae hake >P geometry box. Borrowing these thi isa 
leider , which wastes the ti adie 

me ` e time of both the borrow 
ments ahs pave should be discouraged straightaway. The pated 
must have should, of course, be simple, substantial 


ana 
nd inexpensive. 


Equ 
IPME 
NT OF THE MATHEMATICS LABORATORY 


In additi 
io to the personal equipment of the child there are 
ageously ipe items of equipment which can be provided advant- 
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BLACKBOARD 


This is the first and foremost of all the items of mathematical 
equipment. It must be there even if anything else is not there. This 
is the minimum equipment. But sometimes it need not even be 
included in the list of special equipment, as it is a taken for granted 
part of every classroom. Blackboard may verily be called the second 
tongue of the mathematics teacher. But it is a pity that many teachers 
fail to use it. As soon as the teaching of this subject starts, the use 
of blackboard should begin and go right upto the highest education 
in it. 

The mathematics teacher should be good at blackboard writing 
and drawing. He has to write on it statements of problems, their 
solutions, some points needing special emphasis, and has to draw on 
it the relevant diagrams. It should not be used in the manner that 
the teacher goes on writing and drawing and the students go on 
copying. .The entire matter to be written on the blackboard should 
be developed with the active cooperation of the students. If possible, 
the students should also be given the opportunity to write and draw 
on the blackboard. 


A roller blackboard with four sheets will be most suitable from 
the point of view of writing space and convenience. One of these 
sheets may be a graphed one. Chalks of different colours may be 
used to make the writing and drawing colourful and attractive. Effective 
use of blackboard necessitates possession of blackboard instruments. 


Most aspects of mathematics can be clarified only through writing. 
Verbal explanation will not suffice in such cases. 


CONCRETE MATERIAL 


This type of material should include many concrete objects, such 
as beads, ball frames, number cards, sticks, coloured balls of solids, 
even pebbles, seeds, toy money, weights, other measures, etc. This 
list can be further extended by including specially manufactured 
things. 

( 
TFACH A NUMBER KIT 


It consists of a set of wooden blocks each (14° X 13°’). In it, a 
different coloured block is used for each digit from one to ten. Each 
block is labelled with the numeral and the word it represents. The 
blocks vary in thickness to facilitate comparison and recognition. 


PLACE-VALUE POCKETS 


It is a wooden box divided into three or four portions labelled as 


AIDS TO TEACHING AND MATHEMATICS LABORATORY 141 


Thousands”, “Hundreds”, “Tens” and “Units” respectively. It can 


> 


be used to demonstrate place value, to illustrate carrying in addition 


and multiplication, and to illustrate borrowing in subtraction. 


FRACTIONAL PARTS 


f It consists of disks which are dissected respectively into halves, 
ourths, eighths. thirds, sixths, fifths etc. It provides materials neces- 
sary for a meaningful study of fractions. 

r Even a magnetic needle with a bar magnet will not be out of place 
in explaining the concept of locus. 

1 articles may also be included in this category: 
clock faces, cubes, spheres and cylinders etc. The laboratory should 
also stock cardboard, chartpaper, colours, inks, cutting material, 
simple work appliances, measuring tapes, yard sticks etc. 


The following 


CHARTS 


The charts help in creating a suitable subject atmosphere in the 
classroom, and in elucidating various points. 

These charts can cover a vast range of mathematical topics, such 
as coins; weights and measures: prices of different articles; school and 
class pass percentage: different geometrical figures and their qualities; 
different kinds of angles: different kinds of geometrical figures; 


different kinds of triangles; different kinds of quadrilaterals: different 
drilateral or a 


kinds of polygons: vocabulary of a triangle, a qua e 
circle; different methods of purchase; different priced articles ofa 
or his budget; differ- 


post office: income and expenditure of a person i 
ent types of bank drafts or cheques; arithmetical terminology such as 


fraction, average, area, profit and loss, interest, ratio, etc; average 
daily attendance; average temperature in a week or in a month, 
average expenditure of a family; life calenders of famous persons and 
their portraits. 

These charts can also pertain to the proofs of almost all the 
propositions and their exercises and corrollaries. 

Charts should be preferably multicoloured and artistic. The beauty 
and colourfulness will certainly enhance their appeal. 
_ Charts help save the time of the teacher, because instead of draw- 
ing them himself on the blackboard, he can depend upon the pre- 
drawn diagrams. Moreover, it is not always possible to draw a 
diagram on the blackboard with fair accuracy. 

Some of the good charts should remain hanging On, the walls of 
the classroom. It is better if the charts of the topic, cing then dealt 
with, are hung more prominently and in a fairly large number. Charts 


. in the diagram. 
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should be changed with the topic. When a new topic is started, on 
relevant charts should replace the previous ones; and, as soon as 


topic is over, its charts should make room for the charts on the 
next topic. 


Some commercially prepared charts are also available; such as the 
international metric system charts; a time chart; linear measure chart; 
change for a dollar chart; charts on kinds of subtraction; charts on 
temperature, weights, decimals, adding fractions, long division, ge. 
But locally prepared charis are always preferable, whether they 
have been prepared by the teacher or by the students, provided they 
are adequate in quality and quantity. 


MobELs 


Models are very useful as an aid, because they can be handled 
and manipulated. Their main merit is that they afford pleasure in 


their making. This aid has a creative value for anyone who may 
make them. 


Even a square Piece of cardboard is a model. All other geometric 
forms can be cut out of cardboard or a thick paper and used as 
models. 


More illustrations of models are given below : 


(i) Take a circular piece of thick paper to explain the angles ata 


point, and their relation with the whole circumference of the circle, 
Half of the circumference subtends an angle of 180° at the centre, one 
fourth circumference subtends an angle of 90° at the centre, and one 
sixth of the circumference subtends an angle of 60°. While 
constructing angles in geometry, one has to depend on this principle, 


but one has not to attach so much importance to the explanation of 
the principle when the aid is used. 


(ii) There is a device known as a hundred board, which con- 
tains a hundred chips or disks. When you take out one chip, that 
means one from a group of hundred or one per cent. With a little 
practice on this type of device, the students can easily understand the 
value of the fractions +, 4, vs and so on in terms of per cent. 


(iii) A direct way of Proving the sum of the angles of a 
triangle is by folding. Cut a triangle A 
ABC out of paper. Fold it as shown 
The outer figure is 
the given triangle and the inner 
figure is the rectangle obtained after a A 
folding allthe three vertices to meet A PS 
at a point. The three angles fit together to f S2 
form one straight angle. Fig. 1 2 

ig. 
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(iv) The provin i i 

; g of congruency of two triangles, by placing one 
upon the other practically is also a use of a model. 

š Y A triangle can be dissected to form a rectangle, which will 
nable us to arrive at the formula of its area. 

7 phere are innumerable such models to bring different topics home 
on e students. In fact, there can be a model for almost every pro- 
p sition and exercise of geometry. Every student should be required 
S undertake the making of certain models, and the best among them 

ould be selected for the laboratory. 


EXCURSIONS 


are a fe D matical interest can be of some use. There 
ie a few places which must be visited by every student of mathema- 
bet as as banks, post office, booking offices, insurance, market, 
ae ion place, shops, big business concerns, big industrial concerns, 
. These visits can be more useful if they are combined with some 
Preparatory and follow up work. 
the pie is not a laboratory aid, because it takes the learner outside 
ihe Our walls of the laboratory- This can help laboratory work, if 
vi ' students form the habit of collecting data and materials on these 
sits for later use in laboratory work. 


Visits to places of mathe 


COLLECTIONS 


Dei A mathematical interest. Sometimes the! 

we s in magazines and papers. There are data on percentages, 

student? ratios, investments, incomes, C g etc. The 

Olea should be on the look-out for these thin 

bet ctions can add to the bulk of the laboratory ma 
pful to them and to future students. 


Students should be encouraged to collect 
re are published very fine 


FILMSTRIPS 


Various filmstrips can be used to give a new colour and attraction 


to different ideas of mathematics. The resourceful teacher can obtain 
fact that they don’t 


them from the market. The advantage lies in the y don 
urden the mind, can be shown in off hours, and teach the subject in 


an effective manner. The mathematics teacher should seek the 
sing this aid. A short list and 


c : r 
tite ation of the science teacher in using f f 

tles of some useful flm strips alongwith brief remarks on them is 
8iven below : 


© What is a fraction? it explains the basi 
as an equal part of an object. 


tio c concept of a frac- 
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ii iplyi fracti by ions: This filmstrip; gives 
(ii) Multiplying fractions by fractions ri 
visual examples of multiplying } X 4,4 x 4 and 4x 4 with many 
practice exercises. 


(iii) Per cent in everyday life: It emphasises the social applica- 
tion of “per cent” in the solution of problems involving commission, 
taxes, interest and discount. 


(iv) Measurement: It represents the place of measurement in 
our society and illustrates the use of measures of length, area, 
volume, liquids, weight, time and temperature. 


(v) Graph uses: It explains the construction and use of 


a simple bar graph and shows how to make a graph of two 
variables. 


(vi) Using the bank: It explains various services and functions 
of a bank. 


(vii) What is business : Understanding the characteristics T 
business, investments, etc., and an appreciation of the role of trade 
and business in modern society. 


(viii) Property taxation : 


It is on taxation and explains how 
assessments are made. 


(ix) Sharing economic risks : It is on insurance. 


These filmstrips combine certain distant objects and situations, 
which cannot otherwise be easily brought and created in the class- 
room, and present them before the students through a beautiful 
medium. Before showing them to the class, the teacher should see 


them himselfin order to know their detai!s and other points which 
have to be emphasised. 


Rapio 


Broadcasting stations can also help, if the school possesses a radio 
set and the stations broadcast programmes of mathematical interest. 
These broadcasts can relate important incidents from the lives of 
great mathematicians. Some talks by experts can be arranged on the 
place of mathematics in daily life, and in industry and trade. The 


history of the development of mathematics can also bea topic, and 
special cmphasis can be laid on the 


np discoveries made by Indian 

mathematicians, Similarly news pertaining to market rates, tem- 
‘perature and rainfall, broadcast by radio stations can serve as source 
of collection of data. 


SOME SPECIAL INSTRUMENTS 


These instruments demonstrate a large variety of simple applications 
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of mathemati ‘ 
pln os atics to practical field problems. Here are a few 


Pe angie eror is a useful and inexpensive instrument. It is 
p quick, easy and ractical means of layi t xi 
PEISE y p ying out right angles 


The plane table and the alidade are used for elementary mapping 
and surveying. 


dia Proporiional dividers can be used to enlarge or reduce maps, 
i grams or pictures. Itis based on the principle of proportionality 
n similar triangles. 


Gade combined hypsometer and clinometer is a simple device for 

and w angles of elevation and depression and for measuring distances 

cae eights of objects indirectly. It is used for many purposes in 

wins e engineering or surveying and in numerous activities connected 

bee, scout work. It is extremely „valuable in mathematics classes 

th ause of the clear, simple and striking manner 1n which it illustrates 
e principles of indirect measurement. 


el The level is another instrument used in finding differences in 
E ee It is necessary in contour mapping, general surveying and 
ivil engineering. 


The transit is an angle measurer and a levelling i 


man slide rule is one of the most interesting and important of all 
and ematical instruments. It provides a rapid means of multiplying 
sani dividing numbers, of taking certain powers and roots and of 
ine ing proportions. It is being increasingly used as a computing 
nstrument in commercial and industrial work. Its main advantage 


l i < eg: e è A 
= in the convenience and rapidity with which it can be used. Its 
es can be learnt easily. One large demonstra 


fo tion slide rule should 
Rae a part of the permanent equipment of every mathematics room 
T students of the high/higher secondary classes. 


b At least one calculating machine for demonstration purposes may 

he garded as a desirable equipment for the mathematics department. 

hess eee are generally interested in learning when and how it can 
used. 


nstrument. 


with other departments in the school, can 
pment as balances, levers, pulleys, 
duated volumetric measures, draw- 


; By suitable arrangement € 
ne oa available some such equi 
in ghts, gears, inclined planes, gra 

g boards, T-squares etc. 


sarees nature and number of mat 
fash by the special interests of the S$ 1 
cilities made available for purchasing and housi 


hematical collections are limited 
tudents and teacher and by the 
ng the collection. 
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Home-Mane EQUIPMENT 


_ Some items can be made by the students and teacher. These 
pieces of equipment may not be very precise and accurate, but have 
two notable advantages over those that are produced commercially. 
First, students always take pride in the equipment made by themselves 
with the result that their interest in using such equipment is increased. 
Secondly, they are more likely to understand clearly the fundamental 
principles upon which mathematical instruments are based. This 
second advantage is more important than the first. 


Among the instruments and items of equipment which can 
be made by students and teachers may be mentioned the following : 
Beads, balls, sticks, pebbles, number-picturecards. 

Almost all the charts. 
Portraits of great mathematicians. 
Almost all the possible models. 


Blackboard instruments such as rulers, protractors, com- 
` passes etc. 


Graphs, budgets, etc. 

Plane tables, levels, clinometers, proportional dividers etc. 
Bulletin boards and display cases. 

9. Stencils for geometric figures. 


` 


“awp 


ono 


But the chief function of the mathematics laboratory is to provide 
stimulating and worthwhile experiences touching mathematics and its 
applications. The practice of having students spend time in cons- 
tructing mathematical equipment is justifiable (a) if it clarifies the 
underlying principles and increases the students interest, or (b) if it 
makes available such equipment as is otberwise not availablo and also 
if the value of such contribution is at least commensurate with the 
tune and work required for its construction. 


EXERCISES 


l. The laboratory of mathematics is no longer a misnomer, it 
can certainly become an effective medium of instruction. Discuss this 
statement. 


2. Give the list of equipment which you would like to have for 
the mathematics laboratory meant for secondary classes of your 


school ? 
3. How will you take steps to organise a laboratory of mathema- 
tics in your own school ? 
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4. Justify the need of a mathematics laboratory for effective 
teaching of mathematics ? 

5. Illustrate with examples to show that mathematics latoratory 
Can be helpful in the teaching of a sufficiently large number of topics 
of mathematics, 


6. Write short notes on : 
(i) Child's personal equipment. 


(ii) Home-made apparatus. 
(iii) Use of blackboard in the teaching of mathematics. 


CHAPTER NINE 


MATHEMATICS LIBRARY AND THE TEXT-BOOK 


MATHEMATICS LIBRARY 


IMPORTANCE OF LIBRARY 


Ir 1s AN important function of the school to provide the children 
with extra information when they want it. For this information, they 
may require to consult reference or general books. Library has come 
to stay as an established medium of extra information in the schools, 
especially in those schools which do not aim merely at preparing their 
pupils for examination. No regular school today can afford to be 
without a library. It has become an integral part of every good 
school. One of the important aims of the school is to widen the out- 
look of the students and to create in them a love for extra reading. 
The students have not to be kept confined to the length and breadth 
of text-book knowledge and class-room teaching. Love for extra 
reading is to be fostered in them. Also co-curricular activities, group 
projects and individual work on assignments necessitate the existence 
of an efficient and intelligent library service. 

Library service helps in putting progressive methods of teaching 
into practice. It supplements the knowledge learnt in the class-room. 
Extra reading makes knowledge complete and comprehensive. It 
stimulates the students to choose “the best of what has been thought 
and said”. It incidentally educates them for profitable use of leisure. 
It can help in making a subject lively and interesting which otherwise 
is likely to remain dry and monotonous if there is complete depend- 
ence on the text-book. Moreover, the text-book cannot satisfy the 
desire of the brilliant students for more and more information. They 
can satisfy it through supplementary reading only. 


The topic of Mathematics Library can usefully be divided into two 
parts : 
(i) General school library. 
(ii) Mathematics department library. 
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GENERAL SCHOOL LIBRARY 


ï In this there should be a separate section for mathematical books. 
t should contain general and reference books dealing with mathema- 
tical subjects. 


It is a wrong practice to emphasise the collection of literary books 
and ignore other subjects including mathematics. — Books on mathe- 
matics must get a significant place in the general library. 


The books on latest techniques of teaching mathematics should 
also find an important place in this library. It should also contain & 
selection of good text-books. The text-books must be good, because 
Otherwise there are so many inferior text-books in the market. The 
selection should be carefully made. It will also be useful to include 
text-books from other countries. Their advantage lies ia the fact that 
they can be compared with our own text-books from various points 
of view. The text-books should be of the latest editions. 


_ Though there cannot be many general reference books or recrea- 
tional books on mathematics, yet as many of them as are available in 
the market should be provided in the library. Separate books or 
Catch and puzzle problems and short-cut methods may be procured. 
Some books on the history of mathematics, lives and works of great 
and inspiring mathematicians may be a good provision. 
___The books selected must be authoritative and reliable sources of 
information. 


MATHEMATICS DEPARTMENT LIBRARY 


It can also be called the subject library. 
may be made the incharge of this library. 


This should contain useful reference books of dail 
tea should ba according to the needs ol, the pup is and those of 
„teachers. ils, a collection of current | 
desirable, id Ge papia a be readily accessible, So that the 
students may easily consult them during their free time. For teacher’s 
guidance there should be some latest books on methods of teaching 
Mathematics, Only standard books by well reputed authors should 
© collected. Helpbooks like notes, guides and keys must never be 
Purchased. A number of books on mathematical hobbies and 
Tecteational mathematics may also be purchased. The mathematics 
teacher should try to remain in touch with the various developments 
at are taking place in the spheres of mathematical literature and the 
Practica} teaching of the subject. Whenever there arrives in the 
Market a good book on mathematics it should be purchased an 
tought to the notice of the students. New books properly selecte 


Must be added to the library cach year- 


A mathematics teacher 
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A number of copies of a good book should be bought, so that it 
can be read by everybody. A few copies of the current text-books 
may be purchased purely for the use of poor students. 


Appropriate pictures relating to the history, progress and applica- 
tion of mathematics and portraits of eminent mathematicians will add 
to the general attraction of the mathematics room ‘and tend to induce 
a feeling and atmosphere favourable to the study of mathematics. 


Tue Use OF LIBRARY 


Even where suitable books are collected there still remains the 
necessity of guiding the children in the choice of books or suitable 
passages in them. The inquisitive child must be directed to suitable 
sources of information so that after a time he will know how to use 
the library. The teacher must himself read the book as soon as it is 
purchased, Only then will he be able to know what is worth reading 
in a book: He should display on the notice board brief comments 


about every new arrival. Only a well-read teacher can create love for 
reading in his pupils. 


The best library is that which has empty shelves—empty not 


because there are no books, but because the students and the teachers 
have borrowed so extensively. 


_ The number of books possessed by the school library is not so 
important as the manner in which it is used and the extent to which 
reading habits have been fostered in the pupils. Inspiration comes 


from a few masterpieces. It is better to have a few good bocks than 
hundreds of useless books. 


Some provision should be made in the time-table of every school 
to have at least two periods in the week for library reading. It should 
be seen that every student borrows books regularly. There should 
be some regular assignment and project work which may create a 
necessity for the students to turn to the jibrary. Some sort of testing 
out of the material in the library books may also necessitate exira 
reading. In some schools, it isa very good practice to issue a book- 
let entitled, “What I Have Read” to every pupil at the beginning of 
each term. This creates a healthy competition in extr. 


a reading. 
THE TEXT-BOOK 
ITS IMporTANCE 


“Few tools have been so misused as text- 
will be no exaggeration to say that text- 
education. The teachers follow them 
loudly, para by para in the class by eac 


books in teaching”. It 
books have become ends in 
blindly. They are read out 
h of the pupils in turn; brief 
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explanations and comments are given by the teachers, and all the 
A covered is to be memorised by the pupils in the class as well as 
at home. 


The essence of mathematical teaching consists in helping the 
pupils to discover rules, formulae etc. It is not desirable that pupils 
learn anything from a book before the matter is taken up in the class. 
Tf they do so, the class-room heuristic, analytic or inductive approach 
cannot be effective. Imagine a situation when ihe teacher announces 
the aim of his lesson in the words, “We are going to discover such 
and such formula”, and a student stands up in a corner and offers to 
relate the formula word by word. So from the point of view of 
heuristic approach or discovery, text-books are not only unnecessary 
but far from being desirable. 

But the work does not end with tke class-room. The teacher is 
to see that the pupils not only discover, understand and formulate 
Tules, but also remember and readily apply them whenever required. 
For this, the pupils have to be provided with a record of ¢lass-work 
and also a set of examples for practice. This record can be had by 
taking notes in the class, but these lengthy dictations and notes are 
likely to be full of errors. Also taking of notes may prove to be 
tnost time consuming. Thus a good text-book saves the time of the 
teacher as well as of the taught. 


_ Itis probably the cheapest and most reliable source of informa- 
tion. It serves as a reference book for the teacher as well. 

It is a concise source of material for reviews. It enables the pupils 
to acquire the needed information speedily. At the revision stage, 
With the text-book at his disposal, the student can work independently 
of the teacher. 

It helps the students to understand things completely at home 
from the text-books, even if on certain. occasions class-work brings 
Only partial understanding. 

If by chance a student fails to attend the school for a few days, 
he can make up the deficiency with the help of the text-book and 
Catch up with the class. 

Home-work and assignment work can easily be given from the 
text-book. 

It specifies the standard to be attained by a particular class. A 
good deal of illustrative material and many devices are also suggested 
in the text-book. They are helpful in teaching and correlating 
the subject with other things. It lays down the order of procedure. 

A good text-book furnishes a large collection of well-selected and 
graded exercises in the teaching of mathematics. After the pupils 
have learnt a certain new rule or principle, the pages of the text-book 
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may be referred to for application of the rule and homework. 


In lower classes, text-books with coloured illustrations provide an 
incentive to learning and they provide attraction for the young learn- 
er. Thatis why, a text-book for every child has become an essential 
equipment. 


How TO Use THE TexT-BooK ? 


The text-book is valuable only when it is used properly. The 
teacher should not feel that his work is confined to transferring the 
contents of the text-book into the heads of the pupils. The text- 
book should not be used as the only source of instructional material. 
It should be used as an aid in teaching, not a substitute for teaching. 
It is a means and not an end in itself. Its place in teaching can only 
then be real if the teacher supplements it by his oral exposition, by 
reference reading and by all his illustrative and objective techniques. 
It should be followed carefully and intelligently, and not slavishly. 


For an average teacher, the text-book is all his stock-in-trade. The 
greater the capacity, knowledge, professional training and experience 
of the teacher, the less he needs to depend on his text-book. How- 
ever, no teacher can afford to work entirely without a text-book. 


It is not a master to be feared; it is rather a servant to be 
ordered. 


The contribution of the text-book can be increased by creating 
Situations where the pupils have a real purpose for turning to the 
text-book. Assignment method, Dalton Plan and Project work pro- 
vide a larger scope for creating such situations. 


EssENTIALS OF A GooD Text-Boox 


1. It should have the necessary external qualities—i.e., its get-up, 
paper and printing should be good. 

2. Iu spite of its various qualities, it should be moderately 
priced. 

3. It should be well illustrated. There shoul 
sketches at appropriate situations. 


4. The language used should be simple and clear. 


5. It should be free from mistakes, and the Style should be 
straightforward. In a mathematical text-book even the 
most ordinary printing mistake can play havoc. 
have to be very carefully avoided. 


6. It should provide sufficient material 
students to solve problems. 
everyday life. 


d be diagrams and 


The errors 


to motivate the 
The problems should be from 
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7. To avoid spoon-feeding, there should not be too many solved 
examples. The students should get adequate opportunity of 
learning through initiative and independent efforts. 


8. It should be up-to-date as regards the subject-matter. 
9. There should be sequence and consistency in the organisation 
of the subject-matter. 


10. The symbols and terms used must be those which are popular 
so that there may be no confusion. All new terms should be 
clearly and accurately defined. 

11. There should also be a few difficult exercises to challenge the 
most intelligent students. 


12. The author should be a person well-qualified and experienced 
in the subject. His aims of writing the text-book should be 


very genuine. 

13. There should be sufficient provision for practice and 
review. It should meet demands of students in ability and 
interests. 

14. The style of writing should be interesting and compre- 
hensive. 

15. There should be suggestions to improve study habits. 


16. It should offer detailed suggestions for correlation, 


work, assignment work and field work. 
17. There should not be any irrelevant matter. 


project 


18. It should facilitate the use of inductive, analytic, heuristic and 


laboratory methods. 


19. Itshould conform to the recommenda’ 
mittees. 


20. It should satisfy the demands of ex 
21. it should be easily available in the market. 


tions of important com- 


aminations also. 


EXERCISES 
1. How will you organise @ mathematics library in your 
Schoo! ? 


k 2. From the point of view 
ines, text-books are only unnecess 
ment on this statement. 


of teaching mathematics on heuristic 
ary but far from desirable. Com- 
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3. Mathematics library is another neglected aspect of teaching 


of mathematics. ~How will you proceed to remedy the existing con- 
ditions ? 


4. What are the essential qualities of a mathematics text- 
book ? 


5. Write an essay on the effective use of mathematics library and 
mathematics text-book. 


6. Write short notes on: 
(i) Mathematics department library. 


(ii) Use of mathematics text-book. 
(iii) Need of mathematics text-book. 


CHAPTER TEN 


DEFECTS IN THE PRESENT-DAY TEACHING OF — 
MATHEMATICS IN SCHOOLS, AND THEIR 
POSSIBLE REMEDIES 


Iv suoucp ne frankly admitted that the present-day teaching of mathe- 
matics is far from being satisfactory. This is not due to the draw- 
backs of any single agency at work. The entire set-up is to blame for 
this. In spite of the fact that it is taught compulsorily to all the 
students up to the tenth class, they do not become adept even in 
elementary arithmetic. A literate person fails to calculate while 
making payments to a shopkeeper for the articles purchased by 
im. 


Sometime ago a probe was conducted in America to find out the 
causes of inefficiency of higher technological institutions. Inefficiency 
was traced to, or attributed to, deteriorating standards of teaching in 
Mathematics. It may be remarked that mathematics plays a vital 
part in technical professions and atomic researches. 

Everybody has a complaint against the teaching of mathematics. 
It is dull, boring, difficult and useless from the point of view of the 
learner. “It is too remote from life to interest the student.” The 
teachers complain of excessive work-load and lack of.facilities in the 
form of aids and equipment. Headmasters and managements com- 
plain, “It is the fault of the teachers who do not make the students 
put in adequate labour.” 


Similarly there are different viewpoints about the necessity of 


different types of reforms in its teaching. Some take delight only in 
criticism for the sake of criticism. It is the joint responsibility of all 
concerned to bring about necessary improvements and changes. The 
subject has to be popularised at all costs. 


DEFECTS AND POSSIBLE REMEDIES 


1. TEACHER’S QUALIFICATIONS 


‘It is a common defect in our educa’ 
Subject teachers are not adequately qua 


tional set-up that most of the 
lified in the subjects concerned. 
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Without proper qualifications and proper training, they fail to do 
justice to the subject. A teacher may be able to show good examina- 
tion results in spite of his low qualifications, but even that is not a 
sufficient criterion to allow him to continue with the teaching of this 
subject. An adequate, high qualification of the teacher develops self- 
confidence in the teacher and serves as a source of inspiration to his 
students. The teacher must be mature in the subject. Professional 
training should equip him to attain desirable standards in teaching. 
He must possess real knowledge of, and insight into, the processes of 
mathematics. 


2. TEACHER’S BURDEN 


The teacher is overburdened on ali sides and, to follow the way of 
least resistance, he emphasises cram work. He cannot adopt, and 
prepare for, effective methods, as he has no spare time. His burden 
does not allow him time to remove individual difficulties. It should be 
lightened to enable him to show his originality and initiative. 


3. TEACHER’s SALARY 


His economic position is not good. He remains worried; anda 
Worried teacher cannot give his best to the learners. He runs after 
other activities to supplement his income. Consequently teaching 
suffers. He is a frustrated, discontented and half-hearted worker. 
In these hard days, he must be suitably paid. 


4. TEACHER'S ATTITUDE 


Maybe, he does not have genuine love for his subject and profes- 
sion. He may have been forced by circumstances to take to this pro- 
fession. He remains on the lookout for a better job and leaves the pro- 
fession as soon as he gets an opportunity to do so. He lacks faith in 
the utility of the subject, and therefore, cannot create interest among 
the students. Only really anxious and willing individuals should be 
allowed to join. this profession by introducing a check at the time of 
selections. A teacher’s love for his job and the subject should also 
be ascertained before giving him his duty. 


5. LACK OF PURPOSE 


The students do not recognise the purposes behind the study of 
the topics of mathematics. The destination should be made clear to 
the students. The particular and general aims of every topic should 
be emphasised effectively. The teacher has to be careful so that no 
student ever comes to think that these aims can be attained through 
easy, soft and amusing work. If the work lacks purpose, it is the 
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teacher’s duty to make it purposeful. The purpose should be attrac- 
tive to stimulate the students to work hard. This misconception 
should be uprooted from the minds of the parents and pupils that 
most of the mathematics taught in the school is not purposeful. 


6. Lack OF EQUIPMENT 


There is a serious lack of mathematical apparatus in the schools. 
Actual objects have an appeal for the young child. He must be pro- 
vided with things to see, touch and handle. There should be an ade- 
quate provision of concrete material in the class-room. Without it, the 
subject becomes abstract. The establishment of a mathematical 
laboratory will remove this defect. Though it is mainly the job of 
the management and higher authorities, yet the teachers enthusiasm 
towards its establishment is also wanting. 


7. MetHop oF TEACHING 


The teacher clings to traditional methods, because these offer the 
Path of least resistance. The powers of thinking, understanding and 
Tetention are not thus developed in the students. If the pupils do 
not show any interest in the subject, it can be crated not by blind 
Memorising, but by shifting the methods. The students may grasp 
anything or not, the teacher does not bother about it. The students 
forget what is taught to them. There is spoon-feeding and the daily 
dose of mental work is much more than the student can comfortably 
Swallow and digest. The authorities run after showy results which 
are obtainable only through cramming. They have no darren 
for good mathematical teaching. There is no emphasis on ee 
understanding, initiative, judicious study and power. The remedy 
necessitates a fundamental change in values. Intelligent understand- 
ing should be the teacher’s guiding principle. The teacher should not 
talk too much. He should teach and not preach. 


8. RIGOUR IN STUDY 


i d. The 
The rules, formulae and set patterns are strictly enforce 7 
Study iecoris a tightening belt, not allowing evea free breathing, 
hen unfortunately the student canid aaun Sec oe te a 
e starts thinking that he is unfit. us disco i c 
Make much progress. Class-room atmosphere ery fe a apan 
charged with freedom and encouragement. The chi ae ae e given 
the opportunity of self-education as far as possible. ea 
should not become a hard task master, but should be a symp a 
helper and guide. Exactness and rigour should not be so importon 
inthe very beginning. The emphasis should be on un erstanding, 
liking and interest. 
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9. LARGE CLASSES 


It is a general defect. No individual attention can be paid. It 
becomes difficult for the teacher to establish close contacts with the 
students. He cannot easily judge the capacities of the individuals. 
This defect can be removed only by limiting ihe number of students 
in each class upto a maximum of forty-five. 


10. PRACTICAL ASPECT 


The practical and application aspect of knowledge is not generally 
emphasised. Knowledge given in the class-room is divorced from 
practical life. The subject loses its appeal, as it is taught in an 
abstract, dry and uninteresting manner. ‘Ihe affinity between mathe- 
matics and life should be discovered and put to use. The students 
should feel that they are getting something of direct practical value. 


Mathematics should be taught asa part and parcel of their daily 
ife. 


11.. MATHEMATICAL LANGUAGE 


Mathematical symbois have their own meanings and have their 
own significance which the teachers generally failto bring home to 
the students. The meanings behind these symbols and their historical 
background should be clarified to the students. A proper use of 
these symbols should be made in a practical manner. Some assign- 
ments necessitating the use may be given. 


12. SYLLABUS 


Some people say that the syllabus is defective, because it is heavy 
and lengthy. It might be true in the case of high school syllabus, but 
the newly introduced higher secondary school syllabi cannot be called 
heavy, The greater defect of the syllabus is that it does not provide 
hints and instructions for teacher's guidance. The teacher cannot 
deal with the syllabus effectively, because most of the details are left 
to him. The organisers of the syllabus, being experts and authorities 
on the subject, are expected to suggest the centres of correlation for 
different topics, the use of aids and devices, the connected practical 
work, project work, etc. The syliabus has to be thoroughly compre- 
hensive, so that the teachers, all over the area, can get some help 
from it. The syllabus not only should be a collection of topics, but 
deal with the actual procedures to be adopted for their effective teach- 
ing. Their application and utility in actual life should also be mention- 
ed side by side. The connected plays and activities should be referred 
to. It may be a bit lengthy, but it must lead to understanding. 
In that case, the students will not mind a little over-work. 
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13. Text-BooKs 


r s 

ms ‘aire style of the syllabus also affects of text-books ad- 
icadifonah e authors have not been able to get rid of dogmatism and 
ate diver nm The illustrations and problems given in the text-books 
syntheti ced from actual life. These have been mainly written on 
A jia and deductive lines, whereas the psychology of the child 
induct e petar of the subject require them in analytic and 
which ve forms. The material is made available ina readymade form 
day H against thinking, discovery and originality. The present 
ing. Th s promote cramming and do not lay stress on understand- 
energ A are full of misprints which result in wastage of time an 
nöt ue Their style is seldom interesting | and impressive. They do 
Shona oyide suggestions that may facilitate learning. Text-books 
lation given: brief history of the development, possibilities of corre- 
par a applications in practical life, use of aids, plays, activities, pro- 
dia c., Concerning every topic. They should abundantly present 

grams, sketches, illustrations etc. The arrangement ot the subject- 


Matter should both be logical and psychological. 


14. Tae STUDENTS 
we may be some defects in the students of the subject. The 
G = ct demands regularity. Itis a sequence subject, and if a student 
pias sent even for a few days, the sequence 1s broken and he fails to 
On ed the subsequent steps. An irregular studeat cannot pull 
Simils lin this subject; he becomes weaker and weaker day by day. 
hind arly, irregularity in home-work also makes the student lag be- 
Og. N the present-day methods of teaching and the criteria of judg- 
ie te progress, the students form misleading notions about their 
suffe igence. The crammers excel whereas the intelligent ones may 
feted The present brings frustration for some able students, and 
ere is in store frustration for the crammers in the future. So, in fact, 


© majority suffers. 
mba ons and rash students are also not likely to do well in this 
th ject. The very sight of the examination paper upsets and puzzles 
Whine Moreover, this subject demands whole-heazted concentration 
ich some students may not be easily able to give. 


jity of the home and th 


It is the joint responsibili e school to keep 


dance and homework. If there is some 
parate coaching arrangements for 

ch in its teaching is adopt- 
e tothe forefront. Only 
flourish. To remove their 


€d, only really intelligent pupi 
ould try to develop self- 


ie — will survive and cramme! 
usness and confusion, the teacher sS 
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confidence in the students. Therefore the habit of learning by self 
effort should be inculcated. 


15. CHILD-CENTRIC APPROACH 


Teaching has been subject-centric and not child-centric, The child 
has been treated as a miniature adult. Knowledge is thrust on him. 
It has been presumed that all the students of a class have the same 
capacity; same tastes, aptitudes, Power of grasp and speed of work. 
There has been no consideration of individual differences of the child- 
ren. The child has been adjusted to the subject, whereas it should 
have been the reverse. The child should not be subordinated to the 
subject. He should be given as much as he can assimilate. His in- 
terests, likes and dislikes, capacities, and difficulties and aptitudes 
should be uppermost in the teacher’s mind. Let him be given as much 
as he can assimilate, neither more nor less. 


16. LIBRARIES AND LABORATORIES 


The organisation of mathematical laboratories is yet awaiting a 
start. The authorities have not paid any attention to this most urgent 
aspect to make the teaching effective. The library should offer books 
of general interest and also books on the methods of teaching. Simi- 
larly the laboratory should provide for B.B. instruments, charts, mo- 
dels, instruments and various other materials. The mathematics room 
should look as such. 


17. BAN ON SHORT-CUT METHODS 


The use of cut-short methods has been banned totally, but these 
are of great value and must be employed wherever possible. The 
quickest, shortest and easiest methods of solving problems should be 
popularised. The desire to save the time and effort is natural. Quick 
methods of calculation are much wanted in actual life also. To meet 
this demand certain special instruments and processes have been in- 
vented by mathematicians. The students should be acquainted with 
these instruments and processes. The teachers should also develop a 
taste for these short-cuts so that they may introduce them to the stu- 
dents with advantage. 


18. EXAMINATIONS 


The teaching has been highly influenced by the examinations 
which are full of defects. The aim is to get through the examination 
rather than to understand and grasp the subject. When a defective 
system of examination dominates teaching, the latter is not going to 
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gt einen, A few selected topics are thoroughly cramm- 
slates the students to secure a pass and a major portion of the 
thas as is left untouched. There is emphasis on guess papers rather 
ete n real teaching. Then there are heavy failures in this subject. 

tia ering the students enthusiasm and interest are damped. 
any aaan is a matter of chance more in mathematics than in 
abi er subject. It does not depict the true picture of a candidate’s 
tio y and work. A crammer may get the upper hand in the examina- 

n, ard an intelligent student may not get his due. 


tant dominance of examination should go. The system needs a 
mi ugh overhauling. The annual examination and essay type exa- 
nation should not be allowed to remain ali-important. There should 
relia ties test of intelligence and understanding. Its results should be 
for th c and valid. At the same time, it should not remain a horror 
a cri e young learners. Though a high pass percentage may remain 
ú riterion yet it should have a sound examination system as its basis. 
Ccess should no longer be a matter of chance and cramming. 


wii. en after removing the above mentioned defects completely there 
mad ea scope for improvement. Concerted efforts will have to be 
h e for a pretty long time to set right the present deplorable affairs. 
© best remedy is the devoted teacher. His personality can Over- 


Madow all the handicaps. The subject possesses tremendous practi- 
‘ disciplinary and cultural values. Its importance cannot be over- 


°oked. Tt should taught as it should be taught. 


EXERCISES 


eel , Isthe present-day teaching of mathematics in schools really 
Sctive 2 If so, what remedies do you propose for it > 


rena) Outline the main defects in the teaching of mathematics which 
ally drive the students away from this subject 
gof mathematics ? 


3. Whati O hin 
is lacking in the present-day teac y 
What do you propose A do to improve the state of affairs. 


CHAPTER ELEVEN 


AROUSING AND MAINTAINING INTEREST IN 
MATHEMATICS—A LIST OF STUDY SUGGESTIONS 


PRINCIPLES OF MEANINGFUL LEARNING 
MATHEMATICS CLUB 


To AROUSE AND maintain the student’s interest in mathematics, is a 
major problem for the teacher. He knows that loss of interest is one 
of the principal causes of student failure. Students work most effec- 
tively at task in which they are genuinely interested. Students, as 
a rule, readily become interested in things which are new or exciting, 
for which they can perceive practical values and which involve puzzle 
elements or elements of mystery. Their interest is easily caught by 
anything new, but such interest is fleeting. It is easier to interest stu- 
dents in their work than it is to keep them interested after the novelty 
of the work has worn off. 

The elements of novelty, usefulness, and sheer intellectual curio- 
sity are the primary stimuli for the awakening of interest. The work 
should present a continual challenge, but it should be a challenge in 
the real sense and not merely drudgery at meaningless, difficult tasks. 
Interest in the subject can be effectively aroused and maintained by 
numerous special devices and activities. 


INTELLECTUAL ACTIVITY 


Let there be no presumption that the students are intellectually 
lazy. The student's interest can definitely be stimulated through a 
challenge to his curiosity. ‘Mathematical situations lack, of course, 
the lurid “human interest” of the ordinary mystery novel, but they do 
not lack the essential curiosity provoking possibilities.’ Mathematics 
exhibits fully the power of man to think consistently and logically. 
In the case of some students, this value of mathematics creates an 
appealing interest of highest importance. 


A natural motive for man’s fight against his environment is his 


desire to understand and consequently to control it in some measure 
to suit his own purposes. 


This intellectual activity is governed by three motives: (1) thirst 
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for knowledge, (2) love of truth and beauty, (3) desire to interpret 
and control environment. Of course, the cultivation of these mey 
require certain discriminating abilities and maturity of thought which 
Usually result from the application of more elementary means of 
Motivation. As the student progresses in learning, these motives can 
become increasingly effective in controlling his activity. To make 
them controlling factors in the learning process should be one of the 
Principal aims in teaching. 

APPLICATION TO OTHER FIELDS OF STUDY 


BASIC AND A PPLIED 


TR 
EE oF SCIENCES 


KNOWLEDGE 


164 TEACHING OF MATHEMATICS 


Very often a student’s interest may be aroused by showing the 
applications of mathematics to some other field in which the student 
is already participating actively. The basic importance of mathema- 
tics in zelation to other fields of study has been nowhere more 
emphatically or more strikingly portrayed than in the mural entitled 
‘The Tree of Knowledge’ by John Norton (Fig. 1). 


The foundation of the ‘Tree of Knowledge’ is composed of the 
basic and applied sciences and represents mathematics as the principal 
life-giving root. Other roots, stems and branches representing the 
various basic and applied sciences spring from it. The dependence 
of different sciences upon mathematics has been explained so com- 
prehensively in the chapter entitled “Relationship of Mathematics 
with other Sciences” that it is hardly necessary to dwell upon it again. 


No informed person would question its instrumental value in this 
connection. 


APPLICATION OF MATHEMATICS TO PROFESSIONAL FIELDS 


Mathematics is now coming to be recognised as a necessary part 
of professional equipment in such fields as anatomy, physiology, psy- 
chology, medicine, geology, industry, engineering, commerce and 
agriculture. ‘Necessity is the mother of invention.’ Further, the 
urge to earn a direct livelihood often drives individual to seek ‘‘pas- 
teurs new”, to venture where he would never care to tread in normal 
circumstances. An efficient study of mathematics raises the student’s 
competency in different vocations. By pointing out its applications, 
teachers can render valuable service in guiding students and at the 
same time in stimulating their interest in mathematics itself. 


PRACTICAL VALUES 


In addition to these vocational vaiues, numerous other practical 
values are extremely useful for the average citizen. A student should 
question both the theoretical and the practical value of any particular 
Place of mathematics. The ‘need’ or ‘utility’ consideration should 
guide the student activity in learning mathematics. Though it is not 
always possible at a given stage to fully appreciate an exposition of 


such values, a partial explanation may suffice from the viewpoint of 
the student. 


CULTURAL VALUES 


There are many important aspects of the i e- 
matics can inter £ 4 Morla which anly, math 


Tpert to the citizen. A reference to the historical 
ek ground of different mathematical terms and ideas gives a good 
i a learning them. The teacher should spare no pains to make 

Sudject-matter attractive and pleasant. Students feel encouraged 
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to work hz : . . 

a Se Darder if accomplishment is accompanied by pleasure. The 

derived. ae received are generally proportional to the pleasures 

Universal a e students should be kept aware of the nature and the 
pplicability of mathematical methods. This will provide 


st PP ic 
tong motivation for study. 


RECREATIONAL VALUES 


fun and pastime also should 


The ai P 
The aim of teaching mathematics for 
t of mathematical puzzles, 


Tece: 
Contesta n attention. The employmen 
active oe games lends much interests and zest to the courses. An 
aximum RS club is one of the sure signs of student interest. 
Droa ema Eeng project work should be introduced. The 
Includin hi of mathematics clubs may cover a wide range of topics 
g history of mathematics, biographical sketches, interesting 


anecd a: ae fi > 
otes and applications of mathematics to other subjects and fields 


activi ride A 
tivity. Organisation of a mathematical workshop can provide 


a combi t; 
bination of recreation, activity and learning. 


P 
RACTICAL WORK 


be Handling of material and learning through experimentation should 


senta ne and arranged as frequently as, possi le. Practical pre- 
i D. of matter should always precede its abstract form. Prepara- 
athematical topics should be 


ion of ai 
à a aids and applications based on m 
ar activity of the learners. 


Ta 
R 
PRINCIPLE oF CHANGE 


atmo Cnotony should not be allowed to settle over the class-room 
No aig ere. A topic should not be continued for too long @ period. 
or device shouid be employed over 8n over again. 


Pry 
S 
ICAL CONDITIONS FOR STUDY 

Room temperature of about 68°F is considered best for study. 
Notebo cp Ty study accessories such as paper, pencil, ruler, compasses, 
Siscompe: mathematical tables etc., should be at hand. Physica! 
R avoid, tts should be eliminated. Distractions should be remove 
Continu ed. Work skould be started promptly : ae 
exercises without interruption until it is completed or until a shor 
Should p Od or a rest period is nee ed. At home, the student 
air A given a quiet room, well lighted and ventilated, with a 

tabie for convenient work. 
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PSYCHOLOGICAL CONDITIONS FOR STUDY 


_ 


Avoid unnecessary distractions and interruptions. 
. Cultivate concentration. 

Keep the mind alert. 

. Develop self-confidence. 

. Practice critical thinking. 

. Proceed systematically and thoroughly. 
. Analyse difficulties. 

. Learn accurately the fundamentals. 

. Clarify thought by writing. 

10. Verify results. 

11. Be prepared for discussion. 


The above mentioned conditions, if provided and enforced will 
surely lead to better results. 


woo rtAuUhYN 


A LIST OF STUDY SUGGESTIONS 


Students often follow wasteful and inefficient procedures in study- 
ing mathematics. Sometimes they fail to get at the first step of a 
process. They do not develop self-reliance. They proceed unsyste- 
matically and cannot concentrate. They are careless in their read- 
ing, in their listening and in their written work. The teacher must 
enable the learners to appreciate and grasp the specific procedures 


which are helpful in the study of particular parts or aspects of the 
work. 


This list of suggestions is expected to be of help to students and 
teachers for this purpose : 


1, Try to derive pleasure through a sense of achievement by 
solving mathematical problems successfully. 


2. Fix time and place for the study of mathematics and be regu- 
lar in your work. 


. Get down to work at once. Do not daily. 
. It challenges your intellect; meet is squarely. 
. Pay to it deep and sustained attention. 


. Do nor allow avoidable interruptions after you have started 
work. 


Work independently as far as possible, 
Work at your maximum speed. 
Plan thoroughly before you start. 
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10. Understand the assignment clearly. 


1 
1. Read ‘the problem carefully and grasp its meaning. Be sure 
oo you understand clearly what is given and what you are 
pected to find or prove. Keep these things in mind through- 


out your work. 

12. Take sufficient time to think. 

13. Even if you have to copy something, 
correctly. 


14. Try to enlist questions that are likely to ari 
Often the solution will flash across your mind. 


15. Do not lose hope; at least try to find out 
difficulty is. 

16. Work carefully, for mistakes can be m 
detected and corrected. 

17. Read thoughtfully. Superficia 
pay in mathematics. 

18. A problem is generally m 
one step at a time. 

19. Be mentally alert, ag 

20. Be critical of all statements © 


your own or someone else's. 
ments that are not adequately supported by 


be sure that you do it 
sə and be ticklish. 
what your real 
ore easily avoided than 


1 or careless reading does not 


ade up of a series of steps. Do 


gressive and confident. 
r conclusions whether they are 
Be very particular about state- 
reasons. 


21. If you do not know how to begin, consult your text-book or 
your teacher. 

22. Prepare a list of all new words and concepts and try to learn 
them at once. 

ulae and facts, but only 


ant rules, form 
heir meanings. 
tatements an 


23. Do memorise import 
after understanding 


24. It is easier to memorise s 
2 than to memorise them by parts: 
a In memorising formulae, loud rea 
6. Write neatly. Be very particular 
neat rows and columns. i 
27. Form the habit of expressing verbal statements 10 symbols. 
28. Form the habit of verification: Always check up your 
j work. 
9. In i he habits of making a 
numerical problems, form the 
Preliminary erate to serve as 4 rough check up on your 
answer. 


d formulae as whole 


ding is helpful. 


about figures. Write in 
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30. Correlate and compare exercises in algebra with similar exer- 
cies in geometry and arithmetic. 


31. Lay special stress on the application of rules and formulae, 


in order to fix them permanently in your mind. 


32. Draw diagrams and sketches wherever possible. They often 
help in understanding and solving problems. 

33. Do not have books open or a pencil in hand while listening 

to a discussion in class. Pay it undivided attention. 


PRINCIPLES OF MEANINGFUL LEARNING IN MATHEMATICS 
MEANINGFUL LEARNING 


Before we try to understand the concept of meaningful learning, 
it will be better here to know once again what learning stands for. 
The definition given by R.S. Woodworth appears befitting, which runs 
as “An activity may be called learning in so far it develops the 
individual in any way good or bad and makes his environment and 
experiences different from what it would otherwise have been.” 

Learning can produce both good and bad developments in the 
learner. But the learner, his guardians, his teachers and the society 
in general want the process of learning to lead to good results and 
healthy outcomes. That learning is to be avoided, curbed or replaced 
which is likely to prove harmful in any way. Not only informal 
learning, but even formal learning can be injurious to the learner and 
his well wishers in some way. The schools and the teachers have to be 
cautious in this respect. Child comes to school for 


better experiences, 
where the situation should not be worse for him. Every activity of 
the process of learning should be governed by certain aims and 
objectives. There cannot be any thing of wasteful, useless, aimless or 
meaningless nature. 


Meaningful learning is therefore that learning which is oriented 
towards good experiences and Outcomes. In it there is no place for 
meaningless and harmful experiences. It must ensure positive results. 
It is constructive, productive, purposeful and Progressive in nature. 

Meaningful learning in mathematics 


i can consist of the mathemati- 
experiences of the following type : 
1. Which are hel 


cal 


ful in mental, emoti ial de F 
Mi pi » emotional and social develop 
2. Which have utilitarian, practical and behavioural values. 
3. Which are useful in lea: 


ning hi f 
the subject. roing higher and advanced aspects © 
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å. Which are helpful in the proper learning of other subjects 
and activities of the curriculum. 


5. Which stimulate and maintain interest in the subject. 


6. Which lead to the development of proper attitude towards the 
subject. 


PRINCIPLES OF MEANINGFUL LEARNING 


_ There are many principles of meaningful learning in general and 
in mathematics in particular which are being discussed here : 


1. INTEREST AND ATTENTION 


Iu order to make learning in the subject meaningful, it is necessary 
that the students are motivated before they are made to learn any- 
thing. A strong interest should be aroused and whole-hearted 
attention to the extent of concentration should be secured. 


2. DBFINITE AIM 


The aim and objective of every topic, sub-topic or lesson should 


be made definite and clear before them. 


3. PRINCIPLE OF UTILITY 


The aim of every topic Or sub-topic can be made more definite if 
its utility in child’s present oF future life is thoroughly explained. 

they come to realise in the very beginning that the material to be 
learnt will find wide applications, then their learning will be need- 


based and hence meaningful. 


4, IMPORTANCE OF LEARNING ACT IVITIES 


d look important, significant, relevant, 


ig activity shoul 
The learnig aoia This will further ensure 


life-oriented, and stimulating to the learners. 
meaningful learning among them. 


§ MOTIVATION 


The interest as principle has been stressed earlier. Motivation $ 
the basic activity for creating interest. Various means such as aids, 
relationships, historical references, anecdotes, possible applications, 


games can be adopted to provide motivation. 
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6. PROPER ATTITUDE 


i i isti -solvi hich are 
There are attitude like heuristic and problem-solving w 
basic to meaningful learning. When such attitudes are developed 
from the very beginning the students enjoy learning mathematics. To 
them mathematics would never appear dull or dreary. 


7. PROPER METHODS 


Ali other principles of meaningful learning will be defeated if the 

_ teacher faiis to adopt befitting methods of teaching and the students 
on their part fail to adopt suitable methods of learning. Itis obvious 
that methods like heuristic, analytic, induction and problems are 
recommended to the teacher and those like self-effort, understanding, 


intelligent practice, and problem-solving are recommended approaches 
for the learner, 


8. CORRELATION 


When correlation of mathema: 
Sciences, and activities is stressed 
Meaningfulness of his learning. 


9; 


tical knowledge with life, other 
„the learner can appreciate the 


PROPER USE OF MENTAL PACULTIES 


It pays to exercise the thinking and Teasoning powers of the 


learner as against the cramming, memorisation and retention abilities, 
The learning becomes meaningful if it is saved from mechanical pro- 
cess and blind cramming. 


10. LAW OF EXERCISE 


In the learning of mathematics there is need fo: 
sistent practice. The student shoul 
self-confidence. Thus his learning 
ful for him. 


T regular and per- 
d never lose patience, hope and 
will become meaningful and fruit- 


MATHEMATICS CLUB 


nd societies, there is a genuine place for 


toadly speaking, it will be 
e patte j 
clubs or even co-curri icti e er er 


longer a vague idea, it h 
schools, T 


of a school, 
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Its Purposes 


1, 


2. 


It can provide a forum to those interested in mathematics for 
mathematical activities. 

The students get opportunities of mathematical hobbies, re- 
creational mathematics, mathematical projects, mathematical 
games, mathematical discussions and debates, and mathemati- 
cal innovations. 

The club will be a medium of developing students’ interest in 
the subject. 

Its activities will relate knowledge with activity and life. 

It will provide to the students an opportunity of listening to 
experts and teachers from outside. They can be invited 
through this agency to address the students on different 
topics. 

It initiates and develops mathematical expression among the 
students. 

It can be an agency for providing intra-school and inter- 
school mathematical competitions. 

It can organise excursions and visits of mathematical value. 


It can provide an opportunity of extra seading of mathematics 
and reading of general mathematical literature. 


Itcan bean agency to prepare and display mathematical 


illustrations. 
It can help in the decoration and equipment of t 
tics room or laboratory. 
It will be a medium of exchange of mathematical information, 
experiences, experiments, and innovations. 

It will provide to the students opportunities of organising 
various activities and thus develop their organising ability. 

It will provide to some the opportunity of leadership and to 
many the opportunities of cooperation, joint responsibility 
and active participation. 

It can arrange mathematical fil 
for its members. 


It can look after the 


magazine. 
It can cooperate with other societies in t 


functions. 


he mathema- 


m-strip shows and film shows 
mathematics section of the sckool 


he school for various 
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ORGANISATION OF THE CLUB 


head of the institution will be the patron and the senior tea- 
dea the subject will be its incharge. All other teachers of the 
subject will be staff advisers. Other subject teachers interested 
mathematics will be associate staff advisers. The students of the 
subject will be the members. If the number is very large, there can be 
two clubs—one for the senior students and the other for junior 


students. The members may elect the necessary office bearers from 
amongst themselves to discharge various specific duties. 


ACTIVITIES OF THE CLUB 


The list of functions in a way incorporates the activities of the 


club. Still for greater emphasis the activities may be enlisted here 
Separately ; 


1. Mathematical games, hobbies, projects, experiments, data 
collection, discussions and debates, and innovations. 


2. Lessons and lectures by prominent teachers from outside. 
3. Lectures by experts of allied subjects and professions. 
4, Organising mathematical competitions. 
5. Organising excursions and visits of mathematical value. 
6. Preparing mathematical aids and illustrations, 
7. Decorating and equipping mathematics room and laboratory. 
8. Organising general and extra reading in mathematics. 
9. Arranging mathematical shows, exhibitions, etc. 
10. Mathematical articles for the school magazine. 
11. Relating the teaching of mathematics with other subjects, life 
activities and environment. 
12. Looking after the interests of the subject. 
13. 


Collaboration with other 


t clubs and societies in the school 
functions. 


EXERCISES 


1. How will you create interest in the teachin 
in the existing conditions in schools ? 

2, What devices can Possibly be used to arouse the students 
interest in mathematics ? i 


g of mathematics 
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3. Mathematics is considered a dull and dreary subject. What 
SOPs wowid you take te countenust duis imoression 2 


4. The teacher of mathematics fas specia) Tep 
towards the use of certain ways and means to make ae 
teaching of his subject effective. Comment and elucidate. 


5. What do you understand by meaningful learning in mathema- 
tics and what are the various principles of meaningful learn- 
ing ? 

6. Enlist and discuss the purposes and activities of mathematics 
club in schools. 

7. How will you employ the medium of mathematics club for 
the benefit of students ? 


8. Write short notes on the following : 


(i) Need for a mathematics club in schools. 

(ii) Study suggestions for the students of mathematics. 
(iii) Principles of meaningful learning in mathematics.. 
(iv) Organisation of mathematics club in a school. 


CHAPTER TWELVE 


GIFTED STUDENTS AND BACKWARD STUDENTS 


GIFTED STUDENTS 


THESE ARE THE students with exceptionally high I.Q. They are a very 
sinall percentage in any normal population. There may be none such 
student in a school or there may be atthe most one or two such 
Students, even in a big school. How to do justice to a gifted student 
who is the only student of his calibre in a big section with fifty or 


more students ? This is a big question before the teachers and edu- 
cational administrator. 


The gifted students can be rightly called the cream of the popu- 
lation. They are the potential leaders for different walks of life. If 
given proper education and provided suitable opportunities, they can 
make significant contribution to the overall progress of the society. 
In a way, they are the real asset of any society. Their worth cannot 
be determined by any known means of measurement. Most of the 
future politicians, administrators, scholars, “discoverers, inventors, 
poets, builders, reformers, philosophers, Planners and teachers have 
to be drawn from them. The gifted is not a gift for himself alone, 

“he is a gift for the society as a whole. If given a chance, he is going 
to do something extraordinary and remarkable. If neglected, he will 
be a loss to himself no doubt but it will mount to a far greater loss to 
the society. Ordinary People generally spend their lives in ordinary 
ways, but the gifted ones devote themselves to higher tasks of break- 
ing new grounds, and leaving behind their footsteps for others, They 
are the stuff which is most Precious and which deserves special atten- 
tion in the matter of education. . 


LOCATING THE GIFTED 


Before we plan any programme of special education for them, it is 
necessary to search for them and to locate them in the vast se 


a of 
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student population. They are expected to be scattered all over in 
very small numbers. Preliminary search can be based on achieve- 
ment testing which is normal feature of the schools. Further confir- 
mation of the casescan be made by intelligence tests. There are 
some other prevalent schemes known as talent search programmes 
organised by NCERT and other agencies which can also help in locat- 
ing these cases. 


ENRICHMENT PROGRAMME FOR THE GIFTED 


After they have been located, the gifted students should preferably 
be collected at one central place in a district or a region. If they 
are left in ordinary schools among the companions mostly of average 
or below average calibre they will not be able to do their best. 
Among ordinary companions they will be at the top without much 
effort and will aot face any competition. Also in the class most 
of the students will be of average ability and the teacher will teach 
with that level of students in mind. Teacher’s teaching addressed 
to average students will not be of much interest or benefit to the 
gifted student. It will be better if they are collected at one place in 
an ideal school, brought into company and competition with classmates 
of their level and are placed under the care and charge of really 
competent teachers. Such like schools can also be made residential 
where all-round development of these students may be ensured. The 
Society or state can bear the expenses in the case of poor students of 
this type. The school meant for them can also be equipped adequa- 
tely to cater to their varied educational needs. A truly academic 
atmosphere can also be created. Apart from all this the following 
arrangements may be made to do full justice to them in the matter of 
educational opportunties. 

1. An enriched syllabus may be proposed for them to provide to 
them extensive and intensive education. ; . 

2. Really challenging, ingenuity demanding, initiative demanding 
and creativity-oriented tasks may be proposed for them. 

3. Their learning should not centre around the text-books but 
should be expanded beyond with the help of supplementary readers, 


Teference books and general literature. ; 
4. Their system of evaluation should also be more reliable and 


Sophisticated in order to remove from it chance factors and errors of 


various types. 
_ 5. They should 
library service. 
6. They should be taught 
analysis, project and discussion. f 
7. Their self study should be exerci 
Posing to them intelligent assignments. 


be provided with rich, efficient and prompt 
by the methods like heuristic, induction, 


sed to the maximum by pro- 
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el athemati- 
8. They should be largely left to themselves to solve mat 
cal ia and should be made to enjoy full self-confidence. 


i t be 
9. Mathematical problems proposed for them should no 
routine type or mechanical in nature. They do not need repeated 


problems of the same rype. Every problem meant for them should 
be a type in itself. 


10. They should be made to realise that mathematics offers a real 
challenge to their genius. 


11. They should be given opportunities of collection, tabulation 
and interpretation of mathematical data. 


12. In every possible way, they should be provided with quality 
education. 


. BACKWARD STUDENTS 


There may be two types of backwardness : 
(i) General backwardness, and 
(ii) Particular backwardness. 


GENERAL BACKWARDNESS 


This means all-round backwardness. It is almost inherited and is 
due to a low I.Q. which may be between 50-70. Wecan at the most 
raise it by 7 or 8 points. The removal of this backwardness is a joint 
responsibility of all the teachers in the school. Of course, the mathe- 
matics teacher will be required to Pay special attention in the case of 
his subject. If the case of the child is a hopeless one, it should be 
guided sympathetically to take to some manual type of vocation, 


PARTICULAR BACKWARDNESS 


This is the case, which is backward in ma 
The child is otherw 


e former is hopeful 
a hopeful sign. His 


Before adopting any means to remove 


the backwardness, the 
teacher must be clear about its causes which 


may be many. 
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CAUSES AND REMEDIES 


l. There may be som i 

evesielit li me physical cause, su 

or S ee fuer wbich sema trouble, headache 

concentra l l , Which does not allow t i 

The ae h studies. Mathematics needs special a En 

Gis, Tash some almost all these causes lies with the doctor or physi- 

Gacker Tice t of physical exercise may also help the child. The 

aRtert or hy i er the child to the school doctor, some other medical 

has to try to so oo PTI according tothe nature of the case. He 

of serious ph m Fee all the possible remedies. If it is a case 

Patente ford ysical eficiency, the teacher should try to persuade the 
vet their ward admitted toa special institution for the 


hysi P 
Physically handicapped children of that type. 
e mental causes. These 


Sete Leasing: may be due to som! 
iO.. piece AA e inborn and environmental. The child may have low 
mental ae ge ailment, mental dissatisfaction, domestic problem, 
interest in ict, sense of insecurity, inferiority complex, lack of 
cake oF ai mathematics or a dominant interest in something else. A 

simple mental problem can be tackled with some chances of 


succ > ; 
ess by the teacher. But complicated cases will have to be 
ra psychoanalysts for thorough 


a 

iena on to a psychologist © 

preparedı and treatment. An _ attitude of love and sympathy and 
edness to help the children on the part of the teacher will 


alw: E 
ays be helpful in the treatment of such cases. 
be another cause. This distaste 


Say eich distaste for the subject may 3 
ither be natural or acquired. Ifit is inborn, the teacher's 
quired one, it may be mostly 


eff 

orts may go waste. But if it is an ac : n¢ 
If he fails to develop a feeling of | attachment 
f, the only outcome is the child’s distaste 


for " : 
the subject. Heaviness of the syllabus,, toughness of the subject 
so tend to this distaste. A 


a . 
gena eae of its problems al produce / 
Patie ne taste for the subject will be developed through the teacher's 
A Fees and persistence. H in a hurry to pronounce 
him e as hopeless and backward. If by chance a child fails to satisfy 
allo once, the teacher should not get disappointed. He should never 

w the idea ‘once backward always backward’ to enter his mind. 

ps some doubts about the funda- 
inder his progress 


4. Sometimes the child develo 
these doubts hind i 
le teaching these 


m 
iatan of the subject, an 
Oughout. The teacher should be very careful whi 
t hesitate to explain them over and over 
ing of these fundamentals 


u 
ama mentals. He should no 
can nu required. Only a clear un ! € 
uild a sound foundation for mathematical learning. 
distaste and backward- 


5. Influ 1 

ness, S ence of the home may a a e t 
» some i i ally provide negative suggestions to 
oe eS a a the habit of saying that they 


thei = 
eir children, Some of them are 1? 
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never liked mathematics or they never wanted to study it, or were 
never able to pass in it or that 
tradition of their family, Even 


child’s attainment in the subject. 
this adverse effect and their duty in this matter. 


ehaviour may also be one of the 

» some of the clever and mischievous 

students may get undue advantage of itand may become backward 

and non-seriousness. If he is very 

strict and gives heavy punishment unsparingly, some of the feeble- 

minded students may get disheartened and discouraged. They may 

Start disliking the teacher and consequently the subject. The teacher 
should never forget that his behaviour is very important. 


7. The change of school or even the change of teacher may not 
suit some of the students, Whenever the change of school is unavoid- 
able, the parents and the teachers have to remain on guard till the 
child’s complete adjustment with the change. Changing the teacher 
in the middle of a session should be avoided as far as possible. 


8. The subject teacher’s bad reputation in the school and neigh- 
bourhood may also affect some of the students adversely. The teacher 


must earn respect and reputation. He should be a source of inspira- 
tion to his students in every respect. He should carefully maintain his 
Scholarship and character. 


f 1 apathy towards the teacher's most 
favourite method of teaching may result in their backwardness. The 
teacher should not always stick to the same method. Students like 
newness and novelty’. The t 
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The facility of extra coaching for some time should be provided to 
such students so that they can fillup their gaps and catch up with 
other students of the class. Such temporarily backward students 
should not be leftto themselves. If need be, extra classes may be 
arranged for them. The provision of extra classes made in most of 
the schools near the examination, enables many backward students to 


get through. 


13. Defective hand at writing and geometrical constructions may 

be the cause of unsatisfactory performance in certain cases. Their 

weakness does not therefore pertain to mathematics. The cooperation 

of language teachers may be sought in their case. The teacher should 

make it a point to insist on neatness of hand and construction in such 
S, 


EXERCISES 


1. How will you discover gifted students in mathematics, and 
what will you do to help such cases ? 

2. What are the possible remedies to remove a student’s back- 
wardness in mathematics ? 

3. What are the main causes of backwardness in mathematics ? 
What are the corresponding effective remedies ? 

4. Backwardness in mathematics is not always due to the low 
1.Q. of a student. Comment and discuss. 

5. How will you discover particular backwardness in mathe- 
matics, and what will you do to pull up such cases ? 

6. Describe and discuss enrichment programme in mathematics 
for gifted students. 

7. Write short notes on the following : 
(i) Gifted student is at a loss in ordinary classes. 
(ii) Need for special attention to gifted students. 


CHAPTER THIRTEEN 


TECHNIQUES OF TEACHING 


THERE ARE A number of techniques which can be effectively used tor 
the teaching of mathematics. Some of them are : oral work, oy work, 
home work, assignments, self-study, group work, review and super- 
vised study. They are being discussed here. 


ORAL WORK 


What is oral work ? It is the work 
help of written work and record. It can be defined as mental work, 
wherein a problem is solved orally or mentally, without the use of pen 


and paper. Asa matter of fact, much of mathematical work has to 
be done mentally and many tables have to be learnt by heart. It 
precedes written work. Of course, when calculations become more 
complicated and heavy, writing is used as an aid. As mind cannot 
carry out those calculations orally, written work becomes indispens- 
able. But in all respects oral work is the backbone of not only 
written work, but also overall performance in the subject. 


which is done orally without the 


FUNCTIONS OF ORAL WORK 


1. It has an appeal for the eye and ear, and this appeal is liked 
by students. 

2. With the help of oral work, some time can Possibly be saved. 

3. It is very suitable for securing attention of students and for 
making them concentrate. A few oral questions can make them alert 
and active. 


4. It is useful in everyday life, because in actual life pen and 
Paper are often not available and one has to do certain calculations 
mentally. 


5. It helps in elucidation and illustration. The same idea can be 
effectively illustrated through a sufficient number of oral examples or 
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questions presented in quick succession without much less of time. 

6. It removes shyness of pupils through oral expression. 

7. It quickens wit and sharpens intelligence. 

8. It is a good mental exercise, because it develops alertness, 
readiness of mind, quick hearing and quick thinking. 

9. It is an effective means of maintaining discipline. 

10. Briskness in oral work is stimulating for the students. 

11. In case of an error, it helps in its mental cancellation. 

12. Itis interesting and effective especially in the initial stages 
of every topic. 

13. It is an easy way of testing previous knowledge. 

14. It helps in connecting the introduction of a new topic with 
the previous knowledge of the students. 

15. Oral questions enable the teacher to judge whether the 
students are following the lesson or not. 

16. Recapitulation and revision can also be done by well-framed 
oral questions. 

_ 17, The teacher can throughout remain in touch with the class 

with the help of oral questions. 

18. It provides variety in the otherwise monotonous routine of 
the class-reom. 

19. If properly used, it can provide motivation. 

20. It develops accuracy, exactness and precision. 


21. It encourages healthy competition. 
22. It builds strong foundation for later written work. 


Its Place 


It should be crystal clear from the above mentioned func- 
tions or values of oral work, thet it hasan appeal for the eye 
and the ear of the child. This appeai has greater value than insi,- 
tence on written work inthe very beginning. Oral work gives’® 
good start to every topic. All new processes and methods should be 
introduced, and fixed in the child’s mind, orally. Any individual 
difficulties can be effectively removed by oral work. In certain cases, 
where repetition is necessary, oral work takes the form of oral drill. 
tion of tables is often 4 source of enjoy- 


Oral recitation or oral repeti h 
ment to students. Oral mastery of every new idee by students must 
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be the teacher's first concern. Every new concept must be given a 
sufficient oral drill. Oral work is the mainstay of every lesson. 


WRITTEN WORK, ITS COUNTERPART 


Oral work can only give a start, and new concepts have to be 
ensured and ascertained by putting themin black and white. ora 
work must be supplemented by written work. Oral discussions an 
mental images are not always enough and cannot possibly be 
retained for long. Mental work has therefore to be combined with 
written work. Oral work has to supplement written work and not to 
supplant it, because efficiency in written work is the ultimate aim. 
Oral work must contribute to success in written work. Over- 
emphasis on oral work will also bea harmful attitude. As a Hapit 
forming measure, both oral and written work should be include in 
every lesson. In certain cases, some students may not gain substan 
tially from oral work alone; their interests will be served if oral wor 
is followed by written work. Written work is, in a way menta 
confirmation of information acquired orally. Itis an extension of 
oral work. It affects accuracy and precision more effectively. Ii 
has got its own place and utility. Whereas oral work forms the 
beginning, written work forms the end in the learning of a new 
process. The saying, “Reading makes a full man, conference a 
teady man, and writing an exact man,” is to some extent applicable 
to the teaching of mathematics also. The teacher may adopt a flexible 
division of time to provide for different phases of work, namely : 


Ora! fundamentals. 
Written fundamentals. 
Oral problems. 
Written problems. 


Pe oe 


In no case should oral work be divorced from written work and 
vice-versa. They are companions. They work best in combination 
and partnership. 


DRILL WORK 


DRILL AND Irs NEED 


There are four chief devices of fixing an impression on the minds 
of pupils— drill, review, asking questions, and describing outstanding 
problems still to be solved, 


Drill is one of the n 
schools. Itis a serio 
improvement. 


nost widely used dev 
| us activity—it 
One cannot expect to 


ices and practices in our 
provides opportunity of self- 
achieve speed and accuracy in 
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solving mathematical problems without it. The basic facts and 
operations of mathematics have to be memorised through sufficient 
drill, but there should be no mechanical cramming. Practice should 
be done with understanding and with a clear idea of the objectives 
and goals. 


How To MOTIVATE DRILL 


A spirit of play should be introduced in order to make the process 
of memorisation less tiresome. This can be achieved by making use 
of number games, flash cards, self-direction material and application 
of ideas in various situations at home and school. It should often be 


indirect and disguised. 


A Few PRINCIPLES UNDERLYING EFFECTIVE DRILL 


1. Moderate initial practice and systematic review are superior 
to overlearning. 

2. The material to be memorised or drill upon should be 
meaningful. 

3. Drill exercises should be short and distributed over a period 
of time. 

4. Much of the drill work should be individualised. 

Make success in drill possible and let the students feel it. 

6. Drill should be varied; it should be given in various forms, 
otherwise it will become monotonous. 

7. Drill should be properly and sufficiently motivated; and once 
initiated, it should be well-organised. 

8. Drill assignments should not be made tasks; the students 
should be enabled to take pleasure in them. 

9. The achievement of the learner in drill should be frequently 
tested. 

10. It would be beneficial to introduce the elements of play, 
competition and group work in drill. 


_ Effective drill, not only develops knowledge and skills, but also 
isa means of maintaining good habits when they have been once 
established. It is always intelligent and purposeful; it is economical 
of time, whereas unintelligent drill is wasteful and purposeless. 


HOME WORK 


bá 


Irs NEED 
School time is insufficient to exhaust everything provided in the 
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curriculum of mathematics. Homework has to be given regularly 
to provide for application and practice and to supplement class-room 
teaching. It becomes all the more important and necessary in view 
of the heavy load of work as compared to the time available. 


Some educationists are of the view that home work should not 
be given to the students. They feel that if the school time is used 
sincerely and efficiently, homework does not remain necessary. Under 
normal conditions of work, the child doesa good amount of work 
during school hours. Giving homework means creating in the child 
school mania at home also. Others are of the view that five hours’ 
work at schoo] is insufficient and so it must be supplemented by 
some work at home. Itis not the homework that is objectionable, 
but its nature and amount which invite criticism. Some of the teach- 
ers have a mania for homework. They over-burden the students 
with it. It may even affect adversely the health of the students. 
In quite a few homes, the conditions may not be congenial for the 
child to do the homework. Itis educationally unsound to load the 
young child, with homework, especially when he loves to play and 
enjoy the time rather than to do serious work of calculations and 
solving sums. Heavy homework snatches the leisure-time pleasure 
of the young child. A large amount of homework may create a 
distaste for school in the child. The constant anxiety of doing home- 
work may adversely affect the progress of the studies. It may lead 


to a disgustful reaction towards the subject which may be transferred 
onwards to the teacher. 


But the importance and need of homework cannot be minimised, 


if itis of a right nature, It utilises the leisure time of the children 
which otherwise would have been wasted. It may establish the habit 
of working hard and that too regularly. It supplements and confirms 


class-room work and is a practical means to cover comfortabl 

à the 
lengthy and heayy syllabi. It may serve asa link for maTbriectaealiee 
S operation; It provides to the child opportunity of independent 
work. 


How TO MAKE IT MORE USERUL 


1. It should be well graded. Its nature and amou 
. . . a at 
determined by the individual’s capacity and PE eit cae 
by the whims of the teacher. It should be individualised as 
Possible. 
2. It should not be considered asa sort 


3. It should not be 
mind. 


4. Home conditions of the 


Hom I individual childr 
in mind, while determining quantum of accept acca 


of punishment. 
given by the teacher in a disturbed state of 
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5. Homework time-table should be prepared ia advance. Each 
subject must get its due share of homework. Total amount 
of work allotted on a particular day should not exceed 
reasonable limits. 


6. Homework should be duly checked and corrected. If it is 
not checked, the students may fall into the bad habit of 
evading it or copying it. 


7. It may not necessarily be of academic nature. It may be of 
practical type. Hobbies connected with the subject, such as 
making a model, collecting some data or solving a riddle, 
also come in this category. 


8. It should be assessed as a part of the over all assessment of a 
student. 


In the end, it is suggested that homework should appear enjoy- 
able, useful and attractive. It should suit the individual speed and 
interests, It should be intelligently planned and selectively 
assigned. 


Correction or Home WORK 


As hinted above, checking and correction of homework is absolute- 
ly essential. It is expected to be a routine activity with every 
teacher. If it remains unchecked, it does not fulfill its purpose. 

lowever, regular checking of homework is not an easy job. 

Thorough and regular checking is almost impossible, especially when 
a teacher is concerned with four or five different sections of students 
every day. In order to do some justice to this aspect of his job, he 
May have sample checking every day and thorough checking once in 
awhile. He may also take the help of monitor and other brilliant 
Students to do this duty on his behalf. Surprise checking may be 
another alternative. He may also introduce cross checking or check- 
ing by or checking exchange. 


ASSIGNMENT 


Assignment is a work allotment. It is the work assigned to the 
Student. It may be done by the student at home or at school. There 
May bea pre-lesson or a post-lesson assignment. Assignment is a 
Sort of undertaking or commitment on the part of the learner. He 
undertakes upon himself the responsibility of carrying out the work 
assigned. It may consist of solving a few mathematical problems, 
Understanding a proposition or a group of propositions, solving riders 

ased on a proposition, making many constructions of the same type, 
Preparing illustrations for a topic, collecting mathematical data from 
€ environment or literature, finding out applications of matheniatical 
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i istori f a mathematical - 
knowledge, tracing cut historical background o l 
concept, fomsistis problem on a topic, carrying out a mathematical 
project, elucidation of an intricate mathematical concept, etc. 
Assignment is a sort of self study which supplements class teach- 


ing. In the Dalton Plan, teaching is wholly based on the assigament 
system. 


GUIDELINES FOR PREPARING THE ASSIGNMENT 


1. Mere dictation of quertions or problems is not an assignment. 
The tea 


cher has to suggest alongwith it the book to be consulted and 
the references to be studied. Elaborate hints have to be given for 
the successful completion of the assignment. 


2. The assignment should preferably arise out of the activities, 
needs and interests of the pupils. 


3. It must motivate, clear up doubts or misunderstandings, and 
develop insight. 


.. 4. The task of assignment should be clear and to the point. zs 
'S not possible to achieve desired results by indefinite, wide-of-the 
mark, vague and lengthy assignments. 


5. The assignment should be a cooperative activity in which the 
teacher and the pupils take an effective part. 


6. Weekly assignments are preferable to daily or monthly ones. 


CHARACTERISTICS OF ASSIGNMENT 


Briefly speaking, the assignment must Possess the following 
characteristics : 

(a) Correlation with previous knowle 

(b) Clarity and definiteness; 

(c) Removal of the pupil’s difficulties; 

(d) Stimulating and directing the learning activity; 

(e) Recognition of individual differences, 


dge and experiences; 


and 


PREPARATION AND EXECUTION OF THE ASSIGNMENT 


Before preparing its written form the teacher must discuss and 
explain the work to be done. The assigament should be well timed 
so that it caters to the need of additional or supplementary work to 
be done by the students, The length of the assignments should be 


adjusted to the age and grade level of the pupi i 
K to the | Pils. The teacher may 
either write it ont ate it or it may be given in 


he blackboard, or dict 
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the form of a cyclostyled or typed sheet. The hints, if any, should be 
given in a comprehensive way. It should not be allotted to the 
students as an unexpected and un-wanted burden. Assignment is to 
be considered as an undertaking for cooperative thinking and action. 
It has to be ensured that the students have accepted the activity. 
The difficulties must be anticipated and provision made for their 
Temoval. There should be advance-planning for the material and 
the literature to be used. While the assignment is being carried out, 
there should be proper supervision. The work should be checked, 
Corrected and evaluated in the end. Suggestions may be offered for 
improvement. The assignment may be repeated after an interval, «if 
Itis found below the mark. A record of accomplished assignments 
by every student may kept in order to judge individual progress. 


The students may keep their completed assignments for future refe- 
rence. 


The giving and execution of an assignment may require a judici- 
Ous choice of the source material, such as reference books, charts, 
Pictures, maps and other illustrative aids. The teacher must famili- 
arise himself with all the available teaching-learning material relevant 
to the assignment and thus direct his students accordingly. Reference 

Ooks, encyclopaedias, good text-books, and other materials are 
always useful in stimulating and directing the students’ assignment 
activity and independent study. A skillful use of source material 
always creates interest, defines the assignment work in hand, encour- 
ages self study, prevents failure and leads to success, 


Success OF AN ASSIGNMENT 


“The success and effectiveness of assignment depends upon the 
amount of independent work done by the pupils.” 


SELF STUDY 


Self study is individual’s own independent study. It happens when 
the individual studies and learns by himself. He coaches himself. 
€ attempts and solves every problem without any outside help. 
Self Study is a habit with the responsible and conscientious student. 
€ waits for none to help or guide him. He is his own helper and 
guide, It is in every body’s interest to depend upon self study. 
Ultimately every student whether brilliant or otherwise has to prepare 
or his examination by self study. He has understood things in the 
class, applied them under the teacher's supervision and discussed with 
any available helper in the home but when it comes to ultimate pre- 
Paration and comprehension, it is better that he works all along. That 
is the stage when the student does not want any interference in his 
Own work and wants to be left to himself. But self study is not to 
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be employed only at the end, it should be a daily method for the 
learner throughout his education. Self study is the golden tule for 
self education. It need not remain confined to the limits of class- 
room work and the boundaries of the syllabus. 


Self study can be made more systematic by giving regular nome- 
work, or assignments. It can also benefit by using various projects 
to be accomplished by the students as independently as possible. 
Library period is provided in the time-table in some schools with the 
purpose of giving them an opportunity of self study. Preparation for 
certain discussions, debates, declamations, symposia and other acade- 
mic competitions would also require self study on the part of the 
students. 


In mathematics, self study is essential to ensure regular progress. 
The work cannot be completed by the students without doing a major 
part of it as homework. The efficiency in solving problems is oo 
developed by the students own experience of solving them. ne 
problem solved by self effort is worth more than ten prob lems 
solved by outside help. The experience of constructing figures if 
also to be obtained by the student by his own hands. The proofs o 
the propositions and more so of the riders have to be developed 
by the students largely by their own thinking and reasoning. 


The following points may be kept in view to make self study more 
effective : 


I, The habit of self study should be introduced and settled as 
early as possible in the young students. 


2. The students should be made to understand that independent 
self study is most rewarding of all studies, It is the only 
method which will pay in long run. 


3. Let the child work and learn by himself as far possible. The 


teacher should withhold his own self in order to allow the 
child’s self to develop and grow by his self effort. 


4. Some interesting problems be always presented to the students 
which may urge them to study and acquire information on 
their own. 


5. The students should be intelligently directed to the sources of 
his self study. These sources should be of wider implications 
than the ordinary text-books. 


6. They should also be guided to form the habit of note-taking 


in independent self study. They should also learn to make 4 
note of their difficulties. 


7. They may be advised to keep a record of the independent 
work done by them. 
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8. In case a student fails to show any output in his self study, 
the causes may be worked out He may be allowed to work 
with a more pushing partner. 


9. The cooperation of the home should be obtained to ensure 
regularity and progress by a student in his self study. 


10. The work accomplished by the student in self study should be 
checked, corrected and evaluated by the teacher. 


GROUP WORK 


Group work is a via media between class teaching and the indivi- 
dual’s independent work. Since individual methods of work are 
almost an impossibility under the circumstances and class teaching 

Ces not fulfil the purposes of modern education, we have to strike a 
via media in the form of group work. Group work aims at securing 
the advantages of individualised instruction retaining at the same 
time the economic and socially advantageous way of teaching the 
Students together. The class is a very large and unmanageable group 
Whereas the group formed in this case will be small and manageable. 

he class is a heterogeneous group and suffers from sharp individual 
differences, whereas the group as such will be more homogeneous, In 
8roup-formation, the class is divided into smaller groups according to 
abilities and interests of the pupils. The unit becomes smaller and 
SO greater individual attention can be paid. Over-individualism is also 
avoided. Children work under group feeling and there is more of 
Cooperation, homogeneity and healthy competition. 


In mathematics, there is ample scope of group work. In early 
stages, oral drill is conducted generally in groups. The mathematical 
ables are recited by the students in groups. The students may 
Voluntarily engage in group work for doing their homework. They 
Pool their resources and thus complete the assignment jointly which 
None of them may be capable to do single-handed. 


In case a teacher teaches by activities, projects, assignment or 
Practical work, the students find many opportunities of group work. 
€ collection of some mathematical data from the field may also 
Necessitate joint effort on the part of a group of students. Similarly 
Visit to a place for having some mathematical benefit will be fruitful 
Only if a number of students join to study different mathematical 
aspects of the institution or place visited. Preparation of a mathe- 
matical model or some other mathematical instrument or material will 
SO require a group of students to work in cooperation. If the 
Me atics room is to be decorated and equipped for the subject, it 
be a group work for the students. 


The teacher should keep in mind the following points while using 
Stoup work as a technique : 
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1. Group should be homogeneous as far as possible in the 
matter of intelligence and level of achievement. 


2. The leaders, monitors, or dominating type students should 
not be allowed to monopolise the group work. Every member 
must get the due share of the activity. 


3. The purpose of group work should be adequately clear to 


every member in order to ensure equal responsibility and 
effort. 


4. The group should not be of unwieldy in size. The number 
of its members should commensurate with the work in hand. 
There should not be any rigidity about the membership of 4 
group. The allotment of students to different groups should 
be a flexible affairs. 


5. It does not imply that competition accompanies every group 
work. This role of competition need not be stretched too 
far. Group work should generate spirit of cooperation more 
than the spirit of competition. 


6. The best age in which group can be most profitable is the 
gang-age from eight to twelve years. 


REVIEW 


This is one of the important and effective fixing devices. It is the 
mental process of ‘going over’ the material already learnt. Itis to 
view again, or to repeatthe work. The previous experiences ate 
recalled for better memory and retention. It is meant for better 
understanding and command. It comes after initial learning. While 
drill is the repetition in original form of facts or skills already acquit- 
ed, review is an intelligent and thoughtful repetition which introduc- 
es new elements and reorganisation of thought. The review recalls 
and renews and establishes new relationships. While drillis only 4 
rehearsal, review is a reconstruction. It is the process of reworking 
of the learnt material. It is broader and more inclusive as compare 
to the drill. It involves not only reviewing, but also re-thinking, 
re-grouping, re-construction, re-arrangement and re-understanding.- 
takes place under the active supervision and guidance of the teacher. 


PuRPOSES OF REVIEW 


It is employed for making up deficiencies and mastering of facts 
and skills, especially on the eve of examination. It enables the stu- 
dents to see the whole subject-matter in a new perspective. 
subject-matter is initially taught in small units. The review unites these 
units into one. Sometimes an aiready acquired detailed explanation 
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has to be converted into a good summary and review becomes 
a necessity here. The figurative, graphical and pictorial way of re- 
view may be effective. When the data is arranged in charts, graphs 
and tables etc., there takes place a good deal of reflective thinking. 

„organisation of the learnt matter may take place through oral 
discussion, summarisation, marginal notes, parapharasing, making 
graphs or maps, underlining important information, preparing a 
memorandum or scrap note-book etc. Where drill is likely to be 
a dull and mechanica! repetition the review will remain interesing 
and thought provoking. In order to minimise forgetting of the acqui- 
red knowledge, a systematic and periodical review is often necessary. 


CARRYING our Reviews 


The review should not be used as an escape, when the teacher is 
unprepared with his day's lesson. It is not meant for keeping the 
Students busy in such cases. Rather the occasion should be used to 
introduce new and interesting experiences ina varying manner. In 
Continuation of the original work done by them on the problem, the 
Students may be required during the review to prepare a summary, 
a report or outline of the work done, or a pictorial presentation. 


SUGGESTIONS FOR THE SUCCESS OF REVIFW 


l. Review is not just a repetition. It must involve new learn- 
ing. 
2. Review should provide a new organisation to the previous 


knowledge. It should bring about unity, coherence and con- 
tinuity in the various units. 


3. Review should focus on the main points rather than on the 
details. 


4. Review should be focused on the points of weak assimilation 
in order to ensure complete group and gap-free retention. 


5. Review may take the form of verification, checking or con- 
firmation on of the learnt material. 


6. Intelligent exercises or assigaments given at the end of the 
chapters may be used for the purpose of review. 


ue Graphical, pictorial, symbolic, etc., representation are very 
Suitable techniques for the purpose of review. 


ig Review is a part of the teaching process; it is a learning exercise 
A ading to better Teorganisation and retention. It must bestow new 
it wBhts to the learner. In the case of review of practical activities, 
must result into the perfection of skills. 
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SUPERVISED STUDY 


It is self study on the part of the students but in the presence and 
under the direct supervision of the teacher. It may be conducted in 
the regular periods or in case of residential school in after-school 
hours. It can also be carried out in the reading room of the library 
where a teacher may be put on duty to watch and guide the students. 
Supervised study is a well-known feature of public schools where the 
resident students are to assemble at one place at night to study under 
the supervision of a teacher/teachers. Supervised study creates @ 
formal and studious atmosphere for the self study of the students. It 
makes available on the spot help and guidance to the needy students. 
The teacher's presence makes the atmosphere more disciplined and 
congenial for hard work. The students are in the company of their 
classmates which makes mutual collaboration possible. It introduces 
regularity in work and ensures sustained progress. The mistakes of 
the students can be removed on the spot and their difficulties removed 
there and tren. Under the arrangement of supervised study, every 
student has to devote the prescribed time compulsorily for homework 
or self study. None can evade or avoid. This is a good device for 
the lazy and shirkers. 


In mathematics, the student can benefit a lot from supervised 
study. Evenif he is a day scholar, he may be required to study on 
for some time after the school hour for supervised study. This 
period may be utilised for disposing of the home work. Sometimes 
the students cannot do their homework at home because they do not 
get any time for it or they do not get any guidance for the purpose 
from the parents or from anybody else. During the long vacations 
also, if the students could be called to school for a few days for 
supervised study, they may finish the homework allotted to them an 
thus may be left with the remaining holidays for full enjoyment. 
the school provides some extra time for supervised study, the students 
may not have to carry away any burden of homework with them. 


The following hints may be kept in mind for effective supervised 
study : 


1, A congenial and comfortable atmosphere should be ensured 
in the place or room meant for it. 


2. The atmosphere should not be very rigid and formal. There 
should be more of freedom and facility for mutual exchange 
and collaboration. The seating plan should also be inform 
and suit the convenience of the students. 


3. The session for supervised study should not be too long- jt 
should become tiresome and exhausting. 


4. The teacher should actively supervise the students’ work ins 
tead of sitting passively in a corner. 
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5. If need be, more than one teachers may be deputed to super- 
vise the work of a batch of students in order to provide them 
help in all the various subjects and courses. 


6. The teacher can take the help of monitor or brilliant stu- 
dents to share the work of supervision with him. 

7. There should be a check on exemption or leave from revised 
study. 

8. Supervised study is no substitute of self study, it should 
supplement the latter. 


EXERCISES 


l. Write short notes on the following techniques with special 
reference to the teaching of mathematics: 


(i) Drill work. 
(ii) Oral work. 
(iii)’ Home work. 
(iv) Group work. 
2. What is the place and value of orai work in the teaching of 
mathematics ? 


3. What do you understand by review ? What is its place in the 
teaching of mathematics? How will you make review more effec- 
ive ? 


.. 4 How will you employ the technique of assignment ? How is 
it different from home work ? How will you combine the two to draw 
more advantage for the students. 

5. How is home work indispensable in the teaching of mathe- 
matics ? Give some hints to make it more effective as a technique ? 


6. How do you distinguish between self study and supervised 
study ? What should be done to make the best of both in mathe- 
matics ? 

7. Enlist and briefly discuss various techniques for the teaching 
Mathematics. How do they complement one another in the process 

teaching and learning ? 


CHAPTER FOURTEEN 


MATHEMATICS TEACHER 


AS IN THE case of other teachers, many things are expected of the 
teacher of mathematics. His obligations not only are confined to 
the class-room but extend in many other directions also. It must not 
be forgotten, however, that his first and foremost obligation is to 
teach his subject effectively. Teaching mathematics is a task which, 
if sincerely undertaken, will challenge the best efforts of the teacher. 


No teacher can do a thoroughly good job of teaching mathematics 
unless he is willing to make a careful analysis of his job and to be 
guided by that analysis in making his preparations and in conducting 
the work of the class. 


There are two equally important aspects of any true profession 
viz., significant knowledge and effective technique. One cannot be 
efficiently professional if there is any serious weakness in either of 
the two. 


The beginning teacher wil! need spend most of his time in improv- 
ing his knowledge of teaching field and his techniques of teach- 
ing, and becoming familiar with the traditions and administrative 
Policies of the school. 

Gradually, however, his responsibilities outside the class-room 
multiply. These semi-professional duties will assume an importance 
second only to that of his class-room work. It will be appropriate 


here to discuss the nature, purpose and successful performance of 
these multifarious responsibilities. 


THE RANGE OF TEACHER ACTIVITIES AND HIS PROFESSIONAL 
QUALITIES 


His qualities and activities may be classified as follows : 
1. Prerequisite qualifications. 
2. Professional training. 
3. Selective academic training. 
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Supervised practice teaching. 
In-service training. 
Professiona! activities. 
School activities. 
Mathematical organisations. 
Departmental duties. 
Administrative duties. 
Community activities. 


=Serru AKA 


— ee 


The scope of each of these activities varies considerably from 
school to school and community to community. But they are all 
significant and cali for serious consideration by the teacher. 


1. PREREQUISITE QUALIFICATIONS 


Mastery of the subject is an absolute essential for effective teach- 
ing. The teacher must possess a basic qualification in the subject. The 
level of his information should be much higher than that of the infor- 
mation he is expected to impart. Not only should he be the holder of 
a degree in the subject but his aptitude in the subject also must 
have been distinctly testified by his college teachers. 


His personal characteristics are no less important. These include 
general appearance, health, physical defects, voice, poise, ability, 
energy, enthusiasm, cooperation, sense of humour, sense of justice, 
and willingness to seek the facts. 


_ He should prepare himself professionally not only by a scholar- 
ship in mathematics, but by having cultural background courses in 
Other fields as weli, such as physical and biological sciences, social 
Studies, language, crafts etc. This general education will give the 
teacher a broader outiook and better perspective which are essential 
for an efficient discharge of his duties. i 

Successful teaching experience prior to professional! training is 
also a valuable asset. It will enable the person to acquire certain 
commendable characteristics such as promptness, adaptability, effici- 
ency, the knack of arousing and maintaining interest, adequate com- 
mand of instructional material and the ability to face the class with 
Confidence, 


2. PROFESSIONAL TRAINING 
Before going in for this training, he should make sure that he has 


enthusiastic interest in mathematics and in the profession he is going 
to adopt. 
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Many teaching failures in mathematics can be attributed primarily 
to a lack of understanding of the subject. Students soon become 
sceptical about the teacher’s ability. The teacher should know not 
only mathematics but also other subjects of the curriculum. It is 
essential for the purpose of correlation. 


He should possess a fair knowledge of the applications of mathe- 
matics. This is an extremely important factor in imparting to mathe- 
matics greater meaning and usefulness. 


- He should acquire a good knowledge of educational psychology 
to be familiar with the laws of learning. A knowledge of the various 
factors governing attention, interest, fatigue, perception, understand- 
ing etec., vitally affects his success in the class-room. 


_ A course in the “Principles and Philosophy of Teaching” is also 
important for it will reveal to him the over-all picture of the theory 
and practice of teaching. 


An elementary understanding of the history and the development 
of the educational system in the country is also necessary. Thus his 


mind will be oriented towards the present aims and purposes of edu- 
cation. 


As a part of his preparatory training he is usually required to 
observe frequently the class-room work of experienced teachers in the 
practising school. 


Teaching practice is also very important. It demonstrates the im- 
portant factors of able class-room management and effective teaching 
techniques, which include many items of professional training. This 
practice enables the trainee to acquire practical experience and also 
gain self-confidence which can come only from accomplishment. 
During this trial period the pupil teacher should have the advice and 
assistance of expert teachers in the subject concerned. 


3. SELECTIVE ACADEMIC TRAINING 


This is to be acquired through college education in the subject. It 
is, in a way, a prerequisite for becoming a mathematics teacher. He 
should-acquire a fair understanding of the broad field of mathe- 
matical analysis and reasoning. 


Recent trends in the applications of mathematics demand that a 
course in Mathematical Statistics and Probability be incorporated in 
teacher training. Statistics has numerous applications in education- 
al, economic, industrial, scientific, social and other problems. The 
would be teacher should have acquaintance with effective and reliable 


methods of collecting, organising, analysing and concluding about 
statistical data, 


To enable him to understand applications of geometry and 
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trignometry, courses in surveying and in the use of instruments 
including Mechanical Drawing are of considerable value. 


A course in Consumer Mathematics will also provide a useful pre- 
paration for the profession. 


He should first acquire a fair knowledge of the fields closely 
allied to mathematics and finally grasp all the useful techniques of 
teaching. 


. 


4. SUPERVISED PRACTICE OF TEACHING 


The importance of this part of training has already been empha- 
sised. It should be done under the direct supervision of experienced 
teachers. Its duration should be about one and a half months. The 
pupil teacher should get an opportunity of observing a few demon- 
Stration lessons by experienced teachers, and then he should be re- 
quired to teach classes on those lines. He should also give a few 
discussion lessons. These lessons should be minutely observed and 
thoroughly discussed by a group consisting of his class-fellows and a 
few experts. The chief aim should be to offer suggestions for the 
Improvement of student teaching. His lessons should be supervised 
and evaluated. Such evaluation shouid take into account aspects such 
as class preparation, teaching techniques, management and control, 
Personal and professional qualities and achievements. 


This practice teaching should truly mark the beginning of mature, 
oe and analytic thought in examining and solving teaching diff- 
culties, 


5.. IN-seRVICE TRAINING 


It has been introduced recently in the profession. Its value and 
effectiveness in continuing the training of teachers to a higher plane 
of efficiency and competence are commonly recognised. 

„The extension services departments attached to different teacher 
training institutions are organising it. Seminars and workshops are 
Occasionally arranged for the subject teacher, but much depends on 
the teacher’s desire to learn and improve. The teachers should bring 
their problems and difficulties for free and frank discussion on such 

| Occasions. They should utilise the library service of the extension 
Services departments. They should attend seminars and workshops 
with an open mind to learn. This is the training which should be 
availed of by them for keeping themselves up-to-date in respect of 
Subject-matter and teaching techniaues. 


6. PROFESSIONAL ACTIVITIES 


. Each teacher should make definite provisions for his own profes- 
Sonal growth and development. Many ways may be found for this 
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purpose. The teacher should study mathematical journals aed mod- 
ern books of professional iuterest. Any facilities of in-service train- 
in should be availed of. Schools of outstanding merit may be visited 
to investigate the quality and nature of the work done. _ The 
teacher may do professional research work and write professional 
articles or books for publication. 


The teacher may participate in providing for the programmes and 
discussions of professional organisations by becoming an office-bearer 
of an organisations or a committee member. He should at least join 
their deliberations and try to contribute his best views. 


7. SCHOOL ACTIVITIES 


The heads of the institutions are chiefly responsitle for the actual 
carrying out and development of these activities by which the pupils 
can be offered ihe best opportunities for intellectual and physical 
development. Their effective formulation and execution, however, 
require the cooperation of the incividual teachers. The teacher should 
enthusiastically participate in the following activities : 


(i) Faculty meetings. (i) Student projects for a special group oF 
class. (iii) School clubs, social events, school publications. 
(vi) Execursions and other cooperative activities. (v) Committees for 
special school activities. (vi) Programme for a more effective 
cooperation of the mathematics department with other depart- 
ments in school projects, educational fairs, tournaments, exhibitions, 
etc. 


8. MATHEMATICAL ORGANISATIONS 


Even a beginning in this field has not so far been raade. Every 
teacher at his place has to think seriously abovt it. Such an organi- 
sation is long overdue. The subject teachers should organise them- 
selves at district, zonal and state levels for mutual professional advan- 
tages. Such an organisation should provide a channel for exchange 
and sharing of experiences regarding different aspects of the teaching 
process. The objectives of these organisations should be academic 
and pedagogic rather than political. 


9. DEPARTMENTAL DUTIES 


For smooth functioning of a department each teacher must accept 
his share of responsibility. Similarly, the successful administrator 
has to secure active and willing cooperation of his staff through 
democratic procedure. A. few common departmental duties are given 
here: (i) Participation in departmental meetings and discussions. 
(ii) Selection of text-books. (iii) Acting as sponsor of the mathema- 
tics club. (iv) Organisation of course syllabuses. (v) Selection and 
ordering of library books and periodicals. (vi) Selection and 
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ordering of class-room equipment. (vii) Selection and ordering of Labo- 
ratory equipment. (viii) Preparation of departmental tests. (ix) Liai- 
son committee, especially for cooperation with other departments. 
(x) Organisation of exhibitions, contzsts and assembly programmes. 
(xi) Administration and scoring of standardised tests. (xii) Taking 
charge of a remedial class in mathematics. f 


Many other such duties demand teacher’s attention. These may 
be so distributed that a teacher usually need spend only two to three 
hours a week. Successful functioning of the mathematics department 
largely depends on successful discharge of these duties. 


10. ADMINISTRATIVE DUTIES 


Many administrative duties require the cooperation and assistance 
of the teachers. The average time to be devoted each day to them 
should not be more than a few minutes. 


The teacher has to keep records of attendance and tardiness of 
pupils. These records serve teaching as well as administrative purposes. 
The records of an individual student achievements have to be kept. 
Summarised results have to be periodically reported to the administra- 
tive officer. Similarly the deficiencies of individual students have to be 
reported. The teacher may have to serve on administrative commit- 
tees. He has to administer and score mental tests, and their results 
are to be used for diagnostic purposes and student adjustment pur- 
poses. He has to undertake guidance work. He has to select’ projects 
and help the students in executing them. Supervision of some of 


pie rooms, hall and grounds can be another administrative duty for 
im. 


11. Community ACTIVITIES 


In most communities, the schoo! is the centre of educational life 
for parents as well as children. 


Teachers should cooperate with parents to improve school and 
community relations and opportunities. There should be arranged 
meetings of social or civic groups, parents’ association and old stu- 
dents’ organisations. 


Teachers should explain to parents and visitors the facilities offer- 
ed by the school. 


Teachers usually organise and direct local fairs or celebrations, 
lectures, variety programmes and other activities which are of interest 
to the community. 


Teachers have to direct any service undertaken by their students 
for the uplift of the community. Teachers have often to work or 
direct work in an evening school for adults. They may be requested 


z 
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to help farmers in their business. Their advice may be sought by 
labour organisations. 


The teacher is not an individual but an institution in himself. His 
work is great and his responsibilities are many. He is to be service 
incarnate. 


EXERCISES 


1. What type of personality should a mathematics teacher deve- 
lop in himself ? Discuss and elucidate. j 


, 2. What are the qualities of a mathematics teacher ? What quali- 
ties should be possessed by him in addition to the common qualities 
of every teacher ? 


3. Enlist and explain the qualities and characteristics of a teacher 
of mathematics ? 


CHAPTER FIFTEEN 


MEASUREMENT AND EVALUATION 


THE EFFECTIVENESS OF instruction is usually determined by measuring 
achievements against objectives undertaken. An efficient programme 
of evaluation no longer comprises merely the effort to check the com- 
pleted process but rather in the continual appraisal of the student's 
Progress towards the attainment of pre-established aims. There is 
Probably no more accurate barometer of the fundamental philo- 
sophy of any curriculum than a careful analysis of its evaiuation pro- 
gramme. 


Purposes OF EVALUATION 


The main purposes of the evaluation programme may be listed as 
follows : " 


(i) ‘To help. provide more intelligent guidance in teaching and 
learning. 


(ii) To develop more effective curricula and educative experi- 
ences. 


(iii) To secure more intelligent and effective cooperation from 
parents and community. 


(iv) To provide an adequate and objective basis for reporting 
progress. 


The effective use of tests has now to form aa integral part of the 
system of education. The evaluation programme has to be thorough- 
ly comprehensive and balanced, and should not neglect any signi- 
ficant aspect of subject-matter. It must take into account all 
the important objectives that have been fixed. It has to integrats 
data of various types so that a composite picture of the individual 
18 obtained. 


Instruction is to be made life-centred, child-centred, activity-cen- 
tred and what not, whereas examination is being allowed to remain 
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mainly computation and cramming centred. It is wrong to empha- 
sise certain values at the instruction stage of the process of education, 
and to emphasise entirely different values at the evaluation stage of 
the same process. 


CRITERIA OF MEASURING TESTS 


Certain criteria have been formulated which govern the construc- 
tion, use and interpretation of ali tests. The success of an evalua- 
tion programme ultimately depends on the satisfaction of these 
criteria, The most important of these criteria are : 


(i) VALIDITY : It includes educational and statistical validity. i 
mathematics an achievement test designed for one level attain- 
ment is not usually meant for effective measurement at an- 
other level. Nor does a test designed to measure mechanical 
computational ability prove valid for measuring originality of 
ability to reason. 


To be valid, a test should be worthwhile. It should mea- 
sute abilities or traits for which it is intended. Similarly it 
should be valid for 2 given group of pupils. 


Gi) ReLiaBiuity : It is determined by the consistency with which 
it measures that which it does measure. The behaviour of 
the examiner, the mental and physical condition of the stu- 
dent, and the conditions under which the test is given have 4 
great influence upon the reliability of the result of any test. 
The ambiguity in the directions indicated in the test, lack 
of clearness in statement of questions, inadequate sampling 
of the matter to be tested, inefficient methods of scoring, and 
erroneous interpretations of test results also bring unrelia~ 
bility in a test. The more subjective the test is, the less reliable 
it is likely to be. To be highly reliable a test must be objec- 
tive. The questions should be so stated that the answer tO 


each one is definite and its correctness be not subject to pet 
sonal opinion. 


The validity and reliability of a test depend largely upon 
its statistical accuracy. The results of two or more tests 19 
tended to measure the same characteristics shouid exhibit 4 
high degree of positive correlation. 


(iii) ADMINISTRABILITY : It should be economicai of the teacher’s 
time, The amount of time required for the construction 
administration and scoring of a test should not be excessive. 
The directions accompanying a test should be very clear 
and concise. Answer-keys for scoring should also be supplied. 


(iv) STUDENT CONSCIOUSNESS : A test should not aim at confusing 
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or i 

a pozelis the student. Reasonable tasks should be set for 

E oon h of nme, In test items designed to measure 
ding of a principle or ability to apply a principl 

computation should be minimised. á pe PRAE 


(v) motiv 
n FOR THE STUDENT : It should stimulate the best, 
courage efforts of the student. The questions should dis- 
shout ‘pitts an bluffing. The use of “catch” questions 
however Tr Occasional use of such questions night, 
Phelan fpr justified from the point of view of stimulation of 
ment. It romp A test never be used as a means of punish- 
dent “th > ould always tend to create in the mind of the stu- 
create j e attitude of further study and effort. It should help 
e interest in the subject. 


(vi) um 
) en : It is determined dire 
helpful, For teaching purposes, 
Sears 4 and useful in deciding act 
the “ eficiencies in achievement should be taken to indicate 
ar Pig eta of remedial teaching either for the entire class 
died Ae eosin students. Minor deficiencies may be reme- 
may Pr direct pupil effort. The analysis of the test results 
ed ite So determine whether the teaching techniques” employ- 
hel € proving efficient for present purposes., This in turn 
Ps to adjust standards and methods of teaching. 


ctly by the service which it 
the results of a test are very 
the further line of action. 


PROGNOSIS AND DIAGNOSIS 


Pr 
hin oR k 
ro : 

Succeed potic tests are given to predict whether a student is likely to 
Tho’ Tese a particular field of work or not. In many aspects they 
wa? are male aptitude tests and certain types of intelligence, tests. 

ork habi helpful in the enquiry into students’ interests, aptitudes, 

its, and study skills. 


IAGN 
OST 
Th S AND REMEDIAL TEACHING 
S i ` . . 
Partic “ie of diagnosis is to analyse the difficulties of a student in & 
fea rnin Phase of work. The aim is to reveal reliable information 
a action his weaknesses in order to overcome h 
abon, 28 an nd for detecting needs for eo 
t a piya ventory t find out how mu 
a ry test to fin ch | 
a = phase of the subject-matter before it is, formally presen- 
te Ver ando Ostio tests are used along with personal interviews to dis- 
Medial analyse pupil difficulties with a view to setting up specific 
Measures to correct errors and remove difficulties. 
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TWO MORE TYPES OF TEST 
Survey TEST 


It is usually broad in scope. It may cover the instructional mate- 
rial for one term of two or three months or for an entire year. Its 
chief purpose is to show the amount of student achievement and to 
indicate whether the student has sufficient basic preparations to pro- 
ceed with advanced work of a similar nature. A good survey 
test can be used as a final test in a special topic or in a special sub- 
ject. 


ACHIEVEMENT TEST 


It is used to measure the degree of mastery of.skills, fundamental 
concepts, process and general knowledge of a subject, aitained by the 
student. All educational tests are actually achievement tests used for 
particular purposes. The socalled standardised achievement tests 
are somewhat broad in scope, and closely resemble the survey type. 
The informal tests given in class-room work are frequently referred to 


as achievement tests, regardless of the purposes for which they are 
used. 


NEW TYPE TESTS 


The programme of evaluation has to be designed in ierms of the 
functional aims as weli as the factual aims of mathematical instruc- 
tion. The determination and perfection of techniques to be used iD 
the evaluation of mathematical instruction is a definite responsibility 
of teachers of mathematics. Teachers should be extremely conscien- 
tious in the evalnation of student effort. Where other techniques 
don’t help, judgment may be made on the bases of oral recitations in 
class, comparative class observations, personal interview, anecdotal 
record, and prolonged case study. 


If prepared tests are to be used, the teacher will have to consider 
the comparative advantages and disadvantages of standardised tests 
and the tests made by him. Each possesses certain advantages over 
the other. The standardised tests are likely to be more reliable and 
valid, because they are generally constructed by persons of wide 
experience in both subject-matter and the techniques of evaluation. 
These tests are usually subject to a greater degree of objectivity 10 
administering and in scoring. Another distinct advantage of the 
standardised test is that it diminishes the time which the teacher needs 
to devote to the details of testing programme. 


On the other hand, it is probable that standard tests which are 
used year after year may exert some “backward influence” which 
might partially nullify their validity. It has been found that pupils 
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generally do well on material that has appeared in a number of pre- 
vious examinations. They have some scope of guess. 


One of the major advantages of the teacher-made tests over the 
Standard test is their flexibility and adaptability to local situations 
and repeated evaluations. These will include the material which the 
class has studied and no other material. Also these wili lay adequate 
Stress on the things actually emphasised before in the class-room. 
Other advantages of these tests lie in their relative inexpensiveness 
and inexhaustible availability. 


Another question of special significance relates to the selection of 
the type of test, that is, “Where is an essay type test more suitable 
than a new type test, or conversely, where is a new type test more 
suitable than an essay type test ?” There are certain topics that seem 
to respond largely to the essay type or problem type test, e.g., geo- 
Metrical propositions, construction of geometric figures, keeping of 
accounts, budgeting, taxes etc. The new type tests offer the oppor- 
tunity of covering a wider range of material. They are likely to be 
More reliable and objective than essay type tests. Carefully construc- 
ted essay type tests also may have a high degree of validity. The ob- 
Jectivity of the new type tests makes them easy to score and removes 
any personal element from the scoring. They are, of course, no good 
tests of organising ability, and their construction requires much time, 
Considerable experience and great care. 


CLASSIFICATION or New Tyee Tests 


To obviate the evils of essay type examinations, the new type tests 
have been devised. These constitute a combination of objective 
type tests, short answer type questions, oral tests and intelligent essay 
type questions. Objective tests are further classified into various 
Categories. Classifi.ation is according to nature of content and the 
type of student response. Their names indicate the respective kinds 
Of activities involved. 


l. COMPLETION TESTS 


In these tests are provided blanks that have to be filled in by the 
Pupils. These should be carefully worded so that there should be in 
Pupil’s mind no doubt about the correct answer. 


Examples : Fill.in the blanks : 

(i) The simplest way to express v ¥y jg 
(ii) aba7—......... 
(iii) The square root of 1.44 is......... 


(iv) A triangle can be constructed with two sides and 
Crore are given. - 
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2. MULTIPLE CHOICE TESTS 


The type of multiple choice test is composed of a number of items 
each of which presents two or more responses, one of which is cor- 
rect. It is regarded as one of the best means of testing, and is defi- 
nitely superior to the other types. It tests reasoning, reasoned under- 
standing, sound judgment and discrimination. 


(Tick the correct answer or answers). 


Example : They are always parallel straight lines : 


G) Spokes of a cycle wheel. 
Gi) Sides of quadrilateral. 
(iii) The path of two wheels of a cart moving on zig-zag route. 
(iv) Opposite edges of a table. 
(v) Concentric circles. 


(3) MATCHING TESTS 


The type of matching tests consists of two columns where each 
item in the first column is to be pairec with a word or phrase in the 
second column upon some basis suggested. There are many types o 
learning which involve the association of two things in the mind of 
the learner; such as terms and definitions, laws and illustrations, T ules 
and examples, principles and their use, etc. 


Example: Match the results with the conditions : 


Result Conditions 
1. 45° 1. Right angle. 
2. 180° 2. Reflex angle. 
3. 360° 3. Straight angle. 
4, 90° 4. Obtuse angle. 
52 135" 5. Angle at a point. 
6. 450° 
Te 270° 


4, TRUE FALSE TESTS 


Other similar forms are ‘Yes’, ‘No’; ‘Right’, ‘Wrong’; ‘Correct’ 
and ‘Incorrect’. Tests of this type are very popular with teachers. 
Their merits are apparent in the case of construction, applicability to 
a wide range of subject-matter, objectivity of scoring and wide samp 
ing of knowledge tested per unit of time. 
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Examples : Answer ‘yes’ or ‘No’ 


(i) A book 8” x6” can be contained into a box 12°x 4", 
(ii) Two feet square is same as two square feet. 
(iii) A triangle can be constructed when three angles are given. 
(iv) Intersecting circles are concentric circles. 

(v) Profit or loss per cent is always calculated on cost price. 


5. SHORT-ANSWER TESTS 


Here each item appears as a direct question. These belong to the 
category of simple-recall tests. The answer or response has to be re- 
called by the pupil from his past experience. It is differentiated from 
the essay examination primarily on the basis of length of response cr 
eer required. Testing can be made more comprehensive with their 

elp. 


Examples: (i) Eight is what per cent of 64 ? 


(ii) Which of the following data is inadequate, 
adequate and superfluous for constructing a 
triangle ? 

(i) 2° 70° (ii) 2°, 375". 4", 60" and (iii) 3” 
80°, 45°. 

(iii) Two numbers differ by 7 The smaller is S. Ex- 
press the larger. 


(iv) What more do you need to construct a triangle 
when the following data are given ? 
(i) Two sides, (ii) Altitude, (iii) Two angles, 
(v) Three angies. 


(v) Find the side ef an equilateral A, if the peri- 
meter is 36 inches. g 


Correct the statements : 


(vi) A triangle can be constructed when three sides 
and an angle are given. 


(vii) A triangle can be constructed when altitude 
and base are given. 
Orat. Tesis 


Oral questioning is equally important for purposes of instruction 
and measurement. It can be used with an individual pupil to probe 
his reasons for his particular way of answering certain Questions in 
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other tests. That wiil help in determining the causes of error. It wiil 
further help in knowing how well an individual has integrated his 
knowledge, can apply it to new situations, sees its application, and 
can hear, understand, think, and express with alertness. 


There is no need of giving separate examples to illustrate these 
tests. Almost all the questions suggested for objective and short- 
answer tests can be used for oral testing with slight modifications here 
or there. 


But the use of oral tests is very time consuming and highly 
subjective. It has also relatively little utility in the class-room 
especially as a basis for determining pupils’ marks in a course. It is 
not equally fair and just to all pupils. Some shy students may 
not do so well as they are capable of doing. It does not test exten- 
sively and permits interference and favouritism, whether intentional 
or unintentional. 


In spite of all these drawbacks, oral testing is an absulute 
necessity in lower classes and is a significant part of even the highest 
examination. 


INTELLIGENT EsSAY-TYPE QUESTIONS 


One must note certain disadvantages of objective tests, which can 
be covered up only through good essay-type testing. 


DISADVANTAGES OF OBJECTIVE TYPE TESTS 


Perhaps the most serious disadvantage is that extreme emphasis iS 
jaid on factual knowledge, and practically no importance is attached 
to processes, methods of procedure, or originality of thought an 
expression. The subject of mathematics is a mode of thought rather 
than a group of isolated memory facts. 


Another disadvantage is their failure to provide for systematic 
organisation and expression of thought. 


In objective tests, answers may frequently be guessed from sugges” 
tions given in the wording of the questions or from associated ideas. 
Even when this guess element has been reduced to minimum, guess¢ 
answers definitely affect the score. 


It is very difficult to prepare good objective type tests. To select 
questions judiciously, word them properly, and apportion the™ 
statistically requires considerable time, effort and experience. 


The tests may also prove very expensive. When required in larg? 
quantities, both for preparation and for use, printed forms of objec 
tive tests may prove to be quite a costly affair. 


Obviously the objective, the short answer, the oral and the essay 
tests serve different purposes and should be used accordingly. 
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The trouble with the essay-type test is that, although it has been in 
existence for hundreds of years, the amcunt of research devoted to it 
is much less than that to the objective test. Further, all the research 
relating to essay type has been of a negative kind. It is just as 
important to know where to use the essay type examination as it is 
to know how to use it. 


Examples of essay tvpe tests : —(i) Define a straight line and from 
its definition prove that any two sides of a traingle taken 
together are greater than the third. 


(ii) A vendor purchases 45 kilograms of tomatoes at the rate of 
5 kgms. for a rupee. He sells them at the rate of 30 paise a 
kgm. till noon time, and the rest at the rate of 18 paise a 
kgm. On the whole he earned Rs 5.00. How many kgms 
did he sell at different rates ? 


EXERCISES 


1. What are the major shortcomings of the evaluation program- 
me in mathematics ? How would you try to remove them in your 
Own teaching programme ? 


2. What are the different types of tests suitable for testing in 
Mathematics ? Illustrate them with examples ? 


3. Discuss the place of new type tests, oral tests, short answer 


td teste and essay type tests in the testing Programme of mathe- 
matics ? 


4. Write an essay on the need of improvement in the technique 
of evaluation in mathematics. 


CHAPTER SIXTEEN 
THE TEACHING OF ARITHMETIC 


WHAT IS ARITHMETIC ? 


ARITHMETIC Is THE science of number and the art of computation. 
Historically, arithmetic developed out of a need for a system of coun- 
ting. It is considered to be essential for efficient and successful living- 
The need of a good command of arithmetic by a house-wife, by 8 
modern farmer, by a successful merchant, by a skilled worker, and by 
a progressive professional man, is too obvious to need any discussion. 
Also its utilitarian, cultural and disciplinary values are too obvious 
to need any argument at this stage. The teaching of arithmetic has 
to fulfil two major responsibilities: (1) the inculcation of an appre 
ciative understanding of our number system and an intelligent prO- 


ficiency in its fundamental processes ; (2) the socialisation of number 
experiences. 


AIMS OF TEACHING ARITHMETIC 
The following ate some of the aims of teaching arithmetic :— 


1. To teach the learner the mathematical type of thought tO 
understand statements, to analyse them and to arrive at right 
conclusions. 

2. To arouse the child’s interest in the quantitative side of the 
world around him and its use as a simple tool in business- 

3. To give accuracy and facility in simple computations of the 
fundamental processes, or 

4. To impart a working knowledge of practical arithmetica 
applications which are useful in life. 


5. To prepare the way for higher mathematics. 
METHODS OF TEACHING 


The methods already discussed have to be applied for the teaching 
of arithmetic according to the type and nature of different topics. à 
emphasis will be on the use of the combination of Inductive-Deduc 


tive. Other methods will also be ad ary and co” 
venient. adopted when necessary 
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The teaching of different topics of arithmetic as discussed below 
will give a better idea of -how and by what methods these have to be 
taught. 


NUMERATION AND NOTATION 


Formal lessons in Number are of no use to the learner unless he 
has had a sound and varied experience of number, and until he has 
acquired a sufficient vocabulary in the language of number. 


NUMBER SENSE 


_ itis generaily believed that the ‘Number Sense’ is something 
innate with the human being. A child of two years is able to distin- 
guish between big and smal! and more and less things, especially 
when they are eatables. Since the sense of number is something 
natural, the primary school teacher has to develop it and not to 
create it. Even some of the animals seem to possess the ‘number 
sense’. A chimpanzee knows that five bananas are more than four 
bananas. There is an interesting experiment about the crow. When 
the eggs from its nest are removed one by one, it does not seem to 
Notice the removal, unless the number is reduced to three. Then it 
starts flying in search of the lost eggs. That is the crow has a sense to 
distinguish between three and more eggs. 


NUMBER NAMES oR NUMERATION 


While playing from morn to eve the child teaches himself the 
beginnings of number, more effectively if his environment is sufficiently 
varied to arouse his continual curiosity. A child knows that there are 
more members in his house than in the neighbour’s; that his friend 
has more brothers and sisters than he has; that he is four years old; 
that dogs and horses have four legs, and that a man has two; that he 
has five fingers on each hand ; that he has to goto bed when the 
clock strikes nine ; and that he sits fourth in the first row in his 
nursery class. 


A child is continually meeting with these and similar number 
facts and names both at home, in the environments and at school. 
In the class-room his experiences have to be made real and extensive, 
The language of number will become real if the child gets an oppor- 
tunity to work at real games and toys. There are stories of ‘Twelve 
Weavers, and the Peasant’, ‘The Hare and the Tortoise,’ ‘Three 
Blind Mice’. Many interesting games can be devised. Birthdays are 
a never-ending source of interest, and much can be made of them, 
for each boy on his birthday must know how old he is. 


There should be many objects and toys and boxes containing 
scores of coloured balls, beads, tablets and sticks. Let the child play 
by ali means, but let it be real play. The teacher should try to lend 
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reality to all the activities of the child, and also must take care that 
the child knows the meaning of the terms that he uses. 


Children love counting. It isa fascinating recitation to them. 
Even at the roll call they may sometimes be asked to count the 
children present in the room. A normal child, if he is allowed to 
throw balls into a basket and count them simultaneously can acquire 
acquaintance with and speed in number names. 


If natural opportunities for counting and matching groups, cups 
with saucers, chairs with tables and the number of students present 
are in sufficient variety, many children will not need any special 
counting apparatus. Abacus counters, or some other tallying appa- 
tatus, should, however, be part of the equipment of every class-room. 
In a basic school, the counting of rounds, slivers, spades and khurpas 
can be good alternatives. Prolonged use of special apparatus, should 
generally be avoided. Any special apparatus or type of pattern, 
however attractive, should not be allowed to become dominant. It is 
wise and expedient to allow variety and experiment, Self-made or 
self-acquired patterns should also be encouraged, 


NOTATION 


Closely related to the readin 


g of number symbols is the writing of 
numbers. The two operations 


r The I may be considered as part of the same 
job. Practice in reading the symbols is helpful for instruction 


in the writing of numbers. Observing ‘Number picture-cards’ 
and moving a finger in grooved symbols, can be helpful exercises. 


Children should not be asked to read and write large numbers 
which are beyond their comprehension. There isa sound principle 
to be kept in mind, “Educate the children with numbers in child- 


ten’s size.” The writing of those numbers will be interesting for him 
which arise from different situations of his life, such as his roll num- 
ber and his age. 


Notation involves three operations; 
these three : 


the student has to connect 
1. He fs to recognise the figure and form the idea of its name. 
2. He is to associate the ‘symbol with the name. 

3. Heis to write it down. 


__Just as the child counts beads, 
difference between different numbe: 
recognition, there will be assigned 
four etc., to the groups. This is the 


he must be able to recognise the 
rs of the beads. Alongwith the 
by hima name, one, two, three, 
formation of the idea of number 
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name. For depicting them in symbols, he will write down, one two, 
three, four and so on. 


Even from the environments, the child learns to associate the 
figure shapes with the number names. Figures occur on house doors, 
shop prices, omnibuses, clocks, calendars or the pages of a book. If 
the child is in the company of a sympathetic adult, he may learn 
that the number written on the house is 8, or that the car passing by 
them bears number 9. 


While children are learning to write numbers, the teacher should 

e very careful about the manner they form the figures. If left to 

themselves they are liable to invent peculiar ways to form them and 

thus fail to employ economical movements. The teacher must, there- 
fore, closely supervise their work at this stage. 


By the time the pupils have learnt the notation for the first nine 
numbers, they may have advanced iu numeration upto a hundred. 
The teacher wili then tell them that there is no special symbol for the 
Subsequent numbers and that they have to make use of the nine 
Symbols to denote ail other numbers. This introduction should also 

© based on the observation of written numbers having two digits. 
hen it comes to ten, the symbol of zero has also to be given. [It is 
not advisable to begin with zero. 


Our NUMBER SYSTEM 


The expression “number system” is frequently used with only 
a vague idea of what is implied by the term ‘system.’ The basic idea of 
the number system is its four outstanding characteristics. 


The Hindu-Arabic is the systern used for nearly all purposes by 
Indians. The importance of this system of notation needs no em- 
Phasis. For a few purposes is used another well-known system, the 

oman. But the superiority of the Hindu-Arabic system over the 

Oman system can be easily shown by comparing and contrasting the 
two. There is a sort of basic consistency in the Hindu-Arabic 
System which is missing in the Roman system. The same principle is 
Used in expressing units, tens, hundreds and other higher numbers 
1n the Hindu-Arabic system. The value of a numeral in this system 
is determined by its position. For example, the numeral 5 represents 

Ve, ten times five, and hundred times five in the numbers 5,50,500 
respectively No such convenient and regular multiplication of value 
1S caused by moving a Roman numeral from one position to another 
1n a number; in the Roman system, the value of each numeral is 
always ‘independent of its position. It is the principle of multiplying 
the value of a numeral by changing its position in a number that gives 
to the Hindu-Arabic system its matchless capacity for expressing in 
Le form any number, no matter how large or how small it may 
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ITS CHARACTERISTICS 


1. The Hindu-Arabic numerals, if used in the ordinal sense, 
always have the same order; 4 always comes after 3, 6 after 5 and so 
on. This order holds good regardless of the size of the qualities 
(units, tens, hundreds. . . ) referred to. Since the number namesalways 
have the same order, learning the relation (say, of five thousand to 
six thousand) presents little difficulty. 


2. The first nine numerals represent quantities thought of as 
groups of ones, or units. But ten is thought of as a single entity oT 
collection, like a ten-rupee note or ten fingers of both hands. This 
fact is shown even in the name “ten”, where the familiar terminology 
of | isimplied. The use of collections of ten makes the Hindu-Arabic 
number system a decimal system universally acceptable. It has a 
base of ten. When the idea of collection is properly utilised and 
taught, 11 is net eleven separate entities; it is two entities consisting 
of a collection of one ten and one unit. Thirty is three entities, of 
three coliections; it is three tens. The idea of “collection” makes the 


addition of three thousand and four thousand as easy as the addition 
of three and four. 


3. The names for the tens consist of terms that are closely 
related to their meaning. Twenty can be easily related to two with 
tens; thirty is three 10's; forty is four 10’s. Thus, in dealing with/the 
tens (twenty, thirty,...... )a person does not have to learn entirely 
new names with a special place in the series. For the most part, the 
names in the tens series are much like those of the first nine numbers. 
The order of the tens is exactly the same as that of the numbers from 
l to 9. In learning to count upto one hundred, the similarity of the 
ten’s names to the one’s names makes the task of the learner easy. 


4. The use of place value simplifies the writing of numbers. The 
value of a digit is dependent on its position ina number. As an 
illustration, consider the numbers, 5, 53 and 580. In each number the 
numeral 5 has a different value because of its different position. This 
principle combined with the use of a place-holder (zero) makes pos- 
sible the writing of any number using only ten different symbols. The 
economy possible in this system can be clearly seen by comparing it 
with the Roman system; E.g, by writing the year nineteen hundred 
sixty three in the two systems : MCMLXIII and 1963. 


THE ROLE OF Zero 


The Hindu-Arabic system of notation w: 
made Possible by the use of a Place-holder, namely zero. There is 
no definite information available Tegarding the discovery of 
‘zero’, or even the people who first used it. It was once thought that 
the Arabians discovered it, Later on, the Hindus were given credit 


ith its positional value is 
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for it. Now it is known that the Babylonians had the idea and that 
they probably borrowed it from others. 


Without doubt, the discovery of zero will always rank as one of 
the major steps in man’s ascent to his present state of civilisation. 


The idea of zero is so simple that many teachers have never given 
a thought to its significance. The important point to consider, and 
to teach, is that zero is used in notation to hold a place without any 
numerical value, It is mainly used to fill vacuums in notation. it is 
not a number in the sense that it represents a quantity. The symbol 
lin 10 is not different from the 1 representing unity, excepting 
that it is in the second position from the right. There is Zero 
Or nothing in the first place. Children’s undesstanding of 10° will 
be enhanced if teachers frequently refer to it as one ten. It really is 
One ten ; similarly 20 is two tens. 


The “place-holder” function of zero is its most important use and 
Should receive major attention. 


«In current practice, the symbol 0 is read not only as ‘zero’ but as 

nought” and “‘cipher” also. For example in the giving of telephone 
numbers, the use of “nought” is more popular and useful. In addi- 
tion to these names, the symbol 0 is read in another way also when 
it appears as an integral part of a number. For example, in reading 
each of the numbers 50,505 and 220,354, the zero affects the reading, 
but is not sounded as “zero” or “nought”. 

Sometimes “zero” remains silent in reading such as in 505 the 
Teading is “five hundred and five.” Some teachers advocate that the 
use of “and” in such cases is superfluous. It should be straightaway 
read as ‘five hundred five’. Whatever be the practice, the zero re- 
Mains unspoken, There can bea third way of reading it i.e., “five 
nought five”, which also conveys the sense correctly. 

THE TEACHING OF FOUR SIMPLE RULES 


For some years every young learner is concerned mainly with the 
So-called ‘four simple rules’. Proficiency in these processes is very 
important, The student has te depend on these at all the stages of 
learning mathematics. These are foundational in nature. The entire 
structure of the subject has to be built on this foundation. It is cus- 
tomary and natural to enable the child to acquire speed and accuracy 
in these in the very beginning. 


_ The most important thing in teaching these rules is that the pre- 
liminary experiences should be given in an interconnected form with 
the help of concrete material. Ultimately, for the purpose of prac- 
tice, their teaching will take abstract form. Their operations have to 
be taught side by side as far as possible. The teacher must impress 
Upon the students the educational values and necessity of the avoid- 
ance of errors in these operations and of their careful execution. 
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He must not allow any such errors to persist, otherwise the learner's 
later performances are bound to be defective. 


First We Take Up ADDITION : 


The ideas of addition and subtraction arise at the same time, the 
one being the inverse of the other. Subtraction is the process of 
finding the number, which added to the less will make the greater. 
The idea of 6+4 makes 10, involves the idea that 10 is 4 more than 6, 
or 6 more than 4. 


Before studying the teaching of any area of arithmetic, it is well 
to consider some of the fundamental characteristics of the area. The 
student may ask, “What is addition 2” and “Why do we add ?” The 
teacher may have to depend on some verbal or concrete problem 
situation to explain it. “There were six children on the bench and 
four on the ground. How many children were there in all 2” He goes 
on, “through the process of addition, the two groups of children can 
be combined and treated asa Single group of children, This com- 
bination of two or more groups or quantities into a single group is 
Known as addition.” The student asks, “Why add 2” The answer 


is, “We add to simplify a quantitative situation, More numbers can 
be expressed into a single one.” 


The instruction in Addition should begin as soon as the child 
begins to Count rationally. Just as counting is done orally, similarly 
preliminary addition should also be done orally, Emphasis should be 


mg on the acquaintance with and the mastery of the basic addition 
acts. 


There are in all one hundred addition facts, 
oowoo oð 0 


12345678 9 10 and so on. 


Some have redu 


ced the number to 81 by eliminatino itions 
fevelving zere, y eliminating the addition 
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‘These facts can be presented through charts. After adequate conti- 
nuous practice in them, the following order can be followed :—First 
Concrete numbers then abstract numbers, first smaller numbers and 
then bigger numbers. 

In the first instance, addition of numbers of one digit is to be 
taken ; 5 beads-++3 beads.==8 beads. 


and then 5+3=8 


Then addition with simple compound numbers. Ask them to add 
3 sticks and 2 beads, 4 sticks and 3 beads. Then iet them add Rs 3,4 
Paise and Rs 5,8 Paise. 
. Then addition with numbers of two digits, so that no carrying 
is involved. Add 34 beads and 45 beads. Add 43 and 56 and so 


R The addition with more difficult compound numbers like add 
S 45, 12 Paise and Rs 52, 36 Paise. 

Then addition with numbers of three and four digits. 

After some exercises, when the teacher finds that the pupils can 
ead numbers involving no carrying, he may give a problem, the 
Solution of which involves carrying. The help of the addition box 
May be taken, It may be a simple box having eight compartments. 


i Should be impressed upon them that AODINOA Ox 
A ante than nine things can be kept = twog_ wos sens units 
ing of the compartments of the 
Sie ee will be expressed by having 
ad ead in the ‘Tens’ compartment 
nd none in the ‘Units’ compartment. 
Bs sing they have to add 8 units 
will | wuits. Doing it practically they 
Bet 15 pieces in the ‘Units’ ik 

ig. ; 
coe Partment. But this will be a wrong expression. bei it 
Orrect they will have to carry one piece to the ‘Tens pon ee iat 
The Ve pieces in the ‘Units’ compartment and thron n LA me t 
c Us a continuous practice with this box will remove 
artying, 


SUBTRACTION pets 
he SUbtraction is needed to find the difference oe ig poe 
© need to find the difference may arise In a if id the remain- 
Y be classified under two heads. One may have to ün omething is 
take or may have to make up deficiency. in One ren Therefore 
cube away, while in the other something 5 ation. Taeutly” 
se ttaction can be taught on the same lines as addition. y 
ges it must be taught as such. 
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As in the case of addition, there are alternate one hundred basic 
subtraction facts. 


0 1 2 3 4 5 6 i 8 9 

0 0 0 0 0 0 0 0 0 = 0. 

0 1 2 3 4 $ 7$ 7 8 9 

1 2 3 4 $ 6 T 8 9 10 

A a a E ae oe S ee OE} 

0 $ 2 3 4 5 6 7 8 9 and so on. 


And just as in the case of addition these facts were reduced to 81 
so in the case of subtraction these have been reduced to 81, by elimi- 
nating the subtraction facts involving zero. 


2 3 4 5 6 T 8 9 l 
1 1 l I 1 1 i 1 
9 


0 
pel 
T 2 8 4 8 "KR 1 8 


and so on. 


Sufficient oral practice in these facts 
ner. The order of the difficulty, given in 
should be followed in this topic as well. 


Moreover, tkere are three methods of subtraction. 


should be given to the begin- 
the case of addition problems 


THE DECOMPOSITION Mernoo 


In this method, the bigger number is broken up into a more con- 


venient form. This is the most popular method with the teachers 
today. He explains'as follows :— 


Th H ft p Th H TF g 
Instead of 3 4 5 6 weuse 2 13 i4 16 
2 9 7 8 2 9 7 8 


Eight cannot be subtracted from six, therefore we have to borrow 
ten from the tens’ place to make it sixteen and so on.” [t is clear that 
once the decomposition is performed, it is immaterial whether work 
at the sum is begun at the tight hand or at the left. In actual practice 
the decomposition is performed mentally. 


THE METHOD oF Equa ADDITIONS 


original difference remains constant, €-8-» 
i The ages of children provide an inte 
ng as both are alive the differenc 
1 eir individual ages. This method is 
applied as follows :— 
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el 400+ 60+ 5 

pë z =1000+ 700+ 80 

he upper row is written as : aay ae ae 
2000+ 800+ 90+ 6 


Now subtraction is performed 1000+ 600+ 70+ 9 


Th ; , 
method. answer is 1679. This method is undoubtedly a lengthy 


METH D 
oO REC 
OF COMPLEMENTARY ADDITIONS 


Here : 
The ae problem is viewed as an addition 
adding on says, “The difference between two numbers is foun 
Th to the smaller, until we make up the larger. 
apis in the case of 9—5, we] | || fait te 
P the deficiency of the il fo U8 fhm 
So we find out 
mes equal to the 


problem. 
d by 


additi 
the Wigs oe word subtraction need not be mentioned at all, because 
Mie aboys oe May be taught as addition ina new form. Thus 
e problem may be arranged 4s - 
i727 8 6 
xXx XA 
34 6 5 


Her : 
are a few more hints for the teaching of subtraction :— 
l. n 

e introduced too early in the 


Formal methods should not b e ) 
ble proficiency iN oral work, 


child’s life. Develop considera 


before any routine method is adopted. 
same school agree 


2. ; ; 
= is essential that all the teachers in the 
o follow the same method. It js unfair to the students to be 
taught one method in one class and another method in the 
3 next class. 
Develop the habit of invariably checking any subtraction 
4 um by the corresponding addition. 
-Where a number of zeros occur, the work is lessened by first 


subtracting one from each quantity such as : 
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1000 is much easier for a child when worked as 999 
658 657 


MULTIPLICATION 


For the beginner, multiplication is best regarded as a special case 
of addition in which all the numbers to be added are the same. The 
first experiences of multiplication should come or be given through 
practical activities using concrete material. The construction of mul- 
tiplicaticn tables by the method of equal addition and by using conc- 
rete material, is one of the first tasks of the learner. For example :— 


] 3 3 
3 
9 3 6 
3 
3 3 9 
a 
4 3 12 
3 
5 3 15 and so on. 


Why do we multiply ? is the question which is likely to arise in 
the very beginning. The teacher will again have to depend ona 
problem situation. He asks. “Suppose the price of a book is five 


[sefe 
oa 


.54 | 63 | 72 
[zo [eo] 
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rupees, what wil! be the cost of four books ? Or one kilo of a thing 
costs three rupees, what will be the cost of 6 kilos? The students 
have to be told like this—‘‘So we multiply to simplify such situations. 
Multiplication is the process which enables us to deal with many 
things, when any particular character of one thing is known.” 


But the mere construction of tables is only preliminary work. The 
exceedingly important, and more tiresome work still remains, viz., the 
tables when constructed must be memorised. The teacher should not 
be afraid of the drudgery of repeating tables. Proficiency in multiplica- 
tion depends upon a ready knowledge of the tables need. The table 
not be mechanically taught in consecutive order from the table of 
“twos” to a table of “twelves.”” The table of “fives” is easier than 
the table of “fours” and the table of “elevens” is easier than the 
table of “nines” or “eights,” while the table of “tens” is the easiest 
of all. Let the following order of difficulty be adopted and tried by 
the teacher: 1. Tens. 2. Twos. 3 Fives 4. Fours. 5. Elevens. 6. 
Eights. 7, Threes. 8. Sixes, 9. Nines. 10. Twelves. 11. Sevens. 


It is customary these days to summarise these tables in the form 
of the number squares. This table is more convenient and can be 
both extended and reduced. It can be written on one chart and hung 
on the wall of the class-room to be observed by the students through- 
out the period of learning the tables. This square upto ten is given 
On page 220. 

Short multiplications seldom give much trouble. All that is neces- 
sary isa ready knowledge of the tables; because the multiplier is 
within the digits of the tables. In long multiplication, the most 
important thing is to multiply first by the right-hand figure of the 
multiplier and so on. Care should be taken that the right-hand 
figure in each product falls below the figure used as a multiplier. 


Multiplication is not to be regarded merely as a mechanical pro- 
cess, for it constantly provides scope for the use of intelligence and 
also a vertical paradise of “‘short cuts”. There are some cases where 
multiplication is simplified by subtraction, as in the case of multipli- 
cation with 9,99,990 etc., 9=10—1, 99=100—1, 990= 1000—10. 
There are other cases where the labour of multiplication can be 
lessened by a careful examination of the digits of the multiplier, as in 
the case of 357, it is known that 35=5X7. Sometimes, multiplica- 
tion can be avoided by simple division as 5=4%, 25=14°, 3 =} etc. 


DIVISION 


This process is usually placed last of the four rules in an ordinary 
text-book. This is undoubtedly its logical position, because a good 
knowledge of addition, subtraction and multiplication is necessary for 
the understanding of the theory underlying this process. In the first 
Place, division may be regarded as shortened subtraction, just as 
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iplication has been considered as shortened addition. Thus the 
oe in 36+4=? may be worded as, “How many mn 
can 4 be subtracted from 36 ?” Division can equally well be define 
as shortened addition, for the above question may be worded as, 
“How many 4’s must we add together to make 36 2” It is the reverse 
of multiplication; therefore it can equally well be viewed as interroga- 
tive multiplication. The same question can be worded as, “By what 
must I multiply 4 to get the answer 36 ?” 


me , 
To answer the question, “What is division ? Why do we divide ?”, 
the teacher may again resort to some problem situation. He says, 
suppose there are a dozen biscuits, and four brothers and sisters have 
to share them equally, What willbe the share of each? Or, ten 
oranges cost Rs 1-50 paise. What is the cost of one orange ! 


Division is sharing or finding the value of one when that of many 
things are given.” 


So long as divisors do not exceed the limits cf the multiplica- 
tion table, it is customary to work by the process called short division. 
Asin the case of multiplication, success here also depends upon & 
ready knowledge of tables. Hence constant oral practice on these 
tables is necessary. He should tell the students that in multiplication 
the process is performed from the tight hand side to the left han 
side whereas the process of division is carried out from left to right- 
The carrying over is aiso done in the same respective directions. 


DIVISION BY Factors 
This process follows naturally from ‘Short division’. This divisor 
is broken up into simple and convenient factors. But finding the 
remainder has always been Tecognised as the greatest difficulty in this 
process. 
PROBLEM 
Divide 4849 by 42 by the method of division by factors ? 
Divisor 42 can be broken up into two factors—6 and 7. 
6| 64849 
7| 808 groups of six-+1 unit, 
115 groups of 4243 groups of 6+1 unit. 
Therefore Quotient = 115 
and Remainder=3 x 6+1=19 


Lone Division 


It is certainly the most difficult of the fundamenta! processes to 
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teach, as weil as the most tedious to perform. In_ division, we have 
four distinct quantities, (a) Divisor (b) Dividend (c) Quotient (d) Re- 
mainder. The straightforward process is given (a) and (b), find (c) and 
(d). It is essential that the child should know the connections between 
these four quantities. He should further Jearn that every division 
sum can be checked by multiplication according to the equation : 
Dividend = (Divisor x Quotient) + Remainder. He should learn that 
divisor and quotient are interchangeable (so long as the remainder is 
less than either), Hence a division sum can often be checked by a 


second division, this time using the quotient as divisor. 
LCM AND GCM 


Both Greatest Common Measure and Least Common Multiple 
Play an important part in ordinary fractional manipulations. The 
Point to be stressed is : these two processes are subsidiary processes 
and are not to be taught as if they were important ends in themselves. 
They are processes having but few applications in ordinary life. To 
Persist in setting examples such as finding the GCM of 45676 and 
34592, is not justifiable. 


THE Teacuinc or GCM 
The following stages are suggested : 


(1) Oral examples in numbers and quantities, such as, “What is 
s greatest number common to 6 and 8, to 6, 9, 12 to 14, 21, 35 
oa 


(2) More difficult examples requiring the use of written work but 
Which can be solved by finding the prime factors of the numbers, ¢.g., 


“Bind the GCM of 72 and 162; of 65, 91 and 69, etc.” 


The method of finding GCM by factorisation is the most sensible 
method for children. All that is necessary is ability to resolve each 
number readily and accurately into its prime factors. The required 
Sreatest measure can be easily seen from an examination of these 
prime factors. 


Example: Find the GCM of 264, 504, 624. 
Factorising—264 =2 X 2% 2x3 li 
§04=2X2X2X3X3X7 
624=2X2%2K2%3X13 
An examination shows that the GCM=2x 22x 3=24 
Tue Format MrtHop ror GCM 


Let this method be applied to the example-—Find the GCM of 45 
and 125. The work is arranged as— i 
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125)450(3 
375 
75)125(1 

75 

50)75(1 
50 
25)50(2 

50 


x 


This method can be explained by the Method of Lengths—Take 
two strips of paper, depicting lengths 450 and 125 respectively. 


is, therefore, the factor or measure required, 


Fig. 3 


This method applies directly only to two numbers or quantities. 
For more than two numbers the process must be repeated. 


APPLICATION OF GCM 
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METHOD oF FinpING LCM 


The idea underlying this term is akin and complementary to that 
of GCM, and the methods of finding them are usually taught con- 
currently, 


As with GCM, so in LCM, the best beginning can be made with 
oral work with simple examples. 
4 Examples: What is the smallest number which will contain both 
and 5 an exact number of times ? (20). What other numbers will 
also contain 4 and 5 exactly ? (40, 60, etc.). 
_ These examples should be varied, as much as possible, using the 
Simplest convenient numbers. 


f The next stage should concern examples which can be easily 
actorised, as—Find the LCM of 12, 16, 18 and 27. 


Solution 
Factorising—12=2 x 2x3 
16=2X2X2xX2 
18=2x3x3 
27=3X3X3 


Taking the factors in order, the LCM is obtained as 
2x2X2K2X3X3X3=432 


The underlying theory is simple and straightforward. The maxi- 
Taum occurrence of 2 is four and that of 3 is three. 


Tue FORMAL METHOD 
The above example, worked formally, would appear as follows : 


2 12, 16, 18, 27 


ale S 95 27 
B\ Gara Ao 20 
3 3, 2, 9 27 
a Ge es 
Ik 2 b 3 


Ans. 2X2X2X2X3X3X3=432 


for arhe method is clearly one in which the prime factors. necessary 
ROAI 4 answer are found by successive division. The choice of divisors 
Shou not be haphazard, and as a precaution against error beginners 

uld be advised to divide by prime factors only. As an example 


226 TEACHING OF MATHEMATICS 


that may also serve as a warning, study the following, which is in- 
correct, and endeavour to detect the error: 


4 |_16, 18, 24, 32 
4| 4,18 6 8 
él, lS 1. 2 

1, 3; I, 2 


Ans. 4X4xX6X3xX2=576 the right answer being half this, viz., 
288. 


The method is dangerous in careless hands. 
PRACTICAL APPLICATIONS OF LCM 


As, with GCM so with LCM the most obvious use is in the mani- 
pulation of fractions, especially in their addition and subtraction. 
Thus if you.desire to add 4, 4, 3, proceed through the LCM of 3, 4, 

20 15 12 
and 5 and add them as —+—+—., 
60 60 60 


A moment's thought will show the close connection between 
GCM and LCM. for though the process apparently depends upon 
LCM, yet xy is actually the GCM of 4, ł and 3. 


Apart from the use of LCM in fractional manipulation, the range 
of problems involving its use is somewhat greater than that with 
GCM. Here is a Puzzle Problem :—What is the least possible num- 
ber of stairs in a flight such that if I £0 up two at a time or three at 
a time or four at a time or five at a time, there is always an odd one 
at the top ? 

The answer is clearly—(LCM of 2, 3, 4, 5)+1 i.e., 61 stairs. 


The relationship that the Product of two numbers is always the 
same as the product of their LCM and GCM is worthy of note. 


TEACHING OF FRACTIONS 


” 

The word ‘fraction’ is from a Latin word meaning “to break é 

When a bone is fractured, it is broken. Fractions, in arithmetic af! 
used to express parts. 


The fractions that children generally use are halves, thirds and 
fourths. These fractions cover about 90 per cent of common adu 


usage and about 40 per cent of usage in business. Of course, eighths 
and twelfths are also commonly used. 


How will fractions be taught ? 


The child joins the schooi with a good chance of knowing halves- 
He may know about the fourth, but seldom about the third. As 1? 


THE TEACHING OF ARITHMETIC 227 


life, so in school, let meaning come with use. “Take half of the 
students to the farm”. “Crease your paper so as to show fourths”. 
Initial work should be done with actual ‘objects in terms of circles, 
squares or oblongs. The additions and subtractions should also be 
done in meaningful situations. The objective viewpoint is SO funda- 
mental that, unless it is secured, the children will be left more or less 
in confusion, and will not be able to retain the knowledge for long. 


The teacher will do well to follow the procedure given below : 


Play at fractions until useful relations are seen and known. | Have 
all circles the same size. Mark off into halves, fourths, eighths, 
sixteenth, thirds, tweltths. These are very useful fractions. A rectangu- 
lar figure may be used to illustrate the less useful and more difficult 


Fig. 11 


fractions as shown in the illustration given. The shaded portion shows 
the fraction 3, i.e., three parts out of seven parts. 


ADDITION OF FRACTIONS AND MIXED NUMBERS 


The necessity of addition of this type can be explained by the 
following example :—If your mother buys cloth for the family, she 
May buy 14 metres for prother’s shirt, 24 metres for sister's dress, 

2 metres for elder brother's shirt «and 24 metres for herself, She 
feels the need to add fractions and mixed numbers.: 


That one half and one half make a whole, can be shown easily by 
Combining the two halves of a circle to make one circle. While 
dealing with addition of “mixed numbers” containing both whole 
numbers and fractions, the teacher can similarly depend on whole 
circles and their fractional parts. The mixed number 24 can be shown 
by two whole circles and one half of a circle, while 3} by three whole 
circles and one half of a circle. Their addition can be performed by 
Combining the two halves to make one whole and then by combining 
this whole circle with the other whole circles which are’ five in 
peal The answer naturally comes cut to be six whole circles or 

ix, 


So long as the denominators in the fractions to be added are the 
Same, the addition is not difficult. But when the child has to add 
fractions with different denominators, the question is different. 
Suppose he has to add }and $. This addition can be explained, if 

e divides the whole circle or bar into 2X 3=6 equal parts. Here 3 
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Fig. 12 


parts out of 6, will represent 2 and 2 parts out of 6 will represent $. 
Combination of the two will give him 5 parts out of 6 parts, that is 
&_ To convert this objective experience into a quick mental process 
of solving problems he can say that the whole thing is divided into 


six equal parts ( ) for $, he has to take 3 parts out of 6 (=) 


and for } he has to take 2 parts out of 6 (=). The numerators can 


more easily be obtained by dividing the denominator 6 by 2 and 3 


(former denominators) respectively +2 š 


SUBTRACTION 


It can be performed almost on the same lines as addition. When 
the student has to subtract from $, the Process involves the division 
of one whole into seven equal parts, then taking 5 parts out of 7 
and then diminishing 3 parts from these 5 parts out of 7. The answer 
left is 2 parts out of 7 or 2. What is to be done when the denomi- 
nators are different ? Here is a Problem : Subtract $ from 2? 


As usual the whole will have to be divided into 4x 3=12 equal 
Parts. 


ee y 
2.2 
a 3 
Ne aS 
3.1 
n 4 
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The teacher can say that the whole has been divided into 12 equal 


parts (—- q 
12 


3 means 8 parts out of 12(=) and {means 3 parts out of 


12 


CONVERSION OF A MIXED NUMBER INTO A FRACTION IN A SUBTRACTION 
PROBLEM 


12 Gz): Therefore there are left 5 parts out of 12 ( 5 lor. 
] 


It may be possible to do without conversion where the fraction 
part of the smaller mixed number is less than the fraction part of the 
greater mixed number. But when the case is reverse the ‘conversion’ 
becomes necessary. Suppose 4§ is to be subtracted from 63. Here 
the fraction £ is greater than the fraction 7, therefore not deductible. 
So the process of conversion gives the fractions 


6X7+3 45 4x8+5 37 
7 or = and 3 r g 
The denominators are 7 and 8; therefore the whole has to be divided 


into 56 parts( —z—) In case of 42 the fraction means 45 parts 


each equal to 4th or 45X8 parts each equal to-zeth ie. ( SE ) 


In case of$L the fraction means 37 parts each equal to th or 37X7 


Parts each equal to doth i.e. wei . Therefore, next step 


(Saee 360—259 _ 101 _ 145 
56 )- 56 56 56° 


MULTIPLICATION 


with such examples as $ of 4, } of 
jes can easily be explained by giving 
them the forms, one half of four, one third of six and one fourth of 
eight. The fact that denominator of one fraction can be cancelled 
With the numerator of the other, can be introduced to the students. 

he next step in this topic will be the solving of problems like 4X4. 


Š The beginning has to be made 
» t of 8 and so on. These examp. 
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This particular problem can be worded as ‘one 
half of one third’. Let the teacher first take [> 
one third and then its one half. The total 7% 
vertical shaded portion is one third of the figure % 
and the lower portion with double shades is 

. fone half of this one third’. It can be easily 
seen that the final portion is one part out of six 
parts, that is 4. Therefore }x4}=3. 


Pe 


A more difficult problem such 
as ẸX$ can also be tackled in the 
same manner. This means ‘two 
thirds of four fifths. The teacher 
says, “The figure has been verti- 
cally divided into five equal parts 
and we have to take four out of 
them. Horizontally, the figure has 
been divided into three equal 
parts. From the portion $, we 
have to take 2 parts out of these Fig. 15 


three parts. The part of the figure with double shades thus represents 
gof %. The whole figure has been divided into 15 equal parts 
and $ of $ means 8 parts out of these 15 parts, that is $ xi= i. 

With a few more problems ofthis type, solved in this illustrative 
manner, it can be easily generalised that while multiplying fractions, 
the numerator of the product can be obtained by multiplying their 
numerators and the denominator of the product by multiplying their 


denominators. Of course the rule of cancelling denominator with tbe 
numerator if possible, continues to be applicable. 


DIVISION 


Here is a simpie case of 5+}. It can be explained by the method 
of subtraction also. It will be found that 5 contains J ten times. 
But at this stage it will not be difficult for the students to understand 
that the process of division is secured by inverting the divisor and 
multiplying. Invert the divisor and multiply, is the universal rule. 


This rule simplifies the most complex problems io be ultimately 
attempted in this topic. 


DECIMAL FRACTIONS 


It was invented in 1584 by Simon Stevin of Belgium. The decimal 
point was invented by Napier, a Scotchman, in 1617. In the seven- 
teenth century were added decimal fractions. 


The case and speed of modern calculation are due to these inven- 


tions : the Hindu notation, decimal fractions and logarithms. Modern 
invention has added another aid, viz., the calculating machine. 
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When pupils of primary classes are learning the use of coins and 
measurement of lengths less than acm, the idea of decimals can be 
introduced. But this idea should be exhaustively taught in the middle 
classes. A clever teacher will try to give the children full under- 
standing as to decimal usage in life generally and in industry parti- 
cularly. 


Newspapers and magazines also often contain some statistical 
census, governmental and business reports and in them extensive use 
of decimals is very evident. 


A decimal fraction is another way of writing a part or more than 
a part of a thing. It is merely an extension of the decimal system to 
fractions. Ina decimal fraction you write only the numerator, Or 
number of parts. In decimal fractions very few denominators are 
used, and they are not written. The denominators are 10, 100, 1000 
and others made in this way as powers of ten. These denominators 


are read tenths, hundredths, thousandths and so on. 


_ Decimals are read and written almost like whole numbers. Here 
isa plan showing the reading and writing of decimals and whole 
numbers : 


and so on. 


and so on 
—ten thousandths 


—ten thousands 
—thousands 
—hundreds 
—tenths 
—hundredths 
—thousandths 


—tens 
—units 


The value of each digitincreases ten times as it moves one place 
to the left. In the reverse order, the value decreases ten times as each 
digit moves to the right. If you continue moving the digits to the 
Tight beyond the units’, the value of the next one would not be a 
whole number but ysth of a whole ; similarly the next one would be 
ten times less, i.e., r¢oth of a whole. 


The topic of decimals as taught in the schools today includes 
reading and writing, addition, subtraction, multiplication, division 
reducing common fractions to decimals, reducing decimals to fractions 
and carrying uneven averages out to two, three, or four places. 


Correct reading of decimals should be demanded. Pupils generally 
tead for example, 2.32 as ‘two decimal thirty-two’. It is wrong; this 
should be read as ‘two point three two’. 
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It ts INTERESTING TO KNOW 


1. That one’s chief concern is the decimal point; it must never be 
omitted or neglected. 


2. The processes of addition and subtraction in decimals are just 
like those in the case of whole numbers; but one has to remember 
the decimal point. 

3. That multiplication of 
lines as those of whole numbe 
mal point in the answer, 


decimals goes along exactly the same 
78, until you come to placing the deci- 


ADDITION AND SUBTRACTION 


Special attention is to be Paid to the proper arrangement of digs, 
Just as while dealing with whole numbers units are to be place 


below units, tens below tens, hundreds below hundreds and so on; 
similarly tenths are placed below the 


ve to be performed in the same 
- The following examples provide 

illustrations :— 
Addition :— 6785.5867 
457.934 
7243.5207 
9536.4300 
874.8236 
8661.6054 


Subtraction :— 


MULTIPLICATION AND Division 
It will be worthwhile to convert the decimal fractions into ordinary 
es in case of some introductory problems for the Purpose of under- 
Standing. Here are a few illustrations. 


1. Multiply 1 and .1. 


Conversion gives .1x.1 = 7 x a = iw 
Now apply decimalisation dx.  =01. 
2. Multiply 62.48 by 53.32, 
Conversion gives 62.48 x 53.32 = 6248 x 5332 
106 ^ 100 
— 33314336 
10000 


Now applying decimatlisation =3331.4336 
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ae Ht can be generalised as :— “Tq multiplication, the 
numbers aes have to be multiplied in the same manner as whole 
counting t e position of the decimal point is to be determined by 
plier, g total number of decimal places in multiplicand and multi- 


l. Divide .4 by .1 


Conversion gives az lai +5 
4 10 
B pat 
: 10 1 
» Divide 11.518 by 4.43 
11518 . 443 


Conversion gives 11.518--4.43= ——~ = 
1000 ` 100 
_ 11518 „100 26 
1000 443 10 
on 11.518+4.43=2.6. 


“Jn division of decimal 
d in the same manner as 
es in the quo- 


Now applying decimalisati 


Traa process can be generalised as :— 
Whole the division has to be performe 
tient rate To find the number of decimal places } 
number, tract the number of decimal places in the divisor from the 
it is ne of places in the dividend.” Butina sum like 225+ .0025, 
ee make sure by adding zeroes to the dividend that 
divisor. re at least as many decimal piaces in the dividend as in the 


R 
ECURRING DECIMALS 


neea arting decimals are important and inter : 

ased quently in the learning of mathematics. Their introduction 

ey oc on the conversion of vulg ns into decimal ones. 

inato cur when the numerator is not exactly divisible by the deno- 
T in spite of our continuing 


Scimal places, 
This recurring 


dai T example $=0.3333.---++++ going on for ever. 

al is represented by 0.3. 
Similarly B= 0.6666.. going om for ever, is represented by 
and $ =O.111 1... eee going on for eves, is represented by 0.1. 


ence in usage are to be 
eed of decimals occurs 
nce in real problem 


Meani 3 
eaning, understanding, and actual expen 


emph ? 
in Passed in case of decimal fractions. The a 
nary life very frequently. Their occurte 
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< s a t 
ituations should be exploited fully to give _to them added interesi 
and significance. Several units of work involving decimals may 
possibly be used as illustrations and in certain cases as models. A 
list of such possible units is given ahead. 

1. School bank. 


2. Metric system of weights and measures as recently introduced 
in the country. 


Using milk. 

Food values of different articles. 
Making tooth powder, ink, etc. 
The schoo! fund. 

The composition of air, 


nE ae 


METRIC MEASURES 


How did this metric system originate? To understand how a 
tried system of weights and measures could be replaced overnight in 
the country, it is necessary to understand the background. 


The metric scheme is a Product of the French Revolution, The 
leaders of the revolution were followers of Ro 
ted a new calendar, in which Sept, 23 
leagth of the week was changed to 10 days. 
meter, the name for the new unit 


entire system of weights end measures and that its value should be 
fixed as one ten-millionth Part of the distance from the equator to 


the pole on the meridian passing through Paris. This was to be the 
“unit from nature”. In their youthful haste, the National Assembly 
of France adopted a measure fe 


I or meter in 1793, changed it in 1798, 
but even then it was later found to be inexact. 


Finally, the values of the units Were agreed upon, and the system 
was introduced by law. The change did not happen overnight. 
Advanced countries had been contemplating this change for the past 
five centuries. The necessi i 
measures had been fel 
circumstances, the jeaders of the Fre 
to abolish the old “man-made” sche, 
substitute a new one based upon a “natural unit”, 

While introducing the new System, the National Assembly of 
France banned the other systems and imposed penalties. The result 
was, Of course, a complete failure. The Practical-minded Napoleon 
came to the rescue in 1812. He legalised the use of the “useful 
units” in trade. He retained the ‘caching of the metric system in 
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the schools, and the use of the metric system in official reports. In 
1840 again, after 45 years of official use and teaching in the schools, 
the old measures were strictly forbidden in the trade and a scheme of 
severe penalties was adopted. Even then the non-metric measures 
survived fora pretty long time. It is only recently that a more con- 
vincing and congenial atmosphere has been created for the metric 
system. 


Briefly speaking, these changes may be listed as follows :— 


Metre, instead of yard. 
Millimetre, instead of inch. 
Litre, instead of quart. 
Kilogram, instead of a seer. 
Kilometre, instead of mile. 


The claims of the metric system are :— 


1. The basis, a “unit in nature.” 


2. Close inter-relationship of the different tables (length, weight, 
capacity). 

3. Complete decimalisation, which is the very corner-stone of the 
metric system. 


These claims read well, and also make a strong appeal to the 
academic mind, but the new system is not considered indispensable 
and essential by many. To some, the customary units appear more 
convenient and better suited to trade conditions than the metric 
system is. They have remained in use in many countries because of 
their inherent merit and in spite of legislation against them. Many 
Manufacturing and trade concerns have to this day remained 
largely non-metric. It can reasonably be said that official patronage 
and propaganda in favour of the metric system should cease and that 
it should compete unaided with the customary units. 

One system of measures for the entire world is often advocated, 
and theoretically it appears to have advantages. But at the same 
time one must not be in a great hurry about it. One should not 
forget that measures are a social heritage, and, in certain cases, 
are as difficult to change asa language. The attitude to metric 
Measures should be rational—let the system be adopted on merit 


alone. 


DECIMAL SYSTEM IN INDIA 


Government of India, in its move to replace the non-metric system 
by the decimal system, introduced decimal coinage in India with 
effect from 1 April 1957. The rupee remains the same in value and 
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nomenclature. It has been divided into 100 equal parts called “Naya 
Paisa’ (later called Paisa) instead of its previous division into 19 
pies. By introducing decimal coinage, India has carried out a reform 
in currency which has already been adopted by most of the coin- 
issuing countries of the world. 


Although the new coinage will be on a decimal basis, there is io 
orthodox rigidity of the decimal principle in it. According to rigi 
definition, the various denominations of coins have to be arranged 
in multiples or sub-multiples of ten with reference to a standard 
unit. Thus the higher coins will be 10, 100, 1000 etc., and the lower 
units will be .1, -Ol, etc. But in the Indian Coinage system, Starting 
from ‘Paisa’ as the unit, there have been retained also other multiples 
of 2, 5, 25 and 50. In this way are being retained some of the 
familiar and popular coins. This mixed form of coinage is a neces- 
sity in a country like India with appalling illiteracy among The 
masses that consequently need a long transitional period to get use 
to even a minor change in the system of measures, 


In order to make the decimal coinage effective, it is being linked 
with the introduction of the metric system of other measures, Deci- 
malisation has been acclaimed all over the world as the simplest 
form of weights and measures. In the modern complicated system 
of trade and commerce, easy and quick conversions are most essen- 


tial. The decimal System, that works on multiples of ten, makes the 
task of conversion easier. 


In almost all towns the changeover to metric weights is being 
scriously’ implemented. The traditional weights will 
for a longer time, Retail business stj 
of new weights. The use of old weights has, of c 
bited by law. These weights and thei 
with the passage of time. The new 


the iatest introduction which has not become familiar and Popular as 
yet. 


A complete changeover to Metric systems is long overdue in 
school and college syllabi and text-books, Old measures should no 
longer exist ia them. Thus the future generation can bring about a 
full-fledged changeover in all respects, 


SQUARE ROOT 


What do we mean by “Square Root ” Tt 


‘square’. It is the number that when multiplied by 
‘given number’, 


The necessity for finding square root 
forms of practical mathematics, Simple examples will have already 
been set in connection with factor exercises. Thus the student may 
find by simple factors the square root of Perfect squares such as 


is the reverse of 
itself gives the 
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121, 144, 196, 256, 441, etc., though he could hardly be expected 
to find by factors the square root of such a number as 5329 or 
(73 x 73). 


Again, by comparison with known squares the student will be 
able to approximate roughly to the square root required. Thus he 
Can see that 1/20 lies between 4 and 5 since 20 is between 16 and 25. 
He may also reasonably assume that the root would be very nearly 
4.5 (since 20 is approximately half way between 16 and 25), and he 
is not far wrong. Such estimation and rough approximation should 
be encouraged as much as possible. Similarly he should be asked to 
Note that 1/260 is not much above 16; and if he tries 16}, he will 
find that he is nearing the answer (16} x 16$=256-+8+34s). Let him 
try 161. (16) x 164 =256+4-+<s%), he will find that he has almost got 
the correct answer. 

But finding of.square root to any desired degree of accuracy still 
Temains to be done. The traditional and popular process is easily 
explained on the basis of the identity (a+b)? =a?+2ab+b°. Suppose 
the square root of 4356 is to be found out. The square 4356 is 
Tepresented by fig. A. The next step is to take out the largest possi- 
ble square (say 602), i.e. 3600 (fig. B). This leaves out figure C con- 
taining 756. This is further converted into a rectangle D. Clearly 

56 has to be split into two factors 120+x and x, and by 
trial it is quite possible to find x=6. Therefore 4356 is the square 


of 60+6 or 66. P 
76 


3600 
A 
4- nnu > 
<— 60 120* "ox 
[sae So) © 
Fig. 16 


The traditional method as given below can be explained on the 
basis of the above graphic representation :— 
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i i e explained by similar dia- 
ll cases, integral or fractional, can be exp l 
"i This graphical explanation of the general method is as oig 
as Ptolemy, but has been re-discovered and elaborated with con 
able ingenuity by later writers, notably Dr T.P. Nunn. 


This method applies equally to decimals as to whole numbers. 
GEOMETRICAL METHODS 


A simple geometrical method combines in it the = 
Pythagoras, and that of the identity x*—y*=(x+y) (x—y). Any A a 
number may be expressed as the sum or difference of the squar 4 
two numbers. The natural numbers may be written in one row an 
their squares in the second 


0 
rr Pes 4 5 &€ F 8 8 A 
1 4 9 16 25 36 49 64 81 100 


The relevant numbers can be matched, just as :— 
VT =vVi6—9 = VA- G? 
Vil_=V36—25=V(6)—G) 

Vio =V9+1 = VOFF) andso on. 
THE “Mean Proportion” METHOD 


This graphical method of finding 
square roots is equally fascinating 
to young learners. The principle is 
best introduced with the usual semi- 
circular diagram where it is known 
that the rectangle axcis equal to 
the square on b, as shown in the 
Opposite diagram : — 


Fig. 17 
ual measurement or may be 


This truth may be investigated by act 
proved in the orthodox way. 


PRACTICE 


The method of practice came into use in the sixteenth century, 
when it was introduced by the merchants and negotiants of Italy for 
expediting business calculations. Although the early writers laid 
stress on the utility of the method in business calculations, it is clear 
that they also realised the general utility of the method as-a method 
of multiplication in general. Practice is best viewed not as a new type 
of problem but as an alternative method of obtaining results of & 
multiplication. It follows, that, as a method it may be applied to all 
multiplications and is not to be confined solely to costs. 
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The process consists of selecting such a system of units for the 
multiplier as will enable the learner to convert it inte a fraction or 
series of fractions, and thus to attain, the result by the simple process 
of short division. Division is generally easier than multiplication, and, 
because the operations of division proceed from left to right in our 
notation, the process removes any difficulty of determining the posi- 
tion of the decimal point; it also facilitates approximation. 


It is customary to begin the teaching of the Practice method with 
much drill in ‘parts’, and ‘parts of parts’, Thus the learner needs 
such constant practice as is given below :— 


What part of Rs 16 is Rs 4? 
What part of Rs 9is Rs3? 
What part of Rs 3 is Paise 50 ? 
What part of Re 1 is Paise 20 ? 
What part of Paise 10 is Paise 2? 


_ The beginner needs considerable practice ia splitting any quantity 
into parts of a larger quantity. 

While setting examples in Practice one must bear in mind the 
note of warning already Sounded—i.e. examples involving large 
numbers and very complex quantities occur but seldom in actual 
life. It is wise to confine problems to simpler quantities and real 
Cases. 

3 The method of practice is applicable to problems on taxes, duties, 
dividends, bankruptcy, simple interest, compound interest, decimals 
percentages and costs. 

Example—A bankrupt owes me Rs 1265.52, but pays only Paise 
73 in the rupee. What do I receive ? ‘ 
|___ 1265.52 

632.76 

253.10 

A 25.31 
l Paisa=} of 2 Paise 12.66 
Rs 923.83 


THE UNITARY METHOD 


What is meant by Unitary Method? The usual dependence on 
some problem situation is the best way out. “A dozen pencils cost 
Re 1.56 Paise. Find the price to be paid for 2 pencils?” The solution 
Proceeds as : 

Cost of 12 pencils=Re 1.56 


Cost of 1 pencil =156+12=13 Paise 
Cost of 2 pencils=13 X 2=26 Paise. 


240 TEACHING OF MATHEMATICS 


The unitary method is the process of finding the cost of a required 
number of articles, when the cost of a number of articles has been 
given. That is, if you know the value ofa number of units you can 
find out the value of one unit by division and by multiplication the 
value of any number of units. The cost of most of the things you 
buy, is reckoned from the cost of the unit of that thing. Hence the 
unitary method is mostly a combination of division and multiplica- 
tion. Every problem consists of two parts, the given and the required, 
or the statement and the question. 


Example :—If a car travels 660 Kilometres in 12 hours, how far 
will it travel in 14 hours ? 


The first thing is to ask, “What is the ultimate question?” It is 
“How many Kilometres?” Then consider the wording of the last line 
and arrange it so that the number of Kilometres comes at the end. 
It will be “In 14 hours the car travels—-Kilometres’’. Now word the 
given statement accordingly, i.e. “In 12 hours the car travels 660 
Kilometres, “In 1 hour the car travels 45° Kilometres, 
<. in 14 hours the car travels “82 X 14 Kilometres=770 Kilometres. 
This method should be used 


i generally for 2 or 3 years; but later 
on it may be shortened thus : 


In 12 hours the car travels 660 Kilometres 

Me ys. OO »  660X—Kilometres 

The teacher will utilise the previ i i he 
students know that 660 Kilon oa S me ream 


y multiplying it with the 
Thus the final step can 


The unitary method forms the back 
of the topics to come, It should, thi 


ground or foundation of most 
sed thoroughly, 


erefore, be understood and practi- 


RATIO 


What is ratio ? It is the number which 
certain quantity to another quantity; for 
5 Kgm. weight to one Kgm. is D5 because t 
heavy as the latter. Similarly the Tatio of 20 
of ratio is related to that of fraction, 


gives the relation of a 
Instance, the ratio of a 
he former is five times as 
to Sis 4. The concept 
Applying the Fraction 
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5 Kgm 5 
Method, the above examples can be rewritten as 1Kgm 
20 _ 
go 


The writing of ratio is done in particular ways. The ratio of 20 to 
5canbe writtenas 20:5or 22 or 20+5. Its simplified form will 


therefore be 4: 1. 
_ An interesting experiment with 12 beads or balls can be useful in 
this respect. 


(i) Take one bead and place it away from the remaining 11. Ask 
the student the ratio of these two quantities. It is 11:1. 


o © @ @ e 


Fig. 18 
(ii) Take two beads and place them away from the remaining 


10. Ask the students the ratio of these two groups of beads. It is 
10:2. But 2 beads are present 5 times in the group of ten. The 


Tatio can also be written as 5: 1. 


00000 © 


Fig. 19. 


iii he remaining 9. 

iii) Take 3 beads and place them away from t ining 

g ths udeni the ratio of these two groups of beads. It is 9 : 3. 
But 3 beads are present 3 times in the group of 9. The ratio can also 


e written as 3: 1. 


AD A 


Fig. 20 
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(iv) Take 4 beads 
and place them away 
from the remaining 8. 7 
Ask the students the 3 


ratio of the two groups ra ~, 
o 


of beads. It is8:4. pi o 


But 4 beads are present 
two times in the group \ 
of 8. Therefore the \" i ? 
ratio can also be written ~~ -="~ fic 
BS (2.271. Fig. 21 

A few such problems can enable the students to understand the 
significance and process of ratio. It can be easily made clear to them 
that two quantities are compared by dividing the first by the second; 
hence in a ratio the quantities compared should be of the same kind, 


e.g., three pencils can be compared with one dozen pencils and not 
with 6 books. 


Simplification of a ratio like 30: 20 can be easily explained by 
converting it into its fractional formas 3%, and then cancelling the 
common factor of the numerator and denominator. With a little 
practice in this manner, an average student is sure to understand 
that he can straightaway cancel the common factor in the two 
quantities of a ratio. The converse can also be brought home 
to the students. They can be told that the terms of a ratio may 


alio be multiplied each by the same number without altering its 
value. 


The writing and simplification of the ratio of more than two 
terms is governed by the same rules. 


PROPORTION 


What is Proportion? When four terms are so related that the 
ratio of the first to the second is the same as the ratio of the third 
to the fourth, they are said to be in proportion. 

Knowledge of ‘ratio’ and a clear idea of fractional multiplication 
and division are essential prerequisites of proportion. 

The idea of proportion may be develo ivi 

f ped by giving examples 
such as1:2is the same as 2:4 or 1:3is the aes 2s 6 oF 
2:5 is equal to 4 : 


i ‘ 10. Their fractional forms can make the idea 
still easier. A statement in 


\ Proportion is a statement of the equa- 

lity of two ratios. The proportion is written in a i ner 

as1:2::2:4,0r2:5::4:10 ata kad 
The first and the fourth terms are called the extremes ; the second 


and the third terms, the means or middle te is 
also known as the fourth proportional. eee p a 


The teacher will give them the opportunity of establishing and 
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verifying the statement that the product of the extremes is equ. 
al 
the product of the means. s = 


Their attention will be drawn to the example already given, viz, 
1 :2 1:2:4. In this case the second term 2 has occurred twice. 
This repeated term is called “mean proportional”. The last quantity 
In this case is called “third proportional” and not the fourth, because 
there are in all three terms in this proportion. When the ratio of 
the first to the second is the same as the ratio of the second to the 
third, the three quantities are said to be in continued proportion. For 
example, 12:6:: 6:3. Therefore 12, 6,3 are in continued propor- 
tion. Here 6 is the mean proportional between 12 and3. The 
Students will be made to observe that the mean proportional between 
two numbers is equal to the square root of their product. 


At this stage, it will be quite appropriate to give them the idea 
of direct and inverse proportions. When two quantities given in a 
Proportion, increase and decrease together, it is the case of direct 
Proportion. For example, 


Time Distance 

1 hour 4 Kilometres 
2 hours 8 Kilometres 
3 hours 12 Kilometres 


Similarly, the following can be quoted as example of direct 
Proportion :—numbers of articles and their costs, circumferences and 
radii; wages and hours of work ; mileage and fares. 


INVERSE PROPORTION 


Here, if one quantity increases, the other decreases. For example, 
the area of a rectangle is 84 sq. ft., the length and breadth or sides 
are in inverse proportion as : 


One side _ Other side 
42 2 
28 3 
21 4 
14 6 
12 7 


There are other examples of the type : “supposing a particular 
quantity of food is sufficient for 200 men for 20 days, the propor- 
tionate table will be : 
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Men Days 
200 20 
100 40 

50 80 
25 160 
400 10 
800 5 


Proportions can likewise be simple or compound. 


A CASE OF SIMPLE PROPORTION 


At 60 Kilometres an hour a train took 3ł hours. How long 
would it have taken at 80 Kilometres an hour ? 


A CASE OF COMPOUND PROPORTION 


45 men could build a wallin 30 days, 


working 12 hours a day. 
How many days of 8 hours each would 60 m 


en take ? 


ble for the effective teaching 
of proportion. Taught any of these four methods children soon 
attain considerable skill and accuracy with straightforward 
examples— 


(1) The Traditional Method depending upon extremes and means: 
“If 5 books cost Rs 7.85, what would 11 cost 2” The putting 
of dots can straightaway lead to its solution— 

52 Ves 2 7.85 + x 

(2) The Method of Unity. The advocates of this method claim 
that it is Teasonable, based on common sense, easily taught 
and capable of simple explanation. But it is hardly a suitable 
method, since to proceed always through the “unit” an 

to write out the three lines of statement is often cumbersome 

and even unnecessary, 


(3) The Fractional Method : Here the 
thethod is discarded and the fin 
correct form is obtained in one s 
employed to simplify the answer, 
of carpet cost Rs 56.40, what wou 


unit line of the previous 
al statement of the answer in 
tep, calculation only being 

For example—If 12 metres 
T ld 18 metres cost ? 
3 
Ans 12 T° on of Rs 56.40 

The students must be taught to reas imple 

lines, viz., 3 on along the same simp! 
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(a) Ts my answer a number or money or a quantity, etc. ? 

(b) Is it more or less ? 

(c) In what proportion is it more or less ? 

Thus it would appear to combine the Method of Unity and the 
Fractional Method, and not to require the students to adhere slavishly 
or mechanically to either of the two methods. The merits of the 
Problem should determine the method. The unit line should never 
be used when it can obviously be avoided. To attempt to teach the 
One or the other as the rule to be always followed, is mechanical and 
cramps thinking and reasoning. 

(4) The Equational Method. This method of setting down the 
results of reasoning in comparative arithmetic is simple and 
useful. 

Take the example : “A map scale was 12 Km. to the inch. What 

length of line represented a distance of 42 Km. ?’ It might be set 


x 42 
out = = —. 
“Tep 


It is a good method. It is readily taught and mathematically 
Sound. The process of solution is sensible, and, at the same time, 
Speedy and accurate. 

To sum up, the teacher has to avoid any method that is ill-under- 
Stood by the average child even though that may be his choicest 
method. He should rather give a free scope to every child’s mathe- 
matical common sense. If he can “jump” to the answer, let him, 
Otherwise let him proceed in his own way and at his own pace. This 
attitude will be more profitable in the end. People who can think 
accurately in comparisons are of more value to the world at large 
naa those who can patiently and obediently work in a mechanical 

anner, 


How to Sotve COMPOUND PROPORTION 


The attention of the students will be drawn to the problem of 
Compound proportion already given—45 men could build a wall in 
30 days, working 12 hrs. a day. How many days of 8 hrs. each would 
60 men take ? 

If children can readily apply the fractional method, this presents 
no new difficulty at all butis simply a combination of a series of 
Simple proportions, sometimes direct, sometimes inverse. 


Thus it can be solved as 
45 men working 12 hours a day take 30 days 
60 ” ” 8 ” z; ? 
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It can be further argued thus 
Original number of days=30 days. 


(a) More men ~. less days, i.e., a. of 30 days 
‘ 12, 45 
(b) Less hours per day, .'. more days i.e., 3 of 60 of 30 days. 


The knowledge of proportion is very much applicable to similar 
triangles, areas of similar figures and the value of similar solids. 


PARTNERSHIP 


Partnership is a process by which persons join their efforts and 


funds to run a joint business, Partners hold different shares in the 
capital of investment. 


Actual business situations can Provide scores of examples to 
illustrate Partnership. Suppose a 

mill, but has only Rs 1200. The total 
Rs 5000. He contacts one of his relativ 
relative agrees, but can invest at the most Rs 2000. Consequently he 
has to request one of his friends to m ini i 1 
At the end of the year, the mill brings a net profit of Rs 1500, which 
has to be shared by the shareholders, ' 


The knowledge of ratio and its simplification is the prerequisite 
of this topic, because ultimately the Profit has to be shared among 
the shareholders in the ratio of their investments. 

If the time of investment in the case of each partner is the same, 
whether the capitals invested areequal or not, the Partnership is 
known as ‘simple Partnership’ and the Profit or loss is distributed in 
the ratio of their capitals. 


qual or unequal, the 


compoun 
ed with 


as in the following cases :— (i) A person tavet er a 
the beginning, but withdraws a pa a particular sum 


Tt of it after a few months or adds 
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something more to his investment during the course of the year. (ii) A 
shareholder even joins a business after it has already continued for 
sometime on the basis of the capital contributed by others. (iii) One 
of the partners is also the employee of the concern and the others are 
sleeping partners. A little of caution and alertness on the part of 
the learner can easily enable him to overcome such difficulties. He 
has only to follow the statement of the problem as faithfully as pos- 
sible. 


TEACHING OF PERCENTAGE 


Percentage is a basic idea in business, and is important enough 
to justify acquainting children with it fairly early. It means out of 
hundred, or per hundred. It represents fractions and ratios where 
the denominator is always a hundred. Daily there are references 
involving percentage, eg., per cent of increase, per cent of discount, 
Tate per cent on loans and deposits, percentages of various mixtures, 
Pass percentage of students etc. One can often find notices, regarding 
Some per cent reduction in prices, hanging outside various shops. It 
isa common phenomenon in the sale of articles by khadi bhandars 
and stores selling handloom cloth. The topic can easily be introdu- 
ced to the class by referring to its use in daily life. 

‘The hundred square’ is a i zs 
very useful illustration of percen- fey 
tage. The square consists of 100 =x 
small squares. One out of these | 
hundred squares represents 1%. 
A few more percentages such as 
2%, 3%, 5%, 10% and 14% are 
shown in the diagram. 

The term ‘per cent’ is used in 
profit and loss, interest, discount 
and many other topics. Its value 
can further be realised by 
referring to its application in 
Sciences, hygiene, geography, 
domestic economy etc. 


REDUCING A FRACTION TO A PERCENTAGE 


It is a very important aspect of the topic of fraction. It should 
be emphasised that 100 is used as the standard denominator in order 
to compare the values of two or more fractions. Here is a problem 
“Suppose a person purchases a buffalo for Rs 300=00 and sells it for 
Rs 360=00. Another person purchases one for Rs 250=00 and 
sells that for Rs 290=00. Which is the better bargain ?” Naturally 
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i i h cases, which 
t has to find out the gain per hundred in bot ; 
PT him to know the better bargain out of the two. 


The gain for Rs 300=00 is Rs 60=00 
60 


The gain for Rs 1=00 is 300 


= 60 
The gain for Rs 100==00 is 300 x 100 or 20%. 


Similarly in the second bargain, gain for Rs 100 is 
40 ò 
250 * 100 or 16%. 


So the first bargain is the better one. 


Percentage is naturally an extension of decimal fractions. The 
Operations involved are not new operations but merely new applica- 
tions of familiar practices. Whereas in the general treatment of deci- 
mals there are different units to be considered, in the study of percen- 
tage there is concentration upon only one, viz., hundredths. 


There are three cases of percentage :— 


(i) To find a fractional part of a given number. 
(ii) To find the ratio between two numbers, 


(iii) To find a number when a fr. 
is (i) What is 5% of 500 ? (ii) 
and (iii) Three per cent of an 


actional part of it is given that 
What per cent of 400 is 50? 
umber is 12, find the number ? 


To make the students Tealis 
and data should b 


e the value of percentage, problems 
hygiene etc, 


e as far as possible taken from geography, science, 


PROFIT AND Loss 


either of the two, 


The knowledge of Percentage is the ps of 
this topic. 8 Prerequisite of the study 


The topic may be introduced effecti i 
oral problems. ctively with the help of a few 


GIVE AN EXAMPLE Like THis 


A milk-seller buys a buffalo for Rs 800=00 After a year when 
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it gets dry he sells it for Rs 500. A student with common sense can 
conclude in no time that the milk-seller suffers a loss of Rs 300. Simi- 
larly from the bargain that a businessman buys a buffalo for Rs 600 
and sells it for Rs 800, the student can easily conclude that the 
businessman gets a profit or gain of Rs 200. 


It will not be difficult to make the pupils realise that— 


Gain=Selling price-Cost price; and 
Loss=Cost price-Selling price. 


While calculating Gain or Loss %, it should be made clear to the 
students that profit or loss is always reckoned on cost price Cost 
price is the investment of the person who gains or loses, Nothing 
but investment can be the basis for calculating profit or loss. Fin- 
ding out profit or loss % is a simple case of application of the unitary 
Method. Total gain or loss is on total investment. The question is : 
what would the person gain or lose by investing Rs 100 only ? 


AVERAGE 


Average provides an approximate representative of a group. With 
its help it can be said ‘This saree is cheap’ or ‘This is a small car’, 
or ‘He is a fast runner’, or ‘Mr Kanwal is a rich man’. In all these 
cases you are comparing the quantities and qualities with their res- 
pective averages. ` 


In a basic school, it is a common experience that speed in spin- 
ning of a body varies from day-to-day on account of many factors. 
Suppose he works for half an hour a day, and spins 20 rounds on 
Monday, 28 rounds on Tuesday, 30 rounds on Wednesday, 29 on 
Thursday, 32 on Friday, and 31 on Saturday. If he is required to 
tell his speed in spinning, he naturally needs to calculate the average 
of the rounds spun on different days of the week. 


A shopkeeper’s income also provides a good problem for average. 
His monthly income is never constant, but he knows well his app- 
roximate monthly income. Similarly a farmer makes an estimate of 
his annual income by applying the principle of average. 


The average attendance of a class can be an interesting activity 
for the learners. If farming is being reasonably pursued as a craft, 
the average yield per day of different vegetables or average yield per 
acre of differeut crops can be interesting instances. 


There is nothing very technical about the process of average. It 
involves only the addition of different terms and then dividing this 
sum by the number of terms. All this is quite evident and a matter 
of common sense. 
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INTEREST, SIMPLE AND COMPOUND 
SIMPLE INTEREST 


i igni be 
mean by Simple Interest? Its significance can 
Ege el a chart where. a person, in the first picture — e 
certain amount from a money-lender, and, in the second pic e 
to pay something in addition at the time of clearing the Ara na: 
Some people have surplus money, while others are short of it. 


latter have to borrow money and pay sdme extra money for the bor- 


rowed money. This extra payment for the use of money or loan is 
called interest. 


Initially the teacher will help the students to solve the problems 
y S.I. by the unitary method; such as 


Ex. Find the simple interest on Rs 500 for3 years at 5% per 
annum ? (N.B. Don’t forget per annum). 


Interest on Rs 100 for one year=Rs 5 


5 
» » Rel » 4 =Rs Too 
5 
” ” Rs 500 ,, » = jop X500 


»  » Rs 500 for three years= 2X 50x3 


So, in generalised form, the formula can be put as: 


_ Principal x Rate x Time PXRXT 
sh 100 Too 


After sometime, when the stu 
of equations, the formula can be 
Le, 


dents get acqu 


I ainted with the solving 
given a new 


and more useful form, 
100XS.L=PxR x7, 
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COMPOUND INTEREST 


_ What is meant by Compound Interest 2 There should be no 
difficulty about explaining its significance. Money is said to be bor- 
rowed on compound interest when at the end ofa year, the due 
interest is not paid by the borrower, but gets added to the sum borrow- 
ed and the amount thus obtain ‘d becomes principal for the next year. 
The same process, i.€., addition of the yearly interest to the previous 
amount, is repeated until the amount for the last year has been obtain- 
ed. The difference between the original sum borrowed and the 


final amount is the required compound interest. 
The mention of its evil in our villages will also not be out of 


place. The teacher will enable the learner to realise how amount 
accumulates at_a surprising and unimagined rate, when interest oD 
interest is charged year after year. 

It is obvious that the knowledge of compound interest will have 
to be developed on the basis of that of simple interest. The teacher 
will draw the attention of the learners to the formula for calculating 
amount, which they must have learnt during work on simple inte- 


Test. 


R.T. 
Amount=P (1+ i) 


This formula will enable the learner to 
amount after, one, two, three, four or any numbe 
be possible for him to find that 


find out the value of 
r of years. It will 


R 
Amount after one year or A,=P ( to) 
R 2 

Amount after 2 years Or A,=P ( +70) 


R 3 
Amount after 3 years or A;=P ( +700) 


R 
Amount after n years Or An=P ( 1+) 


finding of the compound interest requires 


After this stage the 7 und 
of original sum Or principal from the final 


only the subtraction 
amount, i€., 


R n 
Compound Interest = P ( 1+700 ) =P 
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R \t 1 
or C.I.=P [ (1+ = | 


The remaining work is only the efficient application of this for- 
mula. 


DISCOUNT 
WHAT Is Discount ? 


It is another name for concession, which a customer gets while 
buying something from a shopkeeper. Newspapers and magazines 
often carry advertisements of discounts. Such advertisements may be 
collected by the pupils for reference at the Proper time. They may 
be directed to find the reasons for the concessions or discounts. 

The discussion should, of course, lead the students finally to the 
topic i.e., trade discount. 


They can find for themselves that certain firms sell articles on 
credit or on instalments-basis. They charge something extra from the 
customers for this facility. An agreement is signed between the cus- 
tomer and the businessman. It is agreed that for an article of the 
value of Rs 200 the customer will pay Rs 220 after a year. But 
if by chance the customer received money after a few days from some 
unexpected source, he may then like to make the payment before the 
end of the year. According to the agreement he has to pay Rs 200 
after a year. But if he can pay now, what concession should he get? 
Naturally the amount written in the agreement is in excess of the 
actual or present value of the article. The excess, which will now be 
left as discount is 10% of the Present worth (P.W.) The students 
can be led to arrive at the generalisations :— 

Amount=P.W-+ Discount. 
Discount=Interest on P.W, . 

In the above problem Rs 20 is the discount to be deducted, 
Rs 200/- the present worth of the article, Rs 220 the amount writ- 


ten in the agreement as value of the article after adding to P.W., the 
interest on P.W. 


TIME AND WORK 


It is an important and useful topic. It deals with the inter-con- 
nection between the amount of time devoted and the amount of work 
accomplished, or the number of workers and the work done. 


In every sphere of life, labour is engaged to accomplish a piece of 
work in time. The example of a contractor best illustrates the 
significance of this topic. Suppose a contractor engages 200 labourers 
to complete the construction of a five mile road in 3 Months. At the 
expiry of one monih, he finds that Only one fourth of the work has 


been accomplished. By how much Should he increase his labour 
force to finish the work in time ? 
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The work on ‘Time and Work’ is more or less a repetition of the 
processes of ‘Unitary Method’ and ‘Ratio Proportion’ though, ina 
slightly new form. The teacher is not required to introduce any new 
method for its teaching. An active knowledge of the above mention- 
ed topic will ensure efficiency in this new topic. 

While dealing with compound cases of Time and Work, the tea- 
cher should refer to the fractional method employed for compound 


proportions. 
AREA 


First of all, what do you mean by area? Perhaps, no definition 
will make the idea clearer; statements, such as “The area of a rectan- 
gle is the space enclosed by its sides”, are quite unintelligible. Also, 
to start with a definition is very defective teaching. But you cannot 
avoid the definitions for an indefinite period. Let there be a compa- 
tison between ‘measuring a length’ and ‘measuring a surface.’ Can 
they measure the surface or the area of the blackboard ? The students 
have by now come to know that there should be a unit for every type 
of measurement. Weights, money, time and lengths have all got their 
respective units. This will lead them to realise that, for measuring a 
surface, they need a unit. Only then would they be able to find out 
how many times that units contained in the surface or area of the 
blackboard. 

The students may ask, ‘Why do we find area?” The teacher 
should be able to answer this question easily. Let him refer to a 
number of situations such as measuring area of a room, surface of a 


table, a ground or a farm. 

At this stage, the measures, ‘square centimetre’, ‘square inch’, 
etc., should be presented before them as realities. The cardboard 
pieces of these unit areas should be handled and examined by them. 
For square yard, a cardboard illustration may become bulky, but by 
drawing a square yard on the blackboard, the pupils can be made to 
discover that 9 sq ft.=1 sq. yard. Similarly they can be made to 
realise that 144 sq. inches=1 sq. ft. 

Coming back to the problem of finding the surface of the 
blackboard, the students can SR. 
be asked to measure the 
units of area contained in it 
with the help of the unit of 
‘square foot’. They will dis- 
cover that the unit of ‘squa- 
re foot’ is contained in it 
15 times. Naturally, the area 
is 15 sq. ft. 
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Similarly a few more problems can be tackled in this manner. 
With the holp ofa sufficient number of concrete cases, the students 
can be led to the conclusion, Area= Length x Breadth (of course, in 
case of rectangular figures). Area of a square can be easily based 
upon this formula. A : : . 

There are also certain reverse problems that is, problems in which 
area is given, either length or breadth is given, and the unknown 
dimension is to be found out. The unitary method can be applied to 
such problems. There is another type of problems wherein the area 
of the rectangle and the ratio of length and breadth are given and 
the length and the breadth are to be found out. For example—“The 
area ofa rectangle is 2160 A 5 TIMES B 
sq. ft. Its length and breadth 
are in the ratio of 5: 3. Find 
the length and breadth.” 
The solving of this problem 
by the method of algebra is 
very simple. If the length 
is Sx, breadth is 3x. There- 
fore area 5xXx3x or 15x2= 
2160 or x*=144 sq. ft, and 
soon. Otherwise also, the D c 
students can be made to 
understand that there is some Fig. 24. 


common factor. Length is 5 times that unit and breadth 3 times that 
unit. Divide the length into 5 equal parts, the breadth into three 
equal parts, and then the figure into fifteen parts as shown in the 
diagram. Thus the whole rectangle gets. divided into 15 square 


pieces. The area of each square piece= 2160. 144 sq. ft. 


The side of each square piece= y T44=12 ft. 
Length contains 5 such sides and breadth contains 3. 
1 Length=12x5=60 ft. 
Breadth=12 x 3=36 ft. 
AREA OF RIGHT-ANGLED TRIANGLE 

Example: Of art. Z dA 
the base=6” and perpendicular=3” 
find the area ? 

It requires the completion of 
the rectangle ABCD as shown in 
the diagram. By folding this rec- 
tangular piece along AC it can be 
straightaway show that the rt. /d 
AABC is half of the rect. ABCD. 


Fig. 25. 
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Area of AABC=4XLXB=3X6X3. 


_ The dimensions 6 and 3 are nothing but the base and perpen- 
dicular respectively of the AABC. 


area of AABC=}Xx Base x Altitude. 
AREA OF TRIANGLES 


_ Similarly in case of other triangles the triangle can be converted 
into a rectangle which may be double in area but with the same base 
on altitude, or equal in area but with the same base and half the 
altitude. 


AREA OF PARALLELOGRAM 


[A parallelogram is only a slightly 
twisted rectangle. By cutting the 
portion BCC’ and placing it as 
ADD, it is ascertained that the |I| 
gm ABCD has been converted into 
the rect. ABC’D’. It may be poin- 
ted out to the students that the 
base length. and the altitude are 
equal in both the cases. Therefore rn 
area of || gm, is nothing but Base , 

x Altitude or Base X Height. Fig. 26. 


-------a0 


AREA OF CROSSROADS 


Crossroads are quite common 
in actual life. Understanding of 
their area should invariably 
be obtained diagramatically. 
The clarity about the small 
shaded square coming twice is 
very important. 

A few earlier problems 
should be solved with the help 
of the diagrams. This topic 
gives a very suitable material $ 
also for charts. These may- be Fig. 21. i 
kept hanging in the class-room during the teaching of the topic. The 
roads may be shown by different colours. To give another experi- 
ence, the cutting of ‘oad slips’ may also be performed. The slip 
of the lengthwise road will be. a continuous one and that ofthe 
breadthwise road will be broken into two pieces due to the non- 
availability of the central square piece second time. An extra piece 
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i i i Naturally, 
may be used to get this road also in a continued form. 
DE ee of this central piece will have to be subtracted from the total 
area. 


AREA OF CIRCULAR ROADS 


Here also, the approach through 
the diagram is the best. The roads 
may be external or internal, there 
will always be two rectangles, one 
external amd one internal. The 40 
general principle is: “the area of 
the road is equal to the difference 
of the areas of the two rectangles.” 
It should be introduced as a gene- 
tal method for the area of all types 
of circular roads, 


AREA or Four WALLS 
The use of a cardboard 


model is a ‘must’ in this A Bi A iB |H 
Case. The opened model ! i i 

takes the Shape of a 

Tectangle. The four walls k B k 3 

join up to make this Fig. 29 


rectangle. Let it be explained to the students that the length of 
this rectangle is nothing, but the perimeter of the floor of the room 
and that the breadth of the rectangle is the height of the room. 
The formula can therefore be given as; 

Area of walls = Perimeter x Height 


or 2 (L+B)xH. 
AREA OF A CIRCLE 


This is the most difficult aspect of 
Area. The teacher will depend on the 
student’s previous knowledge of the 
area of a || gm and the circumference 


of a circle. A circle with radius 7 om AN Ga 
will be drawn. It will be cut into 20 E Ten] 
parts or strips as shown in the dia- NW 
gram. These strips will be rearranged 
side by side as in the second figure. 
The resulting figure will be approxi- ai 


mately a parallelogram. The teacher 
will first find out whether the students 
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remember the formula for the area of a || gm. They need the 


measurements of base 
and the altitude of 


the figure. The requi- <q 22cm or half circumference = Tr 
tements will be meas- R 
ured before them. The pa 


area of the resulting 7 Cm 
Il gm. is therefore = 1 
22 X 7=154 sq. cm. s 
The next question is 22 cm or half circumference = Mr, - 
how to connect this Fig. 31. 


22 cm. and 7 cm. s 
with the dimensions of the original diagram. They are respectively 


half circumference and the radius of the given circle. After attempt- 
ing one or two more cases in this illustrative manner, the students can 
be led to conclude Area of circle=rrXr=ĦTr°. 

The teacher can arrive at this formula by some other method also. 
The students may be asked to draw circles on squared or graphed 
paper and then count the squares. This will give them areas in 
different cases. They can be helped to make a generalisation. 

Similarly they may draw circles and circumscribe polygons; and 
then find the areas of the respective polygons. This will lead them to 
the idea that the area of the polygon is equal to 4rXthe perimeter of 
the polygon; and so to the idea that the area of the circle is equal to 
4rx the circumference of the circle. 

VOLUME 
$ it wi i mistake to be very 

What is Volume ? Perhaps, it will again be a-mis r 
particular about its definition. Some concrete illustrations can ool 
its significance more easily. Show a solid, a can, & box or a tin, an 

solume means ‘capacity . : 
then say tha dhe N bwit ze quantities Qf. some articles of 
„Why do we leath ing of volume The Knowledge of voli? 
gaily use are measured in iy diferent sciences. 
elps in the understanding of di i develo 
to do is to 
- The first thing the teacher bat iP idea of atea. 
SPRES just as he would develop 
ame procedure, i.¢., 
i A me. 
(i) choose a unit of volume, and diii required volu 
G show how many times it 18 P the units in the Frock 
trate Jar block © 
‘cup teacher will have to demons Fil use a rectarEn into cubic 
“ic em or ‘cubic inch’. The he block Wi lhe student should 


Soap, s 4 
» Say 9 c; 4cm by 3 cm. ined. 
pieces, and thus 108 pieces Will Be 0P! 


the idea of 
e may follow 
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be directed to observe that in the bottom layer, on each square cm, 
there stands one cubic cm, therefore, there are as many cubic cms in 
the bottom layer as there are square cms in the area of the base, and 
the same is true of each layer. Hence they can be guided to the rule : 
“To find the number of cubic cms in a cuboid multiply the number 
of square cms in the base by the number of cms in the height”. 


“, Volume of a cuboid=LXBxH. 
or Volume of a cuboid = Area of the Base x Height. 


This rule can be extended to the volumes of other uniform solids 
also. The construction of a cylinder can be shown by placing uniform 


circular layers one above the other. Thus its volume can be worked 
out by the multiplication of the area of the circular base with the 
height of the cylinder. 


STOCKS AND SHARES 
WHAT IS STOCK AND SHARE ? 


___ The term ‘stock’ is used for the capital of a company. It is the 
initial value of total investment in that company. When the business 
is very large, a company consisting of a number of persons is formed. ~ 
The stock of the Company is subscribed by its members. These 
members are called share-holders, The capital js divided into a 
number of equal portions called shares, 
Profits of the Company are divided amon, i 
1 g the share-holders in 
proportion e phares they possess. Each man’s share of the profit 
No share-holder can 
He can, however, sell the 
der to the purchaser his Tig 


Se, and can also surren- 
ual dividend. - 


If the company has fixed t 
paying a handsome diyi pos 
result is that a share ma 
The entire situa 
venience of the learner - +o NP âs follows for the con- 

Rs 100 in stock =R, i 

or Rs 110 in ease 1, Doran Gasti 
On a stock of Rs 


If income is Rs 5, stock is Ra 00" Rs § 
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If cash is Rs 110, income is Rs 5, 
If income is Rs 5, cash is Rs 110 


understood, the remaining work on 


If these six connections are 
tion of the unitary 


stocks and shares is nothing but an applica 
method. 
EXERCISES 
1. Explain and illustrate the procedure of teaching the four 
fundamental rules of mathematics ? 
2. What broader principles should bi 


ing arithmetic to the students ? 
3. How will you introduce the following to the beginners :— 


e kept in mind while teach- 


(i) Metric measures. 
(ii) Discount. 
(iii) Area of a circle. 
(iv) Volume. 

(v) Proportion. 
(vi) Fractions. 

4. How will you introduce and develop the idea of square root 
so that effective and complete comprehension takes place in the 
students ? 

5. How can you relate the topics of fractions, percentage, unitary 
method, simple interest and discount with practical life ? 


CHAPTER SEVENTEEN 


THE TEACHING OF HOUSEHOLD ACCOUNTS 


eant for girl students only. It 
at since every girl had to run her household 
independently after m. 


on sound businéss Principles. Knowledge and practice of household 
arithmetic is a Prerequisite for a ‘happy home’. The emphasis on 
thmetic is expect atics with actual 

lso going to equip the learner with 
knowledge of everyday use. The attem 
to life. That will sil 


: al elements of Mathematics. Household 
accounts is not to be treated ; it is to be incorpor- 


high school stud 
classes, Certai 
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Arithmetic instead of Algebra and Geometry ? The supporters of 
this option give the following arguments : (i) Algebra and Geometry 
will be little use to a girl when she becomes a housewife. (ii) Teaching 
of Domestic Arithmetic is a technical training to a girl for the 
successful running of the home. (iii) Knowledge of these accounts 
is badly needed for practical purposes in daily routine of women. The 
opponents put forth equally strong arguments : (i) Girls who aspire 
to prosecute higher studies in Mathematics and Sciences need school- 
ing in Algebra and Geometry. (ii) Higher education in mathematics 
and sciences can no longer be denied to women because of the 
awakening in them and their resolve to move shoulder to shoulder 
with men in every walk of life. 

The best way to solve this problem is to amalgamate household 
accounts with other parts of the syllabus of mathematics and adopt 
the same uniform syllabus for the boys and girls both. 

The current trend is in favour of mathematics of practical value. 
It is reflected in the recent changes effected in the school syllabus. A 
few topics like taxes, insurance etc., have now been included in the 
middle school syllabus also. But more changes are needed to give 
Household Accounts its due place. 

Some of the Western Schools have introduced the teaching of 
somewhat extreme form of socialized arithmetic. It has also been 
called ‘business arithmetic’, ‘consumer arithmetic’ and ‘social 
economic mathematics’. Usually it is meant for those students who 
do not plan any further study in mathematics but who need additional 
training in home and business management. Experiments with this 
type of course are fairly recent, and only broad suggestion can be 
made about the contents of such a course. Here is an outline : 


1. Measurements and computations; degree of accuracy, short 
ways of multiplying and dividing, etc. 

2. Fundamental operations like fractions, decimals and percen- 
tages. 

3. The simplet ideas of statistical methods; construction of 
various types of graphs; frequency tables; various types of 
averages and means; etc. 

4. Index numbers. Their construction and use in connection 
with commodity prices, real wages, cost of living, business 
cycles, etc. < 

5. Household budgets. Cooperative enterprises. 

6. Instalment buying. 


7. Investments : stocks, bonds, mortgages; banking procedures ,“- 
etc. 
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8. Insurance : home, fire, theft, property, accident, etc. 


$. Taxation property, sales, income, direct and indirect; the cost 
of government. 


10. Topics involving national policies, such as crop control, 
fixation of prices, social security, foreign exchange, distri- 
bution of national income, etc. 


How To Teach HOUSEHOLD Accounts 


It is taught best in the manner and through the situations in 
which it actually occurs in life. Financial Management should be 
actually introduced in different activities of the students. Different 
activities may be started to provide for financial management. 
Kitchen, garden, knitting, cooperative shop, craft activities, cultural 
activities, celebration of days, planning a tour ora holiday, and the 
like should be invariably exploited to create situations for learning 
household accounts. Budgeting should be taught through budgeting, 
and account keeping through aciual account keeping. The students 
should be given opportunities of Preparing budgets and keeping 
accounts of shop, craft, household and school. The habit of keeping 
records of income and expenditure should be inculcated in them. By 
keeping accounts in a Systematic way, one becomes economical. 


k ; be given access to the school accounts re- 
gisters. Cooperation of local business and 


What to buy: When to buy? 

habs a to 1, as. how to buy ? The most economical method of 
l atically be h ien- 

eek y gh actual experien 
i uying personally is de though inconveni- 


» a bill and an invoice. They will 


: a , Sales tax, etc. 
The opening, maintaining, 


N transferrin 
account with a bank also can Bs 


Operating or closing an 
best be taught by organising a children’s 
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bank. Some students may open and operate different types of 
accounts at a post office. The writing or issuing different types of 
cheques may also be made a day to day experience for them. When 
they start their own small bank, or organise a cooperative store, they 
get an opportunity of investment. They become share-holders of an 
enterprise and look forward to some profit and expect some con- 


venience. 


The idea of insurance should be brought home to them by quoting 
examples from the locality. 

Different agencies such as the post office, a bank, insurance 
offices, income tax offices, cooperative societies, business centres, 
small and big shops, etc., should be frequently visited by the students 
with specific purposes to understand their working and their connec- 
tion with household accounts. 

The teaching of household accounts will profit greatly, if students 
are addressed by post masters, bankers, bank managers, insurance 
agents and officers, income tax officers, cooperative inspectors, 
businessmen, shopkeepers, etc. Being experts in their trades, these 
ec will be in a position to give authentic information about 

em. 

The school should acquire a sufficient collection of registers and 
forms connected with this branch e.g., day books; cash books; ledgers; 
bill books; cash memos; budgets—family as well as state; pass books; 
eitorent forms prevalent in post offices and banks; cheque books; 
icences, 


EXERCISES 


l. Discuss the place and importance of household accounts as 
a part of the syllabus of mathematics. 

2. When and how should household accounts be taught to the 
students ? 

3. Illustrate the methods and techniques which you will try to 


use for the teaching of household accounts ? 


CHAPTER EIGHTEEN 


THE TEACHING OF ALGEBRA 


WHAT 1s ALGEBRA ? 


THE WORD ‘ALGEBRA’ is Arabic in ori 
word ‘AlI-jabr’al-muqabulah’ where ‘al’ m 
operation of transferring a quantity from 
another (of course, after Performing a chan 
‘muqabulah’ means the Process of sub 


tracting similar quantities 
from both sides of an equation. 


It is a generalisation of arithmetic, 
principles are frequently needed to retur: 
in arithmetic. With the introdu: 
to extend the number system of arithmetic so that the four funda- 


5 The first extension 
egative numbers, to provide for the sub- 


traction of larger from smaller numbers, 


It is also thought to be the Most difficult and abstract of all the 
branches of mathematics. But it is Primarily taught for manipulative 
skill, solution of problems by equations, a Power of generalisation 
and use of formulae, and idea of functionality, 


As it has been called a generalized arithmetic, so it may be 
related to geometry by Saying that algebra is Only written geometry 
and geometry is merely pictured algebra. 


Way Is ALGEBRA TAUGHT 
Algebra is taught because— 


1. It 2 tien branches of mathematics. It has 
especially simplified for the le " 
rede ‘arner, many Problems of 
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4. a provides an effective way for expressing complicated rela- 
ns. 


5. It gives a new, good approach to the study = of abstract 
mathematical relationships through the use of a new language 
and a new symbolism. 

6. It inculcates the power of analysis. 

7. Verification of results is simpler and more satisfactory in 
algebra than in any other branch of mathematics. It develops 
confidence among the students. 

8. It helps in the generalisation of scientific truths into simple 
and compact formulae. 

9. It is a good instrument for mental training. 


TEACHING OF DIFFERENT TOPICS OF ALGEBRA 


THE SIGNED NUMBERS 
= a Fe need is to attach certain meanings to the signs -+ (plus) 
minus). 
1. Kind of operation : + add; — subtract. 
+ rightward, upward ; — leftward, downward 


2. Direction : 
(opposite directions). 


3. Directed or signed numbers : + positive; —- negative. 
4. Effect on direction : + continuation in direction already 
established; — reversal of such 
A direction. 
number scale is 
fone to represent direc- 
Ps numbers by making — + 
z start from an arbitrary -6 -5 -4 -3 -2 -1 0123456 
ero point. It is agreed Fig. 31 


gat a number having no prefixed sign be considered positive. It is 
ow necessary to make rules for operating with negative numbers. 


Addition:—The following are the four possible cases : 
(a) +5 (b) +5 (c) —5 (d) —5 
+4 —4 +4 


—4 


Case (a) means i oint 5 units are coun- 
that starting from the zero point » 
a to the right, then 4 more Bii to the right, ending at +9. The 

acher may explain like this : “We can interpret + as something in 
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i =00 
Our possession. A person has Rs 500 in One pocket and Rs 4 


ee 1 
inthe other. The total amount Possessed by him is naturaly 
Rs 9=00.” 


Case (b) shows that 5 units are counted to the Hen of er 
then from+5, 4 units are counted pe i left, me Seca pn 
explain, ike this :—“‘We can say 
igo 00 and owes Rs 4=00. The net amount possessed by 
him is naturally Re 1 =00.” P 
Case (c) states that 5 units are counted to the left of PE 
from—-5, 4 units are counted to the right, ending at—1. The 5-00 
may explain like this :—‘*We can say that a person owes Rs 
and possesses Rs 4=00. His net debt will be Re 1=00. 


n 
Case (d) states that 5 units are counted to the left of zero, the 
4 more units to the left, 


: : id that a 

ending at—9, Or it can be said th 
person owes Rs 5=00 to A and Rs 4=00 to B. His net debt will be 
Rs 9=00 


ples of this type, the rule can be framed, 
namely “to add two numbers with like signs, prefix the common aly 
to their numerical sum; otherwise prefix the sign of the numeric 
larger number to their numerical difference.” 


SUBTRACTION 


The teacher announces to the class, “Let us perform the operation 
of subtraction on the four cases in hand,” 


Case (a) is a simple problem of taking out 4 from 5. 

Case (b) indicates the sul of --4 from +5, When a 
Person’s debt is written off, he gets richer by that amount. In this 
case a debt of Rs 4=00 is written off. So the Person who already 
possesses Rs 5=00, gets richer by Rs 4=00 He has been save 
Tom a debt of Rs 4=00. His net 


: possession increases by four rupees. 
Therefore subtracting —4 means adding +4, 


Case (c) states the subtraction of 44 from —5. A person’s 
possession is —5 rupees. A 


? um of rupees +4 is to be taken 
Ossession. He becomes 


btraction 


: s —9 í by sub- 
tracting +4 means adding —4, pusen See 
Case (d) states the subtraction of —4 


' 
s 
e (d from —5, erson 
possession is —5 Tupees. The subtraction of k 
of 4 rupees is to be written off. When a debt is 


—4 means that z Rai 
of 4 s writ , the debto 
indirectly gains. He becomes Ticher by four Paar e his 
net possession is —1 rupee, Subtraction of —4 ‘means addition © 
+4. The ground is FC cÈ the general rule for 
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subtracti : 
Asin oa Damen change the sign of the subtrahend and proceed 


MULTIPLICATION 


oi ey aa it has been, found in an earlier chapter that mul- 
tiplyin nis repeated addition of like numbers. The case of mul- 
that pe +4 with+3 is not difficult to explain. The second case is 
that iy iy —4 with +3. This can be interpreted to mean 
The third as to, be added three times, which gives the product as 10: 
a multipli case is that of multiplying 4-4 with —3. One knows that in 
multipli ication of two numbers, either of them can be made the 
e added This problem can be interpreted to mean that —3 has to 
makin = four times. That gives the „product as —i2. For 
exam p the fourth case of the multiplication understandable, the 
ple given below may be found useful. It helps in understanding 


the other three cases also. 
There are fifty students on the rolls of a class and the school 
tuition fee per head. The 


cha 
ai from forty of them Rs 5=00 as 
nts being on the rolls can be regarded as -++ve; and as they are 
f income for the school. The 


Product of --40 and +5 Rs is +200 rupees. Suppose 10 fee-paying 
e—ve. The school loses 


Rs 50= i 
s 50=00 by their leaving. The product of —10 and +5 Ks is —50 
f their poverty the remaining 


f Rs 10 per head from the 


ti 
spa lents of the class get a scholarship O 
Ol. a os e loses Rs 100=00 on them -at Rs 10==00 each 
100 rupees. If five out of these 
: eir 


In g 

roar for the school was already negative. By their departure the 

~10j saves or gains Rs 50=00. Therefore the pro d 
is +50 rupees. 


, Another example, gi 
s ple, given below, 
Plioation of directed numbers:— 
te ire Therefore the net balance of his p J 
ie you multiply —10 and +4 you get —40. If two of the creditors 
on. two of the debts are automatically written off. The two creditors 
Raye of their death become ive. By their death ‘A’ is 
sci from the payment of twenty rupees. The net balance of his 
=a will increase by this amount. The product of —10 and 
is therefore +20. 
thee results indicate the rule 
unlike cic the product of two num 
e signs it is negative. 


plication of two signed 


for the multi { 
gns is positive; with 


bers with like si 
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DIVISION 


The rule for the division of one signed number by another follows 
directly from multiplication. In the Straight problems of division, it 


Fig. 32 (a), 32 (b) 
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is known that Divisor x Quotient = Dividend. If the Dividend is 
Positive, Divisor and Quotient will have like signs. If it is negative, 
the two factors will have unlike signs. 


THE Use oF BRACKETS 


__ A pair of brackets is a sort of little box containing some quan- 
tities which are to be regarded all together as one quantity. Different 
cases of the use of the brackets are illustrated below: -- 


(1) a+(b+c)=a+b+e 
(2) at+(b—c)=a+b—c 
(3) a—(b+c) =a—b—c 
(4) a—(b—c)=a—b+-c 
(5) a(a+b)=a?+ab 
(6) a(a—b)=a’—ab 


Firs: DEGREE EQUATIONS 


The procedure with the first degree equation is direct. All the 
terms containing the unknown are removed to one side (the left by 
convention) : and all constant terms to the other side of the equality 
sign. The terms on each side are then collected, and division by the 
coefficient of the unknown gives its value. This value satisfies the 
equation. 


A few simple equations can be borrowed from arithmetic and 
geometry also : such as 


A (area)=L (length) x B (breadth) 
I (Simple interest) = P(Principal) x Résate Rirate) x T(time) Tame) 


V (volume)= L(length) x B(breadth) x H(heigh). 
A (area of a triangle)=} x B(base) x H, (height). 
Ina A, ZA+ZB+/C=180", 
In art. angled A (Hyp)*=(Base)?+(Perp.)* 
The idea of equation can be easily introduced with the help of 
examplag 8f the following type : — 
4 books-+3 books=7 books or 4b+3b=7b 
8 chairs+4 chairs=12 chairs or 8c+4e=12¢ 


i .40 paise, find the 
The problem that the cost of 7 books is Rs 22.40 
Cost of one book, can be taken as ‘equation problem. 
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1b=22.40 
p—22.40_3.20 


Now the teacher should extend the problem and say, “If five 
rupees were added tothe cost of 7 books the sumis Rs 27.40 
paise. Find the cost of one book.” 


It can be sloved as : 
7b+5=27.40 


But, how to get rid of ‘5’ so that only ‘7b’ is left on one side ? 
The teacher will take the help of simpler examples, such as :— 


12=12 
12—2=12—2 ie. 10=10 
12—5=12—5 ie. 7157 


That is, any quantity can be subtracted from one side of the 
equation, provided the same is subtracted from the other side also. 
When a shopkeeper weighs 8 Kgs of wheat flour, he has 8 Kgs 
weight on one side and 8 Kgs of wheat flour on the other. But if 
the customer recollects that he needs only 5 Kgs, the shopkeeper 
has to take out 3 Kgs weight from one side and the same weight 
of wheat flour from the other side, to balance the two. 


Reverting to the problem proper, the teacher will say, 
7b+5—5=27.40—5 or  7b=27.40—5 li) 
or 7b=22.40 (the same as before) 


The teacher reshapes the problem as, 
tracted from the cost of 7 books, the rema 
paise. Find the`cost of one book ? 


He proceeds as usual :— 
7b—5=17.40 


The earlier examples may be used ina 
that here 5 is to be added on both sides. 


“If five rupees were sub- 
ining amount is Rs 17.40 


modified form to explain 


1b—5+5=17.40+5 or 7b=17.40+5 wii) 
or 7b =22.40 


„The equations (i) and (fi) can be used to arrive at the gene- 
ralisation ‘any quantity can be shifted from one side of the equation 
to the other by changing its sign.’ 

The students can easily solve 


Tx=28 and say x=4, 
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The t P 
‘ homage asks, “What is the rule about it?’ They answer, 
enominator Mons en shifted from one side to the other, becomes 
tor when 5d Bp ent it can be further generalised that ‘a denomina- 
numerator.’ rom one side of the equation to the other, becomes 


The fo i ; 
e written 4 axioms involved in the solution of linear equations can 
in another form also :— 


l; | me 
equal. f equal quantities are added to equal quantities, the results are 


2. Ife ats 
Tesults he apoantiies are subtracted from equal quantities, the 


KA ER 
Tesults a P are multiplied by equ 


4, sus 
are jo quantities are divided by equal 


al quantities, the 


quantities, the results 


Wu GRAPHS 
Y TEACH GRAPHS 


nt of the employment situation, 
ore can be brought to 
ledge of graphs forms 
f dealing 


€ ry . 
the es population, the improveme 
clear ee of an illness, all these and many m 
necessary p by means of graphs. The know 
th qu y_ part of general knowledge. It gives 4 power o! 
difficult estions that are well-nigh impossible o 
student Ry solve by ordinary algebraical methods. It also gives the 
graph to excellent opportunity for criticising bi : 
that saat suddenly moves off in an unexpected direction or a point 
mistake s the smoothness of a curve soon leads the pupil to suspect 
is helpful ¢ It is a very concise way of representing a statement. It 
iS an in the study of different sciences. The knowledge of graphs 
used to sential foundation for higher mathematics. Graphs can be 
tation create interest even in abstract lessons. A graphic represen- 
ifoga als to the aesthetic sense. The primary We of a graph 
ti Xhibit to the eye a series of simultaneous values of two quanti- 


It makes an immediate appeal to the eye- 


Som 
E POPULAR TYPES OF GRAPHS 
B . 
depict” column, circle and graph paper are the different means to 
ingly a Srenneal relations. Such graphical devices are being increas- 
Urren nd prominently used in newspapers, magazines, and other 
t publications. 
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a 


AREA OF 1000 ACRES 


oe Roads | waste Canal Irrigated | Well Irrigated hee | 
ni 


Area Area Area Land 
| 2% | 5% | 19% 28% | 26% | 20% | 
Fig. 33. (a) 
1S0 
140 
130 
\20 
“o 


NUMBER OF MAUNDZ 


os essa gags 


1948 1950 1952 1954 1956 1958 
Fig. 33. (b)? 


---—73}, AGRICULTURE 


Fig. 33 (c) 


Graphed paper graph of am ee 
interest rules. p ounts in simple and compound 


Amount of Rs. 100 at 10% compounded annually. 


The graph of the amount at simple interes i i 

t follo ne, 
whereas that of the amount at compound interest lae A 
joining 100, 110, 121, 133.1, 146.4, 161, 177 and so on 
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AMOUNT IN RUPEES 


Tur 
TEA 

CHING OF GRAPHS 
e graphing of 


The fi 
statistics, rae’ in teaching of graphs should includ 
is has really nothing to do with algebra, but there are 
It is essential that atten- 


nany les 
zon should © to be learnt from such work. 
Urely arithme paid towards the reading and drawing of graphs from 
ea iithmetical data before any algebraic notation is introduced. 
itate the use of the graphe 
ime, and it is useful to 


Teserye 
Hence it 1s 


Adv: 
dvisable po „graphs once d 


o work in note books ruled 


After 
Plotting an good practice in reading t 
studt sh T drawing them. 
relist 4 ma be impressed on the 
ons tonshi at a graph represents 
nee Wi eee two quantities, 
h Nontal Ji is measured along the 
AS vertical T and the other along 
| chart sho ine of the graph paper. 
a ections aome the --ve and — Ve -ve ave 
ha, .Yertic ong both the horizontal 
now tical lines should remain 


Sin, 
o 
Ut the ter the class-room through- 


he graphs, comes the stage of 


+ve 


aching of graphs. 
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Practice in plotting should be started from the plotting of points. 
The students may be asked to plot some numbers and their squares. 


1, 1); (—1, 1); @, 4); (—2, 4); (3, 9); (—3, 9) etc.] or the points 
epee the cost prices of one to six books e.g., when one pook 
costs Rs 1.50. Different points to be plotted in this case will be 
(1, 1.50); (2, 3); (3, 4.50) and so on]. In the latter case, the „teacher 
will ask the students to join the three plotted points, A straight line 
will be the result. The graph of two proportional variables is F 
straight line. Thus the graph of the costs of different quantities O 
a commodity will be a straight line. Similarly the graph of the 
motion of a person travelling 3 miles per hour will be a straight line. 
A good deal of practice in plotting the points such as —1, 2); 


(—2, —3); (2, —2); (—3, —4); (—2.5, 1.5) should be given for a 
considerable period of time. 


ALGEBRAICAL GRAPHS 


The two axes on the graph are named as x-axis and y-axis, their 
meeting point being (0, o). The start in this aspect of graphs may 

made from the drawing of the graphs of relations or equations 
like y=2x or y=x+1. 


In either of these equations, 
corresponding value of y. 
variables are calculated thus : 


for every value of x, there is = 
The corresponding values of the tw 
y=2x. 


But three values are enough in such cases. 
Similarly in case of y=x+1. 


when 

Tepresented by straight lines. The accuracy 
of the drawing can be easily verified in these cases. If the joining z 
different plotted points gives a straight line, the drawing is accurate, 
otherwise not. Moreover, any other point that falls on that 1” 
must satisfy the given equation. 
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SOLVING OF LINEAR EQUATIONS 


_ The five commonly used methods of solving simultaneous equa- 
tions are (1) the method of elimination by comparison, (2) the 
method of elimination by addition and subtraction, (3) the method of 
elimination by substitution, (4) the graphical method, and (5) the 
method of determinants. 

The graphical method can be used, of course, only with students 
who have previously studied the meaning and construction of graphs 
of linear equations. Its principal advantages lie in the fact that it 
isinteresting and that it illustrates things in a very convincing 


manner. 


Its main disadvantages are that it provides only approximate 
Solutions instead of exact ones, which often introduces apparent 
discrepancies and gives the student a consequent feeling of dissatis- 
faction. Secondly, it is a comparatively slow, tedious, and inefficient 
method for solving simple linear equations. For this reason, after 
students have learnt more exact and efficient algebraic methods, they 


are likely to prefer them to the graphical method. 


The solving of two linear equations, will involve the drawing of 


the straight lines representing the two separately. Their point of 
intersection is the point or value which lies on both the lines and 


hence satisfies both. Thus the point of intersection gives the solution 
of the two equations. 


Points To Be Kept IN MIND WHILE TEACHING GRAPHS : 


1. Graphed black-board must be provided in the school. 

2. Graphs of the progress of the school should be got prepared 
by the students. 

3. Graphs should not only be drawn but also interpreted. 


Students should know that the graph is a straight line 
through the origin if the two quantities involved are pro- 


portional. 
FACTORISING AND FORMULAE 


When an expression is a product of two or more expressions, each 
of the latter expressions is called a factor. 


Thus x*-+-(a--b)x-+ab is the product of (x+a) and (x-+d) 


.. (x+a) and (x+b) are the factors of the expression 
x*+(a+b)x+ab. 
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The process of finding the factors of an expression is called 
factorising. 


Factorising can be taught logically, and connected with the 
previous knowledge of multiplication and division in the following 
manner :— 


Multiplication Division Factorising 
5x4=? 20+5=? 20=?x? 
8x6=? 48—8=? 48=? x? 

a(a+b)=? (a?+ab)+a=? a+ab=? x? 


The teachers should not insist upon doing very intricate problems 
on factorising. This topic is one of the difficult topics of algebra. It 


should be presented in an interesting manner. Only useful cases of 
factorising should be taught. 


_ A keen sense of observation and analysis pay the student most 
in factorising. The 


f r , 1¢ first thing is to see whether there is a factor 
which is quite evident. Thus in 8a°—16ab, 8a should at once come 


to the child’s mind. The other factor is obtainable by dividing each 
term by 8a. 


be difficult to deal with expressions like 
3a(a-++ b)—b(a-+-b). Here (a+b), ina way, shouts at the learner. 
dent may get confused in such straight cases 


also. He may multiply 3a, a b; and ; i 
a a T y +b; and b, a+b; get the expression 


and then start factorising it. This shows that 
the teacher should lay stress on the evident and “shouting” type of 
factors. 


The teacher will also have to create a 
5 mong the stud sense 
of grouping the connected terms. 4 emsa 


€ A useful tip here is to spot some 
letter that occurs only in two terms and to group those lapis to- 
oe Tons, ( cl iri tes a occurs in two terms; and those 
rms give us al c) as sub-factors; the other two terms pi us 
d(b+c). Therefore the expression eq a oe 


uals (b-+c)(a+d). 
The difference of two Squares gives an opportunit: ing i 

NO | of going into 
geometry. The geometric illustration shows Teiti uiy aie area 
Zepresented by the „Product (a+b) (a—b) 
represented by a?—b?, Now suppose a i i 
a D= O44 But (a0) Pp a is 8 and b is2. Then 
Thus may also be illustrated arithmetically th 2 p= 
(a+b) (a—b). The other t ee 


must . 
They must be understood and also memorised, ee SE 
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THE Two FUNDAMENTAL REQUISITES ARE : 


1. Knowledge of the type forms of the various special kinds of 
factors. 


2. Ability to recognise, identify, and associate particular cases 
and particular elements with the general types to which they belong. 


For example, the factorisation of x°—y® involves its identification 
and association with two particular cases of the difference of two 
Squares, and the difference of two cubes. 

The students should also be given the opportunity of factorising 
the forms like 5-+6x-+x? and 90+-93x+25x?+2x5. The occurrence of 
terms like x? and 2x? in the first place should not be a tule. 

.. They should be encouraged to enjoy the symmetry of problems 
like (a—b)?+(b—c)?-+(c—a)*, ‘a°(b—c) + b%(c—a) + c° (a—b), x(y-2) 
+Y(Z—x)8 +2(x— y). They should even be asked to invent some 
Such problems. 


Some Meruops oF FACTORISATION 


1. METHOD OF FINDING THE SUM AND THE PRODUCT OF THE ROOTS 


Example x°—11x+28. 

In ha anadrade equation x*—1 1x-+28=0 

the product of the roots=28, 

and sum of the roots= — 11 

Therefore the roots are —7 and — 

Hence the factors of x2—I1x+28 are (x—7) (x—4) 


2. EXPRESSING THE QUADRATIC AS A DIFFERENCE OF TWO SQUARES 


This method is applicable to problems like ax*+bx+¢, 
When a or c is a perfect square and b is an even number. 
Need not be applicable to all such cases). 
Example :—5x?+16x—16 
9x2—(4x2— 16x+ 16)= 9x®—(2x—4)* 
=(3x+2x--4) (3x—2x+4) 
=(5x—4) (x+4). 


(It 


3. BY PUTTING THE VALUE OF THE VARIABLE 


This is also, in a way, a method of trial. 
value of the variable the quadratic becomes zero, 
ed by this value is a factor. 


If by putting a certain 
the variable reduc- 
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Example :—Factorise x°+ 9x?+ 8x—60. 


Putting x=+ 1, does not fulfil the condition, but x=2 makes the 
quadratic zero, therefore x—2 is a factor, and so on. 


DIVISION BY ZERO 


The impossibility of dividing by zero should be shown and 
brought home to every student of mathematics generally and to 
y every student of algebra particularly. Many fallacies arise through 
inadvertent division by zero. Such statements as 1=2, or any num- 
ber is equal to any other number, may be obtained in this manner. 
For example : 


Let x=y=3 “. 15x=15y 
and 10x=10y 
By subtraction 15x—10x=15y—10y 


By transposition 15x—15y=10x—10y 
Or 15(x—y)=10(x—y) 
x—y is common 

^ 15=10 


Note that here the common factor x—y has been cancelled from 
both the sides. This has been done according to the rules of 
division. Both the sides, in fact, have been divided by x—y, which 
is equal to zero. The students can, of course, astonish others with 
this magic of mathematics but they themselves should never fall 


into the trap. Let it be known to them, that divisi es 
permissible. » that division by zero is n 


Similar two common errcrs are 


A enerall i 
solving problems. One is given in th Muni A0 


e following example : 
x°—9=x?— 5x46 
or  (x—3)\(x+3)=(x—3)(x—2) 


The factor x—3 is frequently removed, wi i i 
x+3=x—2. The proper OOE cis ie ee renti 


F x=3 is th i 
and collecting terms. us lost by not transposing 


Another error more frequently made i i i 
nit i quently made is shown in solving for x the 


(a—b)x=a?—b? 


r x=a+b, if and only if a—b 5 ae 
is vitally necessary, for if a=b, the Coes sae last gen 
which is true for any value of x. on is an identity, 


THE 
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FORMULAE 


A formula i i i 
this vac a is a form of equality which holds true for all values of 
variable. A formula is a shorthand statement. 


appi porong knowledge of the important, formulae and their 

hey h ons to various, algebraic operations is absolutely necessary. 

Prepared to be intelligently memorised. A chart of these may be 

Their and always kept hanging 10 the mathematics class-room. 

some ady knowledge is of utmost importance. The following are 
of the important formulae of everyday use :— 


(a +b)(a—b)=8°— b". 

(ad bf ey=atHb+ c4 2(ab tbe +a) 

(a 4b)’ —a3-+3a*b+3ab; +. 

(a—b)8=a°— 3a°b +3ab°—b* 

a-++-b8=(a-+b)(a—ab +b ) 

a3__8=(a—b) (a+ ab +5"). 
__ Their understanding involves only simple multiplication and divi- 
lae 6 dent’s knowledge of these formu- 
‘itera | day and without prior notice. Construction of these 
ETARE involves real ability of the students. The reconstruction of 

ulae is more important than 

a will also be opportunities to verify and apply these for- 


INDICES 
mutt’ Index Notation is a simple and brief representation of the 
cu plication of the same number. Area of square and volume of 
are good cases for the application of indices. 


The following examples will make the idea clear :— 


2x 2=4 (It is the area of a square with side 2 inches) 
2 


It can be called the ‘square of 2’ or 2°. 

be si 2x2=8. Itis the volume of cube with side 2 inches. It can 
x et as tho eube OFZ or 2.. That Ns if you convert 2X2 and 

x2 into index form, you get 2* and 28 respectively. 
Similarly, the teacher can ask the students to convert 2x2x2x2, 
one axaxa and XXXXXXAKXXX* into their respective index 
multe; Conversely, they can be guided to notice that a° means ‘a 
ane ae by itself eight times’ x! means E multiplied by itself eleven 
s’ and a™ means ‘a multiplied by itself m times’. How to write 
lso be explained as a”=aXaXa... 
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THEIR MULTIPLICATION 


i i in i i important and 
How to multiply terms given in index forms is an a 
interesting thing to learn. The beginning willbe made by a little 
more concrete cases; such as— 


22x 23=4 x 8=32 
But it is also=2X2x2x2x2 , 
(i.e., 2 multiplied by itself 5 times). 
=25=32 
2? x 28=25 
Similarly 3° 34=27 x 81 =2187 
But it is also=3X3xX3X3xX3X3X3 
(i.e., 3 multiplied by itself seven times) 
=3’=2187 
3°x34=37 
Similarly aX a°=axaxaxaxaxaxaXaXaXaXa. 
(i.e., a multiplied by itself eleven times) 


=q”, 
In this manner, the generalisation can be arrived at by writing 
a” Xa"=(axXaXa......... m times) (@X 4X đu... n times) 
=aXaX Aes. (m+n) times 
= artn, 


_ So, if the base is the same, the index of the power of the product 
is the sum of the indices of the powers. 


Cases like a? x a® x a4 and a? 


; Xa” Xa? will be taken for the purpose 
of practice. 


THEIR DIVISION 


This will also be introduced through concre 
25 —2X2x2x2x2 


23 axax =2X2=2? =4 


te cases; such as— 


2 L3X3Xx3x3x3X3x3_ " 
3 3x3x3x3 53Xx3x3=31=27, 


a _aXaxaxaxaxa i 
a axaxaxąa “4Xa=a 
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These cases will show that in division, if the base is the same, tl 
index of the power of the quotient is obtained by subtracting tl 
power of the divisor from that of the dividend. 


To make the necessity of ‘same base’ clear, the teacher will as 
the students to try the multiplication of aï with b° and the division « 
a! by bf 
THE MEANING OF ZERO POWER 

This can be explained by both the methods of division and mu 
tiplication. 

By now the students wi 
a” 


-=gnm—a? 


\| have Known thae 


They also will be knowing tha 
a™ 


i also is 
n my n «bility in this case als 
Also a” xa? =a" =a". The only possibility 1 that “any number 


that a°=1. The generalisation, therefore, will a e masi 
Taised to the power 0 is 1, except 0 which c: 
THE POWER OF POWER CASES 

In this case also concrete cases wil 


l be the best beginning; suck 


(28)'=(8)'=64 which is also=2X2X 21: 6) HIMES, 
k (28)? =2°. 

froilarly = ...8 times. 
GH aC) 6561 which is also=3X3% 3+" es 
a (3?)'=38 
Similarly :— sanna. 


(a =a x a Xa® Xa 
Hence (a”)"=a™". 
i d 

The following rule can be frame 

ini fa base 

In taking power of some quantity containing A Powers. 
keep the base the same and multiply the 10 
QUADRATIC EQUATIONS 


F ic equa 
There are at last two valuable facts about quadratic eq! 
tions :— i , 
j i n whic] 
G) There is some novelty about sakina es alo 
contains x?, (ji) There is certainly novelty in finding 


can be true for more than one value of x. 
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METHODS OF SOLVING 


There are in all five methods of solving quadratic equations :— 


1. Graphical method; 2 Inspection method (in the case of 
incomplete quadratics); (3) Factorising; (4) Completing the square; 
and (5) Quadratic formula. 


THE GRAPHICAL METHOD 


It is not strictly an algebraic method and can give only approxi- 
mate solutions; but it is very valuable in clarifying the meaning and 
nature of the two roots, just as the graph itself is useful in bringing 
out certain important characteristics of the function. There are four 
essential things to be brought home tothe students: (1) the graph 
is the geometric representation of the quadratic equation and as the 
independent variable takes on different values, the function also 
takes on different values; (2) since the general form of the quadratic 
equation is ax?-+-bx-+c=0, seek to find those values of x which will 
make the function y=ax*+bx-+c have the value zero; (3) the only 
points on the graph for which the function can have the value zero 
are those points which are on the x—axis; and (4) consequently the 
cess of those points give the values of the independent variable 
which satisfy the equation. The graph also can be used effectively to 
ee two real and distinct roots may exist, why the roots are 
tobt imes real and equal, and why, in certain cases, there are no real 


Because it is slow and tedious, th i i 
» the graphical solution should not 
it has been used ea few eases gape il have been served when 
1 e es for clarification. j 
the work with quadratic equations should be ce aie a : 
braic rather than graphical solutions. oe 


METHOD OF INSPECTION 


hod. For example—The obser- 
Ere can lead the student to find 

ed give—5 and when multiplied give 
e o Product of only two groups of —ve 
eol ae i e summing up of the numbers of 
E ge A pean condition. Therefore, x=2 and 


ite toots. udent will be further satisfied about 


METHOD OF FACTORISING 
The students already know about factors 


pose any new ditkeulty it Wil only reae gi method does not 
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There is one point which should be specially clarified by the teacher. 
When an equation such as x2—5x-+6=0 is given in factorised form 
as (x—2) (x—3)=0, it is not always clear to the students why one 
has the right to set the factors separately equal to zero and thus to 
get two linear equations. It should be explained that there are two 
possibilities of the satisfaction of the equation. If either of the factors 
is zero the equation will be satisfied; and the only way in which the 
equation can be satisfied is that at least one of the factors should be 
equal to zero. Moreover, the roots of the equation are given in the 
form x=2. This method is also not to be continued for too long, 
because of 3. Most of the time is to be reserved for the general method 
to come. Ina few examples in the beginning, the results should be 
verified and checked by this method. 


METHOD OF COMPLETING THE SQUARE 


Before adopting this method, the teacher should make sure that 
the students know thoroughly that (a+b)?=a?-+2ab-+b" and (a—b)?= 
a?—2ab+b*, and also can apply these. To be sure about their pre- 
vious knowledge, he can ask the class to fill up the gaps in such cases 
as 


diet As t O 
x—4x+ =(  )% and 4x°+12x+ =( ) 


First, the teacher may take such an example as x°=16. The 
class will at once suggest x=4 as a solution, but let him also solve 
the equation by factors and get (x+4) (x—4)=0, x=4 or —4. 
Testing can assure him that 4 and—4 are both solutions. 

Then the teacher will set the problem x?+6x=27. 

It will be treated as follows :— 

XP OX e =ħ(xF Ve 

Or, by completing the square, 

x2+6x+9=(x+ 3) 
A ne ald 


known to the students. 
Or (x-3)'=36, which type is already fe 
They on ja Ar the point that aat: eei 


however, to spend much time in actually 


thod, since 1ts principal function here 1s 


It will not be necessary» 
al quadratic formula. 


solving equations by this meth 
to provide a means for developing the gener 
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METHOD OF QUADRATIC FORMULA 


This formula is ver 
student. Its develop 
ing the square. The 
the students should b 


y important and should be mastered by every 
ment requires the use of the method of complet- 
development should be carefully explained, and 
e tested for their understanding of every step. 
The equation of the type x*—x—3=0 will be given to the stu- 
dents for solution. It will not be possible to solve it with the 
method of factorising. The students will be asked to try the method 
of completing the square, namely, 
P—x—3=0 
or x*—x 33 


Making L.H.S. a perfect square, 

al 

4 

= 2 
(pS 


Or, taking Square root on both sides — 


x?—x+ L34 


sjeg 
or x=t+ V13 =l+vB_ 


2 2 
Another example, 2x2 


pikes —3x+4=0, will also be Solved in the same 


2x?—3x=—4 


or x2. 


Fra 


Making L.H.S. a Perfect square, 


RO ch 2 
2 16 ~—2+ 5 
3 it 23 
x— — | = 
( 4 ) 16 


Taking square Toot on both sides 


3 E 
pe 
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or 3 ae y 
s ge 


34/—23 


x= j 


4 
at the generalisation, the teacher 


To enable the students to arrive 
0 in the same manner. 


will ask them to solve ax*+-bx-+e= 


ax*+bx+c=0 
or Sic Os, aoe 
allt nag 


Making L.H.S. a perfect square, 
b b e b 
3 — = ——L—, 
i ao + 4g ~~ a +ga 


b \* —4ac+b? 
(= r)ena ' 


Taking square root, 


5 —— 
y a/ b—4 
+ 2a =" 
or yee bv beac 
2a 2a 
ee kV tae 
2a 


numerical 


derstand that eve is 


The teacher will go back to the previously solve 


Problems to enable the students to un 


Nothing but biyi te of the equation x?—x—3=0; and 
a 


imi =a ee = 
Similarly tv2 is nothing but ~= of the equa- 
tion 2x?—3x4+4=0. 


It ma 
y be brought to 
ween the three equati 


the notice of the students that comparison 
al) is the 


bet 
ons (two numerical and one gener 
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basis in this regard. Let them write the equations side by side as 
under and observe :— 


x*@—x—3=0 a=+1,b ta 3 
2x?—3x+4=0 a=2, b=—3,c=4 
ax?--bx+c=0 


The observation of a few more numerical quadratic equations 
and their roots, will convince the students about the application of 
the formula :— 


—b+/b*—4ac 
2a 


It is, of course, to be added to the knowledge of the students 
that b?—4ac is known as Discriminant. This ‘discriminant’ is an 
important quantity. It governs the nature of the roots. If it is 


—b r s —b 
zero, then x =a that is, both the values of x will be = Ja 


or the roots will be equal. Ifthe quantity b?°—4ac is possible, as 
in the case of the first example, +/b?--4ac will be possible or 
real quantities and so the roots will be real. Ifthe quantity b?—4ac 
is negative, as in the case of the second example, +Vb—4ac will 
not be possible and so the roots will be imaginary. 


Some practice in finding the nature of the roots can be given 
with the help of the following table, where the students will not 


P Discri- Nature of Roots 
quation minant Real or j Equalor | Rational or 
b?—4ac Imaginary | Unequal Irrational 

x?+6x+5=0 are i 

3x#4+7x+2=0 — | m l 

x*+7x+6=0 

Fig. 37. 
actually find the roots but come to know the nature of the roots from 
the discriminant alone. 
EXERCISES 


1, Enlist and explain the aims of teaching algebra in schools. 


2. By referring to a few important topics of algebra, explain 
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the procedures which you would like to adopt for teaching this 
branch. 

3. How will you teach algebra by correlating it with other bran- 
ches of the subject of mathematics ? 

4. Algebra is generally shunned by 4 student, why ? How 


will you create interest in its teaching ? 


CHAPTER NINETEEN 


THE TEACHING OF GEOMETRY 
a ee 


GEOMETRY 


GEOMETRY Is THE Science of space and extent. It deals with the 
Position, shape and size of bodies but has nothing to do with their 
material or physical Properties. 


DEMONSTRATIVE GEOMETRY 
It deals with the shape. 


» size and position of figures by pure rea- 
Soning, based on definiti 


Ons, self-evident truths, assumptions and 

Other established geometrical truths, Euclid, a celebrated Greek 
‘athematician (323—285 B.C.), was the father of Demonstrative 

| Geometry, He devised many methods for handling its problems. 
His methods are intuitional, observational, inventional, constructive, 
informal, creative, experimental and so on. 


PRACTICAL GEOMETRY 


It covers the Construction work of the Subject. Of Course, most 
of this work is also directly or indirectly based on demonstrative 
geometry, 


Way TEACH Geometry 


1. It enables the learner to ac 


2. The geometric princi 
are implanted in the 


quire a mass of geometrical facts. 


ples of equalit 


Y, Symmetry, and similarity 
very nature of things, 


3. It is important in a person’s cultural development, 
4. It develops the ability to draw accurate plans, 
5. It 


Pome a content that is objective and non-controver- 
sial. 


6. Itis useful in engineering, machine-shop, Construction indus- 
tries, landscape architecture, interior decoration and other 
areas of appreciation. 
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7. It demonstrates the nature and power of pure reason. 
8. Itis the key to mathematical thinking. 


Some of its special functions at different stages of schooling can 
be further discussed. 


Its FUNCTION IN THE MIDDLE SCHOOL 


The teachers of mathematics and curriculum-framers have now 


begun to realise that nature and practical arts are the primary and 
ic learning. The function of the middle 


permanent sources of geometri 1 
school geometry is to systematise the information received by the 


pupils at the pre-school and primary school stage from nature and 
practical arts, The emphasis will be on the understanding of funda- 
mental concepts and techniques such as the meaning, drawing and 
use of lines, angles, triangles and polygons. The primary object is not 
to teach the pupils to know geometry; but rather to lead them to 
think geometry. The practical side of geometry, will, however, domi- 


nate at this stage. 


Irs FUNCTION IN THE HIGH SCHOOL 


The major purpose of geometric instruction at this stage will be 
to inculcate in the pupils an appreciation for logical demonstration; 
to acquaint them with effective methods of clear, impartial thinking, 
critical evaluation, and intelligent generalisation; to train them in 
the discovery of truth ; and to introduce them to the meaning of 
geometrical rigour and precision. From a study of demonstrative 
geometry, every pupil should acquire a comprehensive knowledge of 
geometric facts, concepts, and processes ; an intimate acquaintance 
with the nature of deductive reasoning ; and some facility in the 
application of geometry to the better interpretation and appreciation 


of one’s environment. 
THE FUNCTION OF GLOMETRY FOR THE SENIOR HIGH SCHOOL STUDENTS 


For those who continue their study of geometry in the senior 
high school, intuition and experiment will still be effective aids. But 
the major purposes of instruction will be (a) to instil in the pupils 
an appreciation for the significance of logical demonstration; (b) to 
acquaint them with effective methods of clear, impartial thinking, 
critical evaluation, and intelligent generalisation ; (c) to train them in 
the techniques of discovery of truth; and (d) to introduce them to 
the significance of rigour and accuracy. 

Geometry attains its maximum possibilities if, in addition to its 


direct and practical usefulness, it can establish a pattern of reasoning. 
The study of demonstrative geometry should enable every pupil to 
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acquire a comprehensive knowledge of geometric facts, concepts and 
Processes :an intimate acquaintance with an effective method in 
detached arguments and in the discovery of truth ; and some facility 
in the application of geometry to the better understanding of one’s 
environments. 


Therefore, increasing importance is to be given to geometrical 
instruments and their use. The values to be gained from a study 
of geometry are to be pointed out: formulae have to be derived 
and used ; the general and historical notes have to be given ; 
illustrations have to be used—all these have to be done as frequent- 
ly as possible. To give emphasis to the need for training in logical 
thinking, more use has to be made of incomplete proof. There 
have to be more informal introductions through simpler language 
and less formal style.” The subject-matter has to be presented 
through practical applications of geometric principles. There has 
to be less emphasis on strict logic than before, and the subject-matter 


has to be presented from the point of view of the yet immature 
pupil. 


DIFFERENT STAGES OF TEACHING GEOMETRY 


This logical subject is to be taught in a sequence. The following 
ee stages are suitable and useful for its teaching:— 


1. THE PRACTICAL STAGE 


thr 


Here the pupil will acquaint himself with the common geometrical 
concepts and figures. Let him examine and handle geometric models, 
straight lines, curved lines, angles, triangles, polygons, circles, cubes, 
cuboids, cylinders, spheres etc. The Pupil will be mainly guided to 
experience the symmetry, variety, regularity and beauty of forms in 
nature and practical arts. He will be taught how to keep and nandle 
the instruments of his geometry box. The work will centre round the 
observing and drawing of common geometric figures. It is the 
stage of the geometry of the class-room and environment. It is the 
period of experimentation, observation, Tecognition and construction. 
But it should not be taken’ to mean that practical geometry ends 


wit, this stage. It is the beginning of the entire geometrical 
work. 


2. THE STAGE OF REASONING 


It is the stage to learn to Prove theorems and exercises. The 
proofs will have to be presented in both th 


forms to provide flawless understanding. 
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nature of observation. Informal reasoning will be encouraged and 
made interesting and attractive at this stage. The pupil will be enabl- 
ed to know the interesting theorems of plane geometry and to solve 
easy riders. He will be prepared for the more formal reasoning to 


come in the next stage. 


3. THE SYSTEMATISING STAGE 


_ It is the stage of acquisition of mastery in reasoning. The reason- 
ing here will be morigorous but properly suited to the mental age 
of the pupils. Practice in logical reasoning will be more important 
than convincing them that the facts are true. Dependence on axioms 


will also be reduced. 


WHEN TO INTRODUCE REASONING 


Even in the beginning, the child should be allowed to use logic 
whenever he can. Actually the child begins to use reason at quite an 
early age. The children who can see the logical connection between 
facts should be encouraged to do so. But itis not to be forgotten 
that the main function at the early stage is to collect and experience 
facts. Ifthe young child does not respond to logic satisfactorily, 
there need not be any hurry or worry about it. 


SOME MORE TEACHING POINTS:— 
1. The practical work should precede and clarify logical 


work. 
2. The teacher should depend on first-hand experience and 


visual aids. 
The practical work should be very neat and evident. 


The pupils should be asked to observe things themselves by 
actual measurements or experiments. These should be no 
oral teaching of definitions and memorising of abstract 


ideas. 

5. The blackboard work should be sufficiently neat, clear 
and accurate to avoid doubts and misconceptions. The 
teacher should also insist upon the accuracy of language. 
Coloured chalks may be used to emphasise significant 


details. 

6. Analytical approach in the beginning should become a rule 
with the pupils. Synthetic approach shouid not be applied 
unless and until the idea is thoroughly understood. 


osphere should be created in the class-room by 


7. A proper atm 
table charts and models on the subject. 


displaying sui 
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AXIOMS 


TEACHING OF MATHEMATICS 


- The subject should be frequently correlated with arithmetic 


and algebra. 


The riders should not be left to be done at the end of the 


session. They should be done side by side with the 
theorems. 


In oral work avoid the use of letters such as A, B, C fon rie 
pupil has to strain to decide which letter was said, c 
quently his attention must flag. 


In the middle of an oral lesson it is a great relief to the h 
to have to write for a few minutes; they find it easier 
attend after this brief change. 


The boys should be allowed to use abbreviations from te 
start provided that they really understand them. But S 
use should be limited toa legitimate extent. For instance, 


abbreviations should not be permitted in the enunciation 
of a theorem, 


The hand of the pupil should be trained to draw figures or 
theorems and riders freehand and with ease. But in i # 
beginning, all constructions should be made with the rule: 
and compass. 
Students should occas 
the enunciations of as 


The pupils should wr 
tions which they have 


ionally be asked to write from memory 
many theorems as they can. 


ite in their note-books the few defini- 
to memorise. 


It is very useful to get a class think of the changes that 
take place in a figure as some element in the figure is 
changed. j 


It is essential that geometrical vocabulary is used in correct 
sense. Technical phrases should be used only after under- 
standing them. 


There should be as little use of a text-book as possible. 


Pupils should be encoura 


ged to express themes by drawing, 
by construction and by 


words as fully as possible. 
Let the pupils generalise the final results themselves. 


AXIOMS AND POSTULATES 


An axiom is a mathematical fact to be accepted without proof. 


3 
THE TEACHING OF GEOMETRY 29. 


s l; in 
i I than the whole: halves of equals are equal ; i 
eo, a a quantity can be substituted by its 
equal ; things which can be made to fall exactly POR e anet 
(things which can be made to coincide) are equal — such self-evident 
truths in Seometry are called axioms. They require no Proof. 
POSTULATES 


A postulate is a self-evid 
Straight Jin 


Uf proof. A 

exiromj may be produced (mad ards << of its 
es e drawn with any point a 

`a straight line has i i 


than one poi 
‘ oint N 
be Parallel to the same 


e taught and 
ex Perimentation, understood 


They should 
t reser > fe j 
the | r Obvious facts The) are ii et monks Š wus 
e learner of Beometry They are accepted 
Cause of their c i 


f 3 common experience and sound 
Judgment. The entire subject of geometry r 


evolves round axioms, 
ns ; hence these are 


SOME FUNDAMENTAL Concepts 1N GEOMETRY 


These constitute some basic ideas and 
concepts have to be made clear to the 
is to precede their definitions. 
the concepts have been thorou; 


terms of geometry. These 
Students. Their conception 
Definitions should be given Only after 
ghly understood. 


1. SOLID 


Anything that Occupies space is called a solid. A solid has three 
emensions, viz., length, breadth and thickness, 


The teacher should illustrate a solid with the examples of a brick, 
a book, a Pillar, a stock, ete, 


2. SURFACE 


A boundary of solid is c 
and breadth but no thickne 


examples of a table top, 
ete, 


alled a surface, A surface has length 
ss. This idea can be illustrated With the 
a floor, a human ody, a swimming tank 


294 TEACHING OF MATHEMATICS 


3. PLANE SURFACE 


A surface is plane if it is perfectly flat, level and even ; such as, 
table top, floor etc. 


4. CURVED SURFACE ý 


If a surface is not perfectly flat and even, it isa curved surface ; 


such as, the surface of an uneven heap of wheat, the surface of a 
football, etc. 


5. LINE 


It is a boundary of a surface. It has only one dimension, —length. 
A line is that which has length, but neither breadth nor thickness. 


The best method to explain it is to draw a line before the pupils. 


6. STRAIGHT LINE 


lt is that which has the same direction from point to point 
throughout its whole length. Itis the shortest distance between any 


two points. Only one Straight line can be drawn between two 
points. 


Place a foot rule and draw a line with 
nature of a straight line. 
indicated by writing two leti 


it to show the shape and 
The name of a straight line can also be 
ters, one at each end. 


7. CURVED LINE 


_A line which does not have the same direction from point to 
point throughout its whole length is called a curved line, 


This concept should be explained by drawing an arc or a line with 
bends. 
8. POINT 


It should be shown by a dot, or by two j i ai i 
{hdd another mene ee ie y two intersecting Straight lines. 


S. ANGLE 
An angle is the inclination of a 


i 1 a straight line on r. Itis 
formed by the rotation of a straight line about its ee ee 
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of rotation, or the angle, does not depend upon the length of the 


line (arm). 


The idea of angle should be given with the help of apart of 
Compasses, the hand of a toy watch, the opening of a door, 


a pair of scissors, and the opening of a book. 
Its actual diagram on a chart or blackboard 
will be a more effective demonstration. The 
angle in the diagram has two names: ZABC 
and ZB. An angle consists of three elements : 
vertex or angular point B and two arms AB and 
BC. But where more than one angle is 
formed at the same point, each angle should 
always be denoted by three points. 


10. ADJACENT ANGLES 


Angles which lie on either side of a common arm 


A 


n 


R 
Fig. 38 


are called adjacent angles. The opposite figure 
illustrates that Z ABD and ZDBC are adjacent 
ee They lie on either side of the common arm 


11. STRAIGHT ANGLE 


It is an angle whose arms extend in opposite 
directions from the vertex, forming a straight — 
ine, Itis equal to 180° or two right angles. 


12. RIGHT ANGLE 


is called perpendicular to it—such as, AB is 


Perpendicular to (1) BC. A righ 
equal to 90°, ain = 


fos] 
lal 


Fig. 39 


Fig. 40 (a) 


A: 


Fig. 40 (b) 
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13. ACUTE ANGLE 


An angle which is less than a right angle 


A 

is called an acute angle. Numerical questions 

ont also help in bringing home to the students 

the idea of this angle. For example what is oe 

the name for an angle of 70°? Acure ' 
8 


Fig. 41 
14. OBTUSE ANGLE 


An angle which is greater than one 


A 
tight angle but less than two right angles 
is called an obtuse angle. This angle lies k e 
between 90° and 180°. It should be recog- 
nised by the students that the angles of 
91°, 100°, 105°, 130°, 150°, 170°, and 179° 5 t 


all belong to this category. 
5 7 Fig. 42 
15. REFLEX ANGLE 


An angle which is greater than two 


d 
right angles but less than four tight A 
angles is called a reflex angle. The idea 3 
should be illustrated by giving examples 
of angles of 270°, 300°, 330° etc. 
Fig. 43 


c 
16. COMPLEMENTARY ANGLES 


Two angles are com 
their sum is one right a 


a 


Fig. 44 
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17. SUPPLEMENTARY ANGLES 


Two angles are supplementary when A 
their sum is two right angles. The angles 
of 120° and 60° are supplementary ang- 
les. In the diagram, the angles ABC and 
ABD are supplementary. Numerical 


examples are the most suitable medim ae 8 C 
of practice. ‘For example, Find the com- ; 
plement and supplement of 30°, 45°, 75° etc.’ Fig. 45 


18. ANGLES AT A POINT 


The angle at a point is equal to 
four right angles or 360°. There 
may be any number of angles 
Tound a point, but their sum will 
be 360°. In the diagram, there are 
six angles at the point O. 


19. VERTICALLY OPPOSITE ANGLES 


Two non-adjacent angles which 
are formed by two intersecting strai- 4 
ght lines are called vertically oppo- cr 
Site angles. In the figure, 71 and 4 
42 from one pair of vartically te 
Opposite angles, and £3 and /4 
from another pair. It should be 
Shown by actual construction and mea- Fig. 47 
Surement, that these angles are equal. 


20. ALTERNATE ANGLES 
When a third straight line (transversal) 5 


intersects two parallel straight lines, as 
shown in the figure, the angles 1, 3 and 2, \ 
4 are called alternate angles. 2 
Let the students find out by actual con- 
struction and measurement that alternate 


Fig. 48 


a 
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angles are equal. 21=/3 and /2=/4, 


Exercise : If £1=110°, find out the values of the remaining three 
anules ? 


21. CORRESPONDING ANGLES 


When two parallel straight lines are 
intersected by a third straight line (trans- 
versal) the pairs of corresponding angles S/A 
thus formed are (1, 5), (2, 6), (3,7) and 
(4, 8). Actual measurements can show 
that the corresponding angles are also 7/8 
equal. 


Fig. 49 
" Exercise : If Z l= 120°, find the remaining seven angles ? 
Exercise: The teacher will draw two 


pairs of parallel lines and then write 
pairs of angles as shown in the figure, 


S 1/2 3/4 
The students will be required to recognise S B 
the pairs of alternate and corresponding 
angles. 

Fig. 50 


22. PARALLEL STRAIGHT LINES 


Plane and do not meet how- 
ever far they may be Produced both ways (towards both directions) 
are called Parallel straight lines, The two rails of the railway line 
are parallel in the real sense, 


23. POLYGON 


. sp D 
A polygon Isa rectilinear figure. It is a 

closed broken line, The figure Opposite shows 

a polygon with sides AB, BC, CD 


A , DE and 
EA, and with angles A, B, C, D and E. G c 
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24. REGULAR POLYGON 


A polygon which has all sides and all angles equal is called 
a regular polygon. The polygon to be commonly used are 
pentagon (5 sides), hexagon (6 sides), heptagon (7 sides) and octagon 
(8 sides). 


25. PERIMETER 


, The sum of the sides of a rectilinear figure 
Is called its perimeter. Actual measuring 
Opportunities should be used to illustrate this 
act. The figure opposite shows the perimeter 
SH +4+3"4+4"45°4+2"43"-+"=20 inches. 


A 3° B 
Fig. 52 
26. TRIANGLE 
It is a polygon having three sides. Every triangle has six parts, 
three sides and three angles. Any one 
of the sides may be taken as its base. 
The base of a triangle is the side on 
Which it is supposed to stand. The two 
angles Band Care called base angles 
and ZA is called the vertical angle. The 
Pt. Ais the vertex. The triangle being 


the most important of the geometric i 


Fig. 53 
figures studied in plane geometry, should be thoroughly illustrated, 
Constructed or grasped. 


. A triangle has six elements—three angles and three sides. The 
Significance of each element should be brought home through repeti- 
tion and practice. It has six kinds (i) three with regard to its sides 
and (ii) three with regard to its angles. Every student should be 
required to prepare a chart on all kinds of triangles. 


A 
27. EQUILATERAL TRIANGLE 


4 ariang which has all of its sides equal 
1S Called an equilateral triangle. In ABC, 
AB=BC=CA., j a 


É EQUILATERAL 
8 S 
Fig. 54 
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A 
28. ISOSCELES TRIANGLE 
A triangle which has two of its sides equal is call- 
ed an isosceles triangle. In AABC, AB=AC, 
ISOSCELES 
B g 
Fig. 55 
A 
$ 
29. SCALENE TRIANGLE 
A triangle with no two sides equal is called a 
scalene triangle. For example a triangle with sides 
2.5”, 3”, 3.5” is a scalene triangle. 
SCALENE 
=o eg 
Fig. 56 
A 
30. A RIGHT-ANGLED TRIANGLE 
A triangle which has one right angle is called 
a ae triangle. The AABC is right-angled 
at B. 
B c 
Fig. 57 
4 
31. OBTUSE-ANGLED TRIANGLE 
A triangle which has one obtuse 
angle is called an obtuse-angled 
triangle. The A ABC is obtuse-angled 
at B. 
é 
¢ 


Fig. 58 
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A 
32. ACUTE-ANGLED TRIANGLE 
_ A triangle which has all of its angles acute 
is called an acute-angled triangle. A triangle 
with angles of 65°, 70° and 45° is an illustration. 
i c 
b 


Fig. 59 
A 
33. MEDIAN 
The straight line joining the vertex of a 
triangle to the mid pt of the base is called 
‘median? In AABC, AD is the median. There 
can be three medians in a triangle. 
3 D c 
Fig. 60 


34. CONGRUENT TRIANGLES 


Any two geometric figures are said to be congruent if they can be 
made to coincide (fit exactly on eaċh other). Congruent triangies are 
those which are equal in all respects. 


35. EQUIANGULAR TRIANGLES 


When the three angles of the one are respectively equal to the 
three angles of the other, the triangles are equiangular. They are also 
nown as similar triangles. 


A 
36. QUADRILATERAL p 
A polygon with four sides is called a quadri- 
lateral. The figure ABCD is an illustration. 
D € 


Fig. 61 
A B 


37. PARALLELOGRAM 
It is a quadrilateral which has pairs 


Of opposite sides parallel. In figure 
ABCD, AB || CD and AD || BC. 


Fig. 62 
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A 8 

38. RECTANGLE | | 
It is a parallelogram having one 
right angle (hence all Zs are rt. Zs.) 

D c 


Fig 63 
A 6 
39. SQUARE 
Itisa rectangle which has all sides equal, 
In fig. ABCD, Z A=90° and AB=BC=CD= 
DA. 
D c 
Fig. 64 
A t=) 
40. RHOMBUS 
It is a parallelogram which has all sides 
equal, but its engles are not Tight angles. 
In fig. ABCD, AB=BC=CD=DA. 
D c 
Fig. 65 


A ® 
41. TRAPEZIUM 
It is a quadrilateral having one 
and only one pair of parallel sides, 
In fig. ABCD, AB |i DC. 
D £ 


Fig. 66 
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i) 
42. DIAGONAL 
A straight line joining the opposite verticals g c 
of a figure is called its diagonal. In the figure. 
ABCDE, AC, BD, CE, AD and BE are all 
diagonals. 
A 8 
Fig. 67 
43. CIRCLE 


It is a closed plane 
Curve, all points of 
which are equidistant 
from a point within, 
called the centre. A 
Circle has a large voca- 
bulary of its own. A 
beautiful coloured chart 
of the ‘vocabulary of 
Circle’ should decorate ta a: 
the walls ot all mathe- Fig. 68 (a) _ Fig. 68 (b) 
Matics rooms. Fig. 68 (a) shows a circle with centre O and Fig. 68 (b) 
Shows various terms connected with a circle. 


9 


44. CIRCUMFERENCE 


The line by which a circle is bounded is called the circumference 
Of the circle. 


45. CENTRE 


_ Itis the fixed point from which every point on the circumference 
1s equally distant. In the above figure, O is the centre. 
46. RADIUS 


The straight line which joins any point on the circumference to 
the centre is called the radius of the circle. Here OA is the radius. 


47. ARC 


Any part of the circumference of a circle is called an arc of the 
Circle. CE is the arc in the figure. 


48. cHorp 


A straight line which joins any two points on the circumference 
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of a circle is called a chord of the circle. DE is a chord in the 
figure. 


49. DIAMETER 


A chord of a circle passing through the centre of a circle is called 
the diameter. Here BC is the diameter. 


50. SEGMENT OF A CIRCLE 


It is the part of a circle bounded by a chord and the arc which it 
cuts off. In the figure, FGH is the segment. 


51. SECTOR 


A part of a circle bounded by two radii and the arc intercepted 


by them is called a sector of the circle. In the figure OJK is the 
sector. 


52. TANGENT 


It is the straight line which touches the circumference of the circle 
at one and only one point. In the figure, MN is the tangent. 


53. CONCENTRIC CIRCLES 
The circles with the same ce 


“ircle: ntre but with different radii arc called 
coneentug circles. The figure below (left-hand) shows concentive 
circles. 


54. INTERSECTING CIRCLES 


The circles which intersect are 
called intersecticg circles. The 


figure opposite (right-hand) shows 
intersecting circles, 


/ 


y 


Fig. 69. 
WHEN AND How DEFINITIONS SHOULD BE TAUGHT 


In the early stages a learner should not be bothered with formal 
definitions; he needs a working knowledge of the language of geome- 
try; he must understand the meaning of terms and expressions rather 
than be able to define them in a technical language. In many cascs, 
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actual drawings of these terms and expressions are easier to under- 
stand than their word pictures or definitions. A pupil at this stage 
should be concerned witha clear conception of what the thing is— 
a formal definition does not help him much. Technical definitions 
E phrases are sometimes too philosophical to be appreciated by the 
earner. 


When a new term occurs in geometry, a grasp of its pictorial form 
should be given first. Its pictorial meaning and qualities should 
be translated into the necessary definition or language. In certain 
cases, the definition should be introduced after the term has been used 
and its drawing has been made a number of times. 


Definitions can be divided into several classes : 


(i) Philosophical Definitions, for example, of point, straight line. 
These are quite difficult to understand, but when they are put 
in their fundamental forms the idea becomes clear. To intro- 
duce the idea of point or straight line with the definition is an 
unpsychological beginning. 


(ii) Explanatory Definitions, for example, of vertical angles, cor- 
responding angles, chord of a circle. Let the child observe 
their shapes first, then he may construct them and finally 
learn how to define them. 


(iii) Definitions, which are essential for logical purposes, e.g., of 
equilateral triangle, rectangle, rhombus. Their shapes and 
Measurements will be a good introduction. 


F These definitions, after they have been observed and understood, 

sonia be learnt by heart. There may be more than one definition or 

= Planation of a term; but for a logical system it is essential to agree 
n one standard set as fundamental. 


site The teacher should always remember that the definition is the ex- 

pen ip of aterm by means of others which are more easily under- 

than - So the explanation should not be more difficult and confusing 

Š a the term being defined. It should rather be simpler and more 
: sily understandable. Its essentials are simplicity, clarity and brevity. 

di must be as short as possible and be free from ambiguity. It should 
ispel the existing doubts rather than create any new doubts. 


Ke Mastery of definitions is always a tiresome and most un- 
ele work for the pupils. If the start is made with definitions, it 
the a e giving the pupils memory work without properly illustratin 
Phe ser of the term. Too much insistence on rigour in memo- 
DÀ e efinitions is not going to promote the original thinking of the 
Pils. The learning will be fruitful only when the pupils themselves 
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arrive at definitions. fovea Saintes bi i og 
i atment in problems. ere is | 

St ae with the definitions of the terms which = oe cin 

and obvious without definitions. Some terms are not easi y-de a a 

any attempt to define them will not be profitable, and w w nee 

confusion, e.g., locus, circle etc. Emphasis should always be pe i 

understanding rather than on memorised statements. Forma 


tion should form the end and not the starting point of the study of 
the term. 


How To TEACH PROPOSITIONS 


The propositions in geometry can be divided into two classes : 
(i) Theorems and (ii) Problems. 


In a theorem, a statement is to be proved, while in a problem 
some geometric construction is to be made or some computation to 
be done. 


Two PARTS OF THE THEOREM 


Every theorem is generally expressed as a complex statement 
having two parts : (i) the ‘if’ 


part, beginning with “if”. It is the given 
Part or the known part of the theorem. It is also called the Hypothesis, 
and (ii) the ‘then’ part, beginning with “then”. It is the part ‘to be 
Proved’. It is the unknown part of the theorem and is called the 
‘Conclusion’. The ‘if clause’ contains the condition which is given 
or assumed to be true for the sake of argument, and the ‘then clause 
states what is to be proved. 


It is customary and desirable for the learner to divide his work on 
a proposition into the following Stages, which constitute the formal 
proof :— 


(i) Statement of the theorem. 
(ii) The figure. 
(iii) A statement of what is 
(iv) A statement of what is 
(v) Construction, if any: 
(vi) Orderly proof. 


given (Hypothesis). 
to be proved (Conclusion). 


THE STATEMENT OF THE THEOREM 
\ 


it is givenin the problem. The 
ation clearly, 


The statement is written as 
student must understand the enunci 


| 
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The Figure is to be constructed by noticing the purpose of the 
theorem. It should be seen whether the theorem concerns intersecting st 
lines, parallel st. lines, two triangles, a rt. Zd triangle or a circle. The 
learner should.be encouraged to construct the figure on his own, The 
figure should be drawn in a different position and lettered differently 


from the way given in the book. 


The Hypothesis can be easily located from the statement. It has to 
be written in terms of the st. lines, points, angles etc., of the figure 
constructed in the previous step. There may be many obvious elements 
in this figure, but only those are to be written which are quite essential 
conditions of the theorem. The ‘given’ or ‘known part’ of the statement 
should be understood by the pupil before it is written. It should be 
written in a brief manner as far as possible, such as, instead of writing 
‘Two parallel lines AB and CD are intersected by the transversal EF 
respectively in G and H, the student can write the given as AB || CD, 


transversai EF intersecting them in G and H. 


The Step of ‘to Prove’ or ‘Conclusion’ is also to be written 


by the pupil in his own words. This should be recorded in very clear 
erms. 


The Proof is the final or major part of the work. It consists of a 
number of reasons and arguments. The student is to proceed step 
by step, by giving sufficient reasons for each step. The arguments 

ave to be based on the items considered as “given”, definitions, 
axioms, postulates, propositions already proved, identities of 


Construction, The proofs have to be made as simple and short as 
Possible, 


, A theorem can be proved in many different ways. Hence, the 
teacher should not insist on having from the student the proof given 
in the text-book. The pupils should be encouraged to adopt their 
Own ways of proof. It is not necessary that the arguments should be 
1n the same order as given in the book. 


„The analysis of the statement should be the guiding factor in 
Writing all the above steps. Premium should be placed on intelligent 
and thoughtful reasoning rather than on cramming. 


i When the pupil has understood a proposition, he should be asked 
© reproduce it independently. The student should be asked to form 


on habit of running over the proposition mentally, making a mental 
re, 
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The theorem must be applied to exercises and used in solving 
them. As many applications and exercises as can be done con- 
veniently should be given. 


KINDs OF PRroors 


It is interesting and psychological for the child to be allowed to 
follow different kinds of proofs in different cases. Sometimes one kind 
of proof is more agreeable than the other, therefore, insistence on 
any one type exclusively is not a healthy approach. 


THE EXPERIMENTAL PROOF 


(i) Experimental proof is, naturally, very convincing and satisfy- 
ing. The equality of the vertically opposite angles can be 
easily shown by actually measuring them. Similarly the angle 
subtended by an arc at the centre can be measured and 
shown as double of the angle subtended by the same arc at 
the circumference. In this case, theoretical argument is 
replaced by practical processes. Tt will be in’ the interest of 
the child, if the experimental proof is taught before the 
logical proof of any Proposition. Itis the only method in 
certain propositions such as “‘the congruency of triangles”. 


THE LOGICAL PROOF 


ct argument in most cases. It is 
stinct steps : (i) Data, (ii) What 
tion, and (iv) Proof to develop 
| proof? the pupil has to bear in 
trical concepts, axioms, poit 
from ‘unknown’ to ‘known’. He This proof procen 


It has to be d ith the 
help of well-framed short questions, ein Geveioned: wi 


THE INTUITIVE PROOF 


(iii) It is not applicable to all theorems. In some cases, the proof 
is almost obvious, there is no need of experimental or logical 
Proof. For instance, the Propositions : ‘The sum of any two 
sides of a trian 


triangle is always greater than the” third’ of 
‘Parallel straight lines never meet? 


À fallin this category. - of 
course figures, observation of figures and measurements can 
be convincing processes in such Ca: 


s 1 i ses. The proof may look 
obvious, but it has ultimately to be written. preot : 


INDIRECT PROOF 


(iv) This method is applicable to only a few theorems. Itis 
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difficult for many pupils to understand. It is used to prove 
those propositions which cannot be easily proved by the di- 
rect method. The propositions, such as—‘If a straight line 
cuts two other straight lines, making a pair of alternate 
angles equal, the two straight lines are parallel’—fall in this 
category. Here the student has to start with the assumption, ‘if 
the two lines are not parallel, let them meet at a point,when 
produced to the left or right.’ This alternative or assumption 
is shown to be impossible, and hence the theorem stands 
proved indirectly. 


REDUCTIO AD ABSURDUM METHOD 


(v) It is also a form of the indirect proof. The student starts 
with the stated conclusion assuming it to be untrue for the 
sake of reasoning; reads an impossibility or an absurdity and 
consequently infers that the assumption with which he started 
was wrong and untrue. When the assumption is untrue, the 
opposite is accepted as true. This method is quite useful in 
proving the converse theorems. For example : ‘If two adjacent 

» angles are supplementary, their outer arms are in the same 
straight line.’ The student starts with the assumption that 
the two arms are not in a straight line; he rather constructs 
an alternative st. line by producing one of the arms. The 
absurdity of his construction and assumption soon becomes 
obvious to him. Hence it cannot but be accepted that the 
arms are ina straight line. 


PROOF OF EXHAUSTION 


(vi) It is also another form of indirect proof. Here he takes all 
the possible cases, and then shows that each of these supposi- 
tions is false, with only one exception. Thus the exceptional 
case is accepted as a true case. Forexample; ‘If two angles 
of a triangle are unequal, the greater angle has the greater 
side opposite to it.” The teacher says that if the particular 
side is not greater than the other side, it must either be less 
than or equal to it. Both the latter possibilities are exhausted 
by showing them contrary to something known. Only one 
possibility is left, and that is consequently accepted. 


Converse, ConTRA-Positive, RECIPROCAL AND INVERSE THEOREMS 


ma learner should be made familiar with these to enable him to 
Sal crstand the application of indirect method for proving geometri- 
and Tuths by analysis. He will then understand the interdependence 

loter-relationship of theorems, and always look for the 


Possible help he can obtain from already proved propositi 
Provihe new ane y Pp propositions for 
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THE CONVERSE THEOREM 


i hen 

i) Two theorems are said to be converse of each other, w 
E the ‘known’ of one becomes the ‘unknown’ of the other and 
vice-versa. The hypothesis and the conclusion change their 


places. 
For Example 
THEOREM 


In a right-angled triangle the square on the hypotenuse is equal 
to the sum of the squares on the two sides. 


ITS CONVERSE 


If the square on one side of a triangle is equal to the sum of the 
squares on the other two sides, the triangle is right-angled. 


Here the converse is al 


so true, but in some cases the converse may 
not be true, e.g.— 


THEOREM 


If a triangle is equilateral then it is isosceles. 
ITS CONVERSE 


If a triangle is isosceles, then it is equilateral, 


Itis, therefore, obvious that the truth of the converse of every 
theorem cannot be taken for granted. 


Itist er 
a separate proof is to be accepted only aft 


THE CONTRA-POSITIVE THEOREM 


(ii) = this the ie nature of both the hypothesis and con- 
clusions is changed to negative. The contradict the 
Conclusion is taken as the ne ape 


x as | w hypothesis, and t tradic- 
tion of the hypothesis is to be the new conohaisn, a 
For Example 


THEOREM 
In a circle, if two chords are equal, they cut off equal arcs 
ITS CONTRA-POSITIVE 


In a circle, if two chords cut off unequ 
al ar o 
unequal. q cs, the chords are als 


The contra-positive is obviously true. 
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THE RECIPRUCAL THEUREM 


Gii) If in a theorem on a triangle, a point is tianged int A Ane; 
and a line into a point, angles by the opposite Sl = ana or 
sides by the opposite angles, then it becomes the recip 
the original. 


For Example 
THEOREM 


š iangle are equal to 

If two sides and the included angle of one triang : é 
two sides and the included angle of the other, the two triangles ar 
congruent. 


ITS RECIPROCAL 


i i triangle are equal to 
If two angles and the included side of one r Ac 
two angles and the included side of the other the two triangles 
congruent, 


; > i ly to 
The reciprocal, in this case is quite true; but it does not apply 


all theorems. 
, 
THE INVERSE THEOREM 


(iv) It is also known as Opposite Theorem: Kis Rg me 
taking the contradiction of the hypot esi agen 
hypothesis and the contradiction of the conclus 
conclusion. 


For Example 
THEOREM 


arcs. 
In a circle, if two chords are equal, they cut oe 
ITS INVERSE THEOREM 


1 
a In a circle, if two chords are not equal, they cut off unequa 
res 


THE KEY PROPOSITIONS 


. The propositions have to be taught in a logical ara ee 
given in the text-book may not be a perfectly logica: wining oes art, 
as to devise his own arrangement. The propositions oF then are 
€ treated as isolated and disconnected units. It is wer i i fu ia 
aught in groups of allied propositions which show a marke i b 
ot association, similarity and closeness. Similar ones shou e 


Brouped together, and their closeness and similarity should be 
adequately stressed. 


ti 
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ed after careful sorting, there should be one key 
or E serving as nucleus or basis of the Simer pie 
ostions of that group. The fundamental or basic nature o i 
areni proposition should be properly brought home to Pie po 
They should know that it is to be used as a key to open the 
of more than one theorem. 


The beginning will naturally have to be made with the key 


proposition. Other propositions will follow in their proper and 
logical order. 


For Example : 


(i) In the first few propositions on angles, the key proposition 
can be— 


‘If a st. line stands on another st. line, the sum of the adjacent 
angles so formed is equal to two right angles.’ 


(ii) In another group of afew propositions on the angles and 
sides of a triangle, the key proposition can be— 


‘If two sides of a triangle are unequal, the greater side has the 
greater angle opposite to it,’ 


(iii) In the ‘Tangent Group’, the key proposition can be— 

_ ‘The tangent at any point of a circle and the radius through the 
point are perpendicular to one another,’ 

(vi) In the ‘Circle Group’ the key Proposition should be— 


‘Angle at the centre of a circle is double the angle at the circum- 
ference subtended by the same arc.’ 


Similarly, other key proposit 
does not end here ir li 


SYMBOLIC NOTATION 

A good system of n 
students. The use of the 
a great deal of verbal con 


» Simplifies thinking and 


the point. r 
etters to represent points an 

small letters to denote lengths ; the sides by AB les 

by ZA, ZBor Z BAC. Pegs ded os y AB, BC etc., and ang 
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FIGURE 


: In demonstrative geometry, the first thing is to translate the words 
k the statement into a figure and to mark in that figure all the 
nown and the wanted data. The student should always draw his 
tee figure while proving any theorem. The figure should be fairly 
arge in size and reasonably neat. Though accuracy of the figure is 
not the main consideration here, yet straight lines should look 
Straight, right angles right, parallel lines parallel and a circle circular. 
i e given and the required should be marked in the figure which 

ould be self-explanatory. Erasing should be avoided as far as 
Possible because that will make the figure untidy. Evena freehand 
Onstruction should be nearly accurate. 


SIMPLE DIRECTIONS FOR LEARNING THEOREMS 


l. (a) Read the problem carefully. Be sure that you under- 
stand its meaning. 
(6) Determine the hypothesis and the conclusion. 

2. (a) Draw a fairly accurate and neat figure which should 
illustrate each point, angle and line described in the ‘given’. 
(b) Letter the figure, marking the parts which are given 
equal. 

3. Write what is given, in terms of the figure. 


4. From the conclusion write what is to be proved, in terms of 
the elements of the figure. 


5. To find out a method of proof for the theorem analyse by 
Proceeding from the unknown to the known. 

Record the proof, giving a reason for each step. 

7. In revising or memorising a proposition, adopt the following 
course ; (1) read the whole of the proposition, as given in 
the book, (2) repeat it witha figure drawn ina different 
Position and differently lettered, (3) run over it mentally 
without looking at the figure. 


8. In reproducing the. proposition, you need not stick to the 
exact words of the book, nor be very particular about avoid- 
ing them. The figure need not be the same so long as it 
represents the data. The arguments need not be in the same 
order so long as the reasoning is sound. 


REFERENCE 


When giving reference of another proposition in the proof of a 
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proposition, mere number of the proposition teferred to does not 
suffice. A brief enunciation of the relevant proposition should be 
given. For example. In place of —Z1=/2 (vide Prop. 3) say— 
Zi=Z2 (vert. opp. Zs). 


Difference between Teaching Euclid and Euclid Teaching: Euclid 
Teaching means the process of beginning with definitions, 
going through axioms, postulates and then arriving at the propositions. 
It isa deductive sort of process which was formulated by Euclid 
many centuries ago. He perhaps wrote his books for mature minds 


and not for young children. This approach suffers from the follow- 
ing drawbacks :— 


(i) The order of learning is not psychological. Definitions etc., 
should come in the end, the stage when they can be formu- 
lated by the students, 


(ii) The practical applications of geometry are neglected in this 
Process, 


(iti) Some of Buclid’s ideas are crude ;for example, he assumed 
that angles must be less than two Tight angles. 


(iv) It does „not help the pupil in appreciating the basic 
characteristics of the perfect science of geometry, 

_ Teaching Euclid: The te 

tion. It means “Teaching 


INDUCTION AND DEDUCTION 


The technique of bringing about the “ 
facts to a general knowledge 


; ; i 5 
of induction.” When the oupi cts is known as the proces 


are im ; ? 
truths whether geometrical in. nitir neti in the discovery of 
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induction are in the realm of probable truths. The students can only 
Say, “it is probably true that vertical angles are equal”. 


z Such experiments as these, of course, lay the foundations for 
inductive generalisations which in turn call for deductiye demon- 
strations to establish their soundness and universality of application. 


Deduction is “the process of following the network of relations 
which bind truths together.” It is thus the process of drawing logi- 
cal inferences from established facts or fundamental assumptions. 

€Monstrative Geometry is mainly a deductive science in which 
truths, stated in the form of theorems, can be proved by showing 
that they are implied by other theorems which have already been 
Proved, definitions that have been stated, and postulates that have 
cen accepted. In any deductive science, there will necessarily be a 
asic list of fundamental axioms and assumptions. These axioms 
and assumptions are agreed upon and accepted, because they are 
Consistent, free from ambiguity and contradictions, and present no 
Conflict with established knowledge or observable facts. 


It should be evident to the thoughtful student that the intelligent 
Study of geometry is both inductive and deductive in nature. The 
teacher should strive to keep before the student the challenge or 
Inductive discovery and the assurance of deductive proof. 


SYNTHESIS AND ANALYSIS 


Benjamin Pierce defined mathematics as “the science which draws 
necessary conclusions”. In the statement of this definition there is 
€ essence of synthetic argumentation. Every geometric theorem 
as two characteristic properties, a hypothesis and a conclusion, or 
a known and an unknown. The proof of the theorem consists in the 
*Stablishment of the truth of the conclusion through implications and 
inferences that find their original source of justification in the hypo- 
- esis. The synthetic proof consists of the drawing of a series of 
intermediary conciusions until the final and desired conclusion is 
reached, Although the simplicity, elegance, and rigour of this form 
b argument make it highly desirable, yet it is far from being desira- 
le as a sole procedure to be followed in deriving geometric proofs. 
S a technique, it does not provide for the understanding of the 
Teason for making necessary constructions or for applying different 
©orems. As a simple illustration, consider a synthetic proof for 
the theorem :— 
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If two chords of a circle interset internally, 
the rectangle contained by the parts of the one 
is equal to the rectangle contained by the parts 
of the other. 


Fig. 70. 


Given :— AB and CD two chords of a circle intersecting within the 
circle at E. 


To prove :— AE.EB=CE.ED. 
Const. : —Join AD and CB. 


Proof :— *. DAB and ZBCD are 

circle, 

~ ZDAB=/ BCD. 
In As AED and BEC, 

‘’ ZAED=/BEC (vert. opp. Zs) 
ZDAE=/7 BCE (proved) 

“<. As AED and BEC are equiangular, 

. AE ED 

“EC EB 

‘^. By cross-multiplication 
AE.EB=EC.ED. 


‘in the same segment of the 


equiangular. This conclusion further l 
But why join AD and B 
lines should be drawn, Many questi 
arise, and they are certain indicators of al 
standing, clarity and self-confidence, 


The analytic approach toa 
for sufficient conditions i 


justify the use of this Conclusion as g true is 
relation has been found he analyses jt for is ee ne, wee ts 
hope that he will ultimately arrive at the hypothesis Of ie theorem 
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as the source of the chain of sufficient reasons. 


Process must be reversible. 


317 


The steps of this 


The analytic approach to theorem given above would be as 


follows :— 


l. By what methods can be 
Proved AE.EB=CE.ED ? 


2. How can the equality of the 


Tatios of these lines be 
3 shown ? 
+ Which are the required 
triangles ? 


4. Which are the possible con- 
š structions ? 
© Now which are the two 
G triangles ? ` 
* Which are the obviously 
equal angles in them ? 
(Since the triangles have 
7 to be proved equiangular). 
-Which is the other possible 
Pair of equal angles ? 


8. What is 
9 now ? 
- Where does it lead to? 


the conclusion 


1 " y 

0. Write down the equations 
showing this proportiona- 
lity ? 


By possibly converting the equa- 
lity of product into an equality 
of ratios, such as 

ED 


CE. EB- 
By taking some triangles contain- 
ing them and showing the trian- 
gles similar. 
Not available in Diagram. There- 
fore they have to be construc- 


ted. 

By joining AD and BC. 

[.. Const. Join AD and BC] 
As AED and BEC. 


ZAED=ZBEC. 
being vertically opposite angles) 


ZDAE= Z BCE 
[Since both the angles are in 
the same segment of the cir- 


cle] ; 
As AED and BEC are equi- 


angular. N , 
Therefore the corresponding sides 


are proportional. 
AE _ E 


EC EB* 
by cross-multiplication 


AE EB=EC.ED. 
Q.E.D. 


R Of course, the chain of implications can become much more 
™Mplex than that indicated here ; but the basic pattern remains the 


ame, regardless of the degree of complexity. 


As alread 
Pr zeae) Omp 
Oof until the steps are shown to 


helps Constitutes the synthetic arrangeme 
to bring out the why of each step an 


lish h 


hasised, the analytic process does not constitute a 
be retraceable in the reverse order, 


nt of the argument. Analysis 
d synthesis helps to estab- 


the elegance and rigour of the proof. 
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ANGLE-SUM OF A TRIANGLE 


The class will be initially guided to teach this vonelusion trough 
eere Erra Geek, ee Meuse and 
i ndin eir su w a 
ae M a Timited number of cases will suggest a posible 
general truth. But it should be remembered that ge coe a 
certain cases might not turn out to be in agreement with t Roel a 
ed truth on account of some unavoidable but very pe gG ee 
accuracies in construction. The experimenter then shoul y 
build up a theoretical proof. 


Here are two interesting experiments :— 


(1) Cut out a large paper triangle, tear off its corners, fit them 
together to make the A 


angle-sum, and ulti- 
mately measure the 


angle-sum. 
(2) Cut outa large PaRI AA 
triangle, fold its cor- 


ners as shown in the 
figure to bring the 
three angles ata point c 
so as to form one B D 

straight angle. Fig. 71 


After the practical wor 


k described above, the class can be led 
to the ordinary proof. The A 


necessity of producing BC to D 
should be justified by explaining 
that the straight angle is cons- 
tructed so that it may be shown 
equal to the sum of the three 
angles of the triangle. We cons- 
truct a straight angle to equalise Fig. 73 
the three angles of the triangle 

with it. To begin with the 

enable the student 


The proof by drawing a parallel to the base right through the 
vertex should also be considered; but the proof given above is tO b 
preferred, because it also proves, “The exterior angle formed 2 
producing a side is equal to the sum of the two interior oppo! 
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At any time after this the class may be introduced to the various 
names applied to triangles: right-angled, acute-angled, isosceles, 
etc. 


Naturally, the class can be led to the angle-sum of a quadrilateral 
by drawing any of its diagonals and dividing it into two triangles. 
This very method can be extended for finding the sum of the interior 
and exterior angles of any polygon. By drawing suitable diagonals, 
every polygon can be divided into a number of triangles. The angle- 
sum in every triangle being two right angles, this multiplied by the 
number of triangles formed gives the required result. 


CONGRUENT TRIANGLES 


Any two geometric figures are said to be congruent if they can 
be made to coincide. By this time the learner must have seen that 
the triangle is fixed if we are given : 


(i) two sides and the included angle. 
(ii) two angles and one side. 


(iii) three sides. 
(iv) a right angle, the hypotenuse and one other side. 


The class will have actually constructed triangles from sufficient 
data supplied; but, at this stage, itis not a matter of accurate draw- 
ing. A conscientious teacher may provide each boy with a piece of 
tracing paper, make him draw a triangle with AB=3.5 in. AC=4 
cm. Z A=45°, and finally fit his triangle on to his neighbour’s. He 
asks, ‘Does it fit or not ?’ and goes on to remark: “It must fit, if 
both the triangles are accurately drawn and are properly placed one 
Over the other.” 


The proof of the congruency in this case can be best demonstra- 
ted through actual placement. Equal elements have to be placed 
and fitted on their equals in the second triangle. All the different 
cases can be proved by superposition. So it follows that congruent 
figures have the same size and shape. To the third and fourth cases, 
methods other than superposition are also applicable. They should 


also be introduced in the class. 
SIMILARITY 


It is a very important principle of elementary mathematics; but 
it has not yet achieved its rightful position. It has great mathemati- 
cal simplicity and beauty about it, and has an extraordinarily wide 
Tange of application. Similar figures are related to one another in 
the same way as an object and its image or as a Jantern slide and its 
Projection on a screen or two maps of the same country drawn on 
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i ec- 
different scales. These are figures of the same appearance, irresp 
tive of their size. 


iti imilarity, namely, 
are two necessary conditions for simil: mely, 
(i) The same shape (equal corresponding angles) (ii) Proportiona 
dimensions. 
These two conditions are adequate for the purpose. 


‘If two triangles are equiangular, their corresponding sides a 
proportional’, can be treated as the ‘key proposition’ of the group 


f 
propositions on similarity. The proof of this proposition also is 


developed by the placement or superposition of the smaller triangle 
on the larger one, so that in the new position one of its sides is l e 
one of the sides of the larger triangle. This leads to the establis i 
ment of proportionality of the remaining two sides with the correspon 
ding sides of the other triangle. 
Similar polygons are E o] 
polygons which have their 
corresponding angles equal g y 
and their corresponding sides 
proportional. The polygons F £ 
and P’ are similar if 
ZA=ZA', ZB=B' 
Z£C=/C,, ZD= 4D', 
ZE= ZF’ and F/=/F', A B N 8 


Fig. 73. 
and AB _ BC = CD =DE _EF _FA 
AB BC CD: D'E EF FA 
The principle of similarity helps 
poles, buildings, width 


{ in measuring the heights of 
of rivers and 
maps. 


in enlarging and reducing 


LOCUS 
Definition :— 


The locus of a point moving under a given condition is the 
path traced out by it. From the definition it follows, “For the pat 
of a point to be the locus the point must be moving under a give 
condition. If a point moves but no condition is attached to it 
motion, the path of the point will not be called locus.” 

The idea and significance of locus i i derstood 
by the Students as it ought to be. They kaye bee pica os To 
locus of a point equidistant from two gi ‘ 


h isht 
© given points is on the straigt 
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line.” 
\ The superfluous use of ‘on’ shows the lack of clarity of con- 


ception. 
Eve i 
TEN a the first reading locus should be studied carefully. The 
should ask questions such as :— 


i ; P š : : 
(i) What is the locus of a man’s hand as he winds the starting 


, handle of a motor car ? 
(ii) Where must the centre of a wl 
wee straight track ? If the 
ich a point must lie, what is the lo 
wheel ? 
Gii) What is t! i 
) What is the locus of the pebble tied to one end of the string, 
é hen its other end is rotated around a finger ? 
iv å i i 
) What is the locus of the hands of a driver on the steering 
wheel ? 


heel lie, while the wheel moves 
locus is the path or line in 
cus of the centre of the 


TI . i 
hese are verbal illustrations based on observation. Tne teacher 


Shoul $ 
d devise many more to clarify the idea. 


also be set to give a clear idea of the 


So p 

locus me drawing exercises can 
- For example : 

other point B having the same 


(i) Ifa point A moves to an 
a st. line AB. The st. line 


cen from A to B, it will trace 
is the locus of the point. 


(ii) If-a point B moves at a distance of 1” from another fixed 


point A, the path traced out Š 
rad it will be the circumfer- (d ad 
nce of the circle with centre i 


A and radius= 1”. 
A mM B 


Gii) Tk the case ofa point P 
or eh moves at a distance 
Becs from ast. line AB. 
+ apes the point remains at à 

e same distance from the Fig. 74. 
straight line, the path traced out by it will evidently be 
parallel to the given straight line. So the locus of a point 
moving at a distance of 1” froma straight line AB will be 
piel of st. lines drawn | to AB at a distance of 1” from 
on either side of AB. 


, Let 
fying Pi students draw accurately a large number of points satis- 
ertain condition, and by joining these points find the locus. 
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Thus they may draw exactly the locus of the mid Points of a set of 
parallel chords in any closed curve. 


This is a practical illustration of locus which should make the 
whole thing very clear to the 


learners. Every student can 
draw his own set of parallel 
chords of any closed curve of 
his choice, 

The second step is to show 
that the path of a Moving point 
may be the place, location, of 
all points satisfying a given 
condition. Thus, if a 


given distance from 4 given point 


o as to be always ata 
, the path is a circle, This circle 
is the place, path or location of all points in the plane which have 
the same distance from the fixed point. 


The third step is to 
from given conditions. These should be 


Dynamic 


It is „an interpretation based on motion. 
moving in such a way that it is i 


always equidistant from two given 
oints, generates th à . 4 aad 
Ha me A © Perpendicular bisector of the line joining the 


For example “A point, 


AN EXAMPLE oF STATIC INTERPRETATION 


The locus of points equidistant fr i ints i 
| 1 om two giy er 
Pendicular bisector of the line joining the two ne sai 
In proving any theorem on 


locus it j š 
prove the following thiigero cus it is necessary and sufficient to 


TE only the first thing were 
= other line in the locus; and if only the 
€ supposed locus might not be the 


It may be explained Jiki is : 
proved, there might be so end, 
second thing were Proved, 
accurate one.” 
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How TO DETERMINE A Locus 
Set the following exercises :— 


(i) Locate several points which satisfy the given condition. 


(ii) Draw a smooth line (straight or curved) or lines through 
these points. 


(iii) Describe correctly the geometric figure representing the 
ocus, 


(iv) Prove that this is really the locus. 
RIDERS 


3 A rider to a theorem in geometry is the same as a problem on a 
formula in arithmetic. The exercises on a proposition enable the 
Pupil to apply the proposition to different situations. The solving of 
Tiders provides real power in geometry. But learners mostly confine 
themselves to the learning of text-book propositions and omit exercises 
requiring thought. Some text-book writers also commit the blunder 
Ol giving printed instructions in the preface that exercises may be 
Omitted on the first reading. Exercises are treated as something 
Superfluous and beyond the comprehension ofan average student. 

Ven the teacher, in his anxiety to show agood pass percentage, 
Buides his pupils to concentrate rather on propositions than on 
exercises, They think that propositions are more dependable. This 
Practice seems to be based on the wrong notion that beginners can- 
Not solve exercises, unless they have mastered a good number of 
Propositions. So exercises are not regarded as important from the 
Point of view of examination. / 


This view is erroneous and defeats the very purpose of teaching 
8eometry, Mere mastery of readymade proofs of propositions can- 
pot take the leaner very far. The development of the power of reason- 
ng and Systematic thinking will not be possible if exercises are not 
Solved, The riders are the practice and application part of the pro- 
Positions, The theorems will become clear only when they are used 
in Solving riders, Knowledge is power only when it is applied. 


Riders, therefore, have not to be ignored, nor should their solu- 

e postponed to some later stage. The most opportune time 

we Proving riders is immediately after a proposition has been proved. 
in Should apply knowledge while it is still fresh, so that it is fixe 

p the mind simultaneously. The learning of theorems is rather passive 

fe ìt is like watching some one else apply known facts, Co 

th €T Work is active and the learner does the application himself. Only 

e Solving of riders immediately after the proposition, gives the 
Pupil a Feal sense of achievement and encourages him to do 
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il’s abili i -try should be 

K. The pupil’s ability and Progress in geom. Í 4 

alee by his ability to tackle exercises. „Mere repetition of well 
ow facts does not make the pupil intelligent. 


IMPORTANCE OF RIDERS 


l; 


. The subject can be 


. It is easier and interesting to attem 


» Riders can be much better 


The rider work is very profitable for developing Sriginal 
thinking and power of application. Only Original thinking 
Tepresents true geometric work, 


introduced better by riders than by the 
Proofs of propositions. The solution 
the beginner a clear idea of the true 
and guards him against mechanical 


study of readymade 
of exercises can give 
nature of geometry 
methods of study, 


pt a simple rider than to 


understand a complicated proof of a Proposition. 


proof of a rider is far more satis- 
fying than memorisi € set proof of a proposition. 


large number of riders after a proposition 
k 4 good means for recapitulation, understanding and 
clarity, 


graded than the text-book pro- 
better representatives of the sequence 
iiculty. Their sequence can be made 
n of riders that lead from one theorem 


positions, They are 
and logic in order of d 
effective by the insertio 
to another, 
The capability 
geometry can 


‘attainment and capacity of the pupils in 
Tiders. 


© measured reliably by their ability to solve 


In fact, the study of geometry should primarily be a course in 
the solution of originals. 


How Srouip THE RIDERS BE ATTEMPTED 


GENERAL SUGGESTIONS : 


l. 


- He should Possess the ky 


- He should always 


First of all, the teacher 


has to acquire the ability to solve 
Tiders easily, accurately and Promptly. 


howledge of the various methods of 
attack. 
approach the 


should tell only when educing beco 


matter heuristically. He 
mes difficult, 
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4. He should be well-versed in geometrical constructions also in 
Order to meet the particular needs of the problem. 


5. The statement of the rider should be carefully read to grasp 
the meaning of the words used. He must ascertain what is 
known and what is unknown. The ‘if’ and ‘then’ parts of 
the statement should be clearly analysed. 


6. He should draw the most general figure possible, e.g., if it 
is about any triangle, draw the scalene triangle. An equila- 
teral or right-angled triangle deceives the eye. Of course, 
accuracy is not to be neglected. 

7. The pupil should be enabled to use ‘Synthesis’ and ‘Analysis’ 
and to combine the two. He may begin by assuming the 
truth of the theorem and see what follows from the assump- 
tion and then see if it can be proved true without the assump- 
tion, by reversing the process. 


8. He may also begin by assuming the theorem to be false and 
then try to show the absurdity of the assumption. 

9. In selecting a method of proof, the pupil should recall 
mentally the axioms, postulates, definitions, theorems and 
Corollaries already proved to sort out the known methods 
which may in any way be helpful in solving the rider in 
hand. 

10. While referring to some axiom, definition or theorem, a brief 
Statement or enunciation must invariably be given. 


l1. The teacher should prepare, in advance, revealing questions 
On the riders in hand. ad these questions should be used to 
provide clues to the students. 2 

12. The teache ld inculcate in the pupil habit of asking 
himseif dha T the data tell me? Which theorem do 
I know which may enable me to proceed with the proof of 
the rider? Ts there any piece of data that I have failed to 
use ? Is there any necessity of completing the figure by some 


additional construction? 


H 
*LPFUL METHODS IN SOLVING EXERCISES— 

METHOD I 

on ie equality of Jines and angles is usually proved by oe the 

be gr Uency of the triangles containing those. ; pees i 

: shou 
to a,Pected to apply in every case. The pupil sho ik i 
Nalysis b aski hi ‘tions such as “What is the usua 
imself question a 7 

EN Possible ERE e E AE the equality of line and angles? 

© sh in this manner. 


“Mould always first try to find out the clue i 
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METHOD II 


If the lines or angles where equality is to be shown are not 
contained in certain equal triangles, the student will have to complete 
the equal triangles by having additional constructions. The triangles 
have to be made, if not already provided. This is an important 

J principle which finds an extensive use. 


METHOD III 


If it is not possible to prove the equality of the required pair of 
triangles, a via media has to be found by proving first the congruency 
of some other pair or pairs, whose equal parts will help to show 
consequently the congruency of the original triangles. The learner 
should not always think of jumping over to the final requirement; 
there may be certain intermediary requirements also. 


METHOD IV 


To prove that an angle is a right angle, it is usual to demonstrate 
that it is equal to its supplementary adjacent angle. The equality of 
adjacent angles may further depend on the congruency of two trian- 
gles containing them. 


METHOD V 


Parallelism of lines can be shown by means T 
E r eee y means of equal alternate o; 


METHOD VI 


The equality of angles is also i A 
proposition. g occasionally shown by the isosceles 


METHOD VII 


To prove that ast. line is equal to half of i i 
double the first or bisect the latter and prove ten ee eau, Tee 
same relation between angles is proved in a similar way aie 
METHOD VIII 


METHOD IX 


Try one method. It that is n r 
another. Proceed in this manner, ““°4U@te, leave it and try 


A FEW LESSONS IN RIDERS 
Ex. 1. Ina AABC, AB=AC=B ere tats 
BC, E is the mid pt. of AD. Prove ta Hose sme to D a point in 
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To begin with, an equi i 
eg , quilateral trian le 
ABG will be drawn, as obviously ore A 
AD is joined after taking any pt. D in BC 
ie be ay at E, and EC is joined. 
ae oa is the given part of the 
AB=AC=BC 
T i and AE=ED. 
o prove :— What is to be proved ? 
Piore EC>EA. 
ag How can we prove a line greater bd P c 
‘hi dene pret ? If they are the sides of Fig. 76 
thas the riangle and the angle opposite the greater side is greater 
ne angle opposite the other. 
tig to show EC>EA or EC>ED 
Which E is the mid. point of AD) 
Iti Lee containing EC and ED ? 
Thee are the angles opposite to EC and ED? 
eet nogle opposite to EC is ZEDC, 
What e angle opposite to ED is Z ECD. 
What is to be proved now ? ZEDC> ZEDC. 
EDC is EDC equal to? 
C= LABD+BAD 
The e a is the exterior angle of another triangle ABD) 
If (Z ow to show ZEDC> ZECD? 
ABD+ Z BAD)> ZECD 


What ; 
hat is the part of ‘given’, we have 


AE= 
Used so eD has been used, but the part AB= 


not utilised so far ? 
AC=BC has not been 


ae can we use it ? 
e 
angles, a Fae, oe bes property into the e 
S S : 
liad to fit it into the incomplete argu 
Ye can say, ZABD= 2 ACD. 
<. the problem is solved, 


if (ZACD 
+/ BAD)> ZE 
ZECD is a part of ZAC 


oo 
that poe can be guided to 80 back with the argument to say 


quality of the three 


ment. 


CD, which is obviously true, because 


D and hence alone 


or EC> AE, Q.ED 
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Ex. 2. If the diagonals ofa || gm. are equal, it is a rectangle. 
What is given in this case ? 


Given : ABCD isa || gm. a B 
AC=BD. _ 
But what are the qualities of 
this || gm? 


BC=AD, AB=CD and ZABC 
+ZDCB=2 right Zs. 
What has to be proved ? 
To prove : ABCD is a rectangle. 
What should a rectangle possess D c 
in addition to being a || gm. ? Fig. 77 
One of its angles should be 90° 
i.e. Z ABC=90 is to be proved. 
Proof : How can we show that Z ABC=90° 


What part of the ‘given’ can be used for this ? We know that 
ZABC+ ZDCB—2 rt. Zs. if wecan show these two Zs to be 
equal, each of these will automatically be equal to 90°. 

How to show the equality of these angles ? 


By proving the Congruency of two triangles containing them. 


Which are the triangles ? As ABC and DCE. What are the known 
equal elements of these triangles ? 


BC=BC, 

AC=BD, [The two diagonals are equal] 
AB=CD., [lt ABCD isa i gm.] 

“- AABC= ADCB. 

Our previons requirement is fulfilled i. e., 

ZABC= Z DCB. 

“^ ZABC=90° 


Consequently ABCD is a Tectangle. 


CONSTRUCTIONS 


In geometry the words “to Construct” mean to draw accurately- 
The only instruments Permissible in thes 


. » and yet may 
when actually required to do so. 


: i i is 
generally responsible for this failure. Acc Ars e i 
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good accurate geometrical instruments. Further constant practice is 
the only way to acquire self-confidence in construction work. 


PARTS OF A CONSTRUCTION PROBLEM 


(i) A statement of the problem. 

(ii) A representation of the given parts. 

(iii) A representation of the given parts in terms of the drawing. 
(iv) A statement of what is to be constructed. 

(v) The actual constructions, with a description of and relevant 


authority for each step. 


(vi) A statement that the required construction has been madı. 
(vii) A proof of the construction. 


DIRECTIONS FOR CONSTRUCTION WORK 


1, 


o Nauna 


12. 


Tbe teacher should see that the pupils are properly equip- 
ped with an accurate and reliable set of geometrical instru- 
ments and fine, hard and sharpened pencils. Special draw- 
ing pencils should be used. Ordinary pencils do not give 


neat work. 


. All straight lines are to be drawn from left to right. 
. All lines should be of uniform thickness. The lines should 


be drawn as thin and sharp as possible. 


. Different steps of construction should be clearly shown. 

. The lines to be joined for proof should be dotted. 

. Rubbing is to be forbidden. 

. The exercise books should be placed on a hard flat surface. 

. The dot is unnecessary, when a point is fixed by the inter- 


section of two lines. 


. The length of a straight line should not be measured directly 


from a ruler : an indefinite line should be drawn and from it 
the given length should be cut off with the help of compasses. 
The pair of compasses should be held by the head, so that 
there are little chances of inaccuracy even by the slightest 
movement of its legs. 


. While drawing, the two legs of the compasses should be 


equal in length. Their joint should be screwed tight, if it is 
shaky. 
It is often desirable to discuss the solution of a problem as 
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to the number of solutions, special cases, limitations and 
applications. 

13. It may be often useful to draw the required figure by eye 
and then to study the properties of the figure in order to get 
ideas for proceeding with the construction. 


14. Sketch (do not construct) the figure asit will appear when 
completed. 


15. In the sketch, show the parts of the figure that are given. 

16. Study the sketch to discover (a) which given part should be 
constructed first; (b) how the additional parts can be con- 
structed with the help of known constructions and theorems. 


After determining the method, construct the figure showing 
each step. 


17. 


18. Every construction should be carefully checked by the pupil 


for its accuracy by measuring with ruler and protractor. 


As soon as a'new construction is taught, it should be applied 
to new situations. 


19. 


20. When a known construction enters intoa new construction 


it should always be made in full. 
ANALYSIS IN CONSTRUCTION WORK 
Like other aspects of geometry, construction work should also be 
attempted analytically as far as possible. Here the teacher starts from 
the result and works backwards. By this procedure he reaches & 
simpler theorem already known to be true or arrives at some result 
which gives a clue to the necessary construction. The reason behin 
every step of construction must be adequately grasped by the pupil. 
The following example will illustrate th ‘ is in con 
struction problems :— Te eee d7 


PROBLEM 


Construct a || gm equal in area toa oj i i 
equal to a given angle, Dae 


Analysis :—A || gm. is to be constructed, 
What do we need to construct a || gm. ? 
(Two sides and an angle or one side hei 

i : , height a etc.) 
What is available in the enunciation ? ne 
(Only an angle is available), 
What is the area of a triang 


le equal t 
(4 X base x height). a o 
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What is the area of a || gm. equal to ? 
(base x height). 


What should be the relation of the base and height of the 
Tequired || gm., with the base and height of the given triangle?[Two 
Possibilities :—(1) If base of || gm.=the base of the A, then 
height of the | gm, should be=+ of the height of the A. (2) If base 
of || gm=4 of the base of the A, then height of the || gm. should 
be=the height of the A.] 


So the base and the height of the || gm are respectively related 
to the base and the height of the A in this manner. 


Let the student then take the base of the || gm. by bisecting the 
base of the triangle and then take its height equal to the height of the 
triangle by drawing a line || to the base line through the vertex of 
the triangle. The next step will be to draw the second line of the || gm 
by measuring the angle equal to the given angle. The || gm. can be 
Completed in this manner. 


EXERCISES 


1. What are the aims of teaching geometry ‘in schools ? : How 
far these aims are being achieved and what are the difficulties in the 
way ? 

2. What are the different stages of teaching geometry ? Illustrate 
them by taking examples from the subject-matter ? 

3. How will you improve the teaching of geometry in schools ? 

4. How to teach the following in geometry ? 

(i) Axioms and postulates. 
(ii) Definitions. 
(iii) Propositions. 

5 What are the different kinds of proofs in demonstrative geo- 
metry ? Illustrate them with actual examples ? : 

6. How should the theorems and riders be learnt by a student of 
geometry ? 

7. How will you teach the following topics ? 


(i) Angle-sum of a triangle. 
(ii ) Congruency of triangles. 
fiii) Similarity. 
(iv) Locus. | 
8. What would be your distinctive approach in the teaching of 
Constructions in geometry ? 


CHAPTER TWENTY 


THE TEACHING OF TRIGONOMETRY 


Wuy To TEACH IT 


TO MANY PEOPLE, trigonometry is a college subject. This is qune 
true, because till recently it was never offered in the high schools 
the extent that algebra and geometry were; whereas it is universa x 
offered and often required in college because it is indispensable t 


the study of analytic geometry, calculus and other advanced courses in 
mathematics, 


engineering and the physical sciences. Perhaps the 
biggest chang 


ein school mathematics is due to dethronement es 
Euclid which took place about 1903. His 150 propositions ha 
been replaced by about 60 formal 


theorems. To utilise the time an 
Saved, introduction of new ideas like trigonometry became natural 
The advent of the Higher Secondary system has gone along WY 
in dispelling the restricted view of the subject. There has come 
about the realisation that, while certain parts of trigonometry are 
indeed difficult and suitabl for relatively mature students, there 
is much, on the other hand, wt 


ae Shae ing 
ane these principles is quite interest! 
to the pupils in the final years of the secondary school. Sui 
application offers an excellent means of correlating arithmetic , wi 4 
k à metry and with the solution of siMP f 
linear equations. The carly introduction and simple treatment ple 
ay be expected to have considera 


in 
pale rk i 
R 3 g force, some preliminary WOT 5; 
trigonometry is almost necessary j i p 2 I 
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WHAT PARTS OF TRIGONOMETRY SHOULD BE TAUGHT 


The parts to be included must find their justification in the direct 
contribution which they can make to the goals of general education 
at this level. These may be thought of as potential practical values 
and as general educational values. The subject-matter should include : 
extension and clarification of the concept of ratio ! the use of symbo- 
lism; appreciation of the power and application of indirect measure- 
ment; understanding of the methods of accomplishing such measure- 
ment through the use of the right triangle and the tangent, sine. and 
cosine ratios: co-relation of ideas and procedures drawn from 
arithmetic, algebra and geometry and stimulation of interest in mathe- 
matics asa whole. Broadly speaking, the teaching of trigonometry 
should begin long before the formal introduction of this branch. The 
students should be acquainted with instances dealing with indirect 
Measurement of distances. They should be allowed to undertake 
actual field projects. It is necessary that they have clear concepts of 
the meaning of similar figures (especially similar triangles); of a ratio 
as a comparison of two quantities in the sense that one is a certain 
fraction of the other; and also of a ratio asa single number. They 
also must understand the particular meanings of the tangent ratio, 
the sine ratio, and also know how to use the table of natural func- 
tions. The meaning of such terms as “angle of elevation” and ‘angle 
of depression” should also be clear to them. They have to be given 
Practice in analysing problems, in making working drawings, in selec- 
ting the appropriate functions to use, in setting up and solving 
Fauations involving these functions, and in substitution and evalua- 

ion. 


DEVELOPING THE MEANING OF A TRIGONOMETRIC FUNCTION 


The first thing to be done isto make clear the meaning of the 
trigonometric functions as ratios and as numbers. Probably the best 
way to accomplish this is to have the students actually make careful 
Measurements of the angles and sides of right triangles and compute 
the numerical values of the ratios representing different functions. 


Itis a mistake to start by giving the pupils the six ratios at once. 
Tt would be better to do the cosine first, then the sine, and then not 
to introduce any other ratio for some days. Itis easy to show that 
the cosine and sine of any acute angle are each less than 1; so they 
Will easily remember cosine= —, sine=———___.. If 
hypotenuse hypotenuse 
they are told that the two sides for the cosine contain the angle, 
they can easily write down sines and cosines from right-angled 
triangles in various positions. For obvious reasons, this work is 
limited to situations that involve functions of acute angles. As soon 
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as they are thoroughly familiar with the sine and cosine, they may be 


sine line cosine line 
taught that tangent= ————, cotangent =. They may 
cosine line sine line 


be more specifically defined in terms of the sides of a right triangle. 
Let angle BAC be the given angle. 


Cosine ZBAC 


£ 
Adjacent side AB Š 
ee F = OF q c] 
Hypotenuse AC o 
Sine ZBAC E 
Opposite side BC 2 
ji Hypotenuse a AC” A ADJACENT SIDE B 
Fig. 78 
Omai & 
Tangent Stace, 


Adjacent side AB 


An interestin 
ae uence d computations necessary ao 
: ral multi E pel og for oe 
teal consid at ral ot 3 dees For, each gf 
icles of cera for purposes of comparison, checking» 


It may be made clear, th i 
tn , that t ! 
definitions of certain ratios, he functions are, after all, merely 


i 0 After having lear: ings © 
ned the meanings © 
tbe sine, Sais and tangent, the students should have no difficulty 1” 
§ the meanings of cotangent, secant and cosecant. 


ow why the names of ne 
It should be explained ia 
mplementary angle whic 


complement.” Simi : be 
: - milar ns can 
given about the corresponding relation of A ig art fo. the 
tangent of an angle, and of the co-sec e cotangen' 


e 
students learn to recite : — fo the secant: eae 
Unctions in the usual ©} 
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i.e., sine, cosine, tangent, cotangent proce SINE A 
secant and cosecant. If these names 
are then written in a vertical column 


r 
as in the diagram it is apparent that : o-oo TANGENT A 
the two functions joined by any Re sectors aati e 
one of the three brackets are 1! 
reciprocals of each other. The device : L--~- COTANGENT A 

\ 


specifies and emphasises the reci- 
procal relationships. 


Sess SECANT A 
L--~>---- COSECANT A 


Inverse Functions: They appear to be difficult to the students 
due to the fact that their meanings have not been adequately explain- 
ed. Also the notations sin * $, cos * 1, etc., are sometimes con- 
fusing in the beginning because of the students’ tendency to associate 
this notation with the idea of an exponent. Great care should be 
taken to ensure that the students will realise that the symbols sin * 2, 
cos? J, etc., represent angles rather than functions of angles. It 
should be emphasised that the symbols for the inverse functions are 
to be read “the angle whose sin is }” and “the angle whose cosine is 
I’, respectively. A systematic drill should be given in writing down 
given functions and the corresponding inverse functions in parallel 
Columns, thus : 


sin 30°=4 sin *$=30° 

cos 45°= =l cos * Jey 
V2 V2 

Secant 0°=1 Secant’ 1=0° etc. etc. 


This drill may be very short but should be given at regular inter- 
vals throughout the course. 


TEACHING THE FUNCTIONS OF SPECIAL ANGLES 


The special angle O, 3, 30, 45, 60 and 90 degrees are of great im- 
Portance and occur so frequently that the students should make them 
a part of their ready knowledge. Memorising them by heart should 
not be a burden. But they can also be immediately and easily derived 


from three elementary geometric considerations. 
Consider the right triangle ABC witb an acute angle A of 45° and 
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a right angle at B. From the illustration it 
can be seen at once that such a triangle is 
formed when a diagonal of a square is 
drawn. If the length of one side of the squre 
is taken as one unit, each leg of the triangle 
will be 1 unit in length and the diagonal of 
the square, which is the hypotenuse of the 
triangle, will be found by the pythagorean 
theorem to have a length of 1/2 units. 
With these numbers known, all the func- 
tions of 45 degrees can be written down 
immediately. The only quantities needed 


arc the lengths 1, 1, +/2 . Also there is no Fig. 79 
need to memorise them as they are quite apparent. The functions 
are as follows : 


sin 45°=cos  — ; tan 45°=cot 45°=1 
V2 


cosec 45°=sec 45°=4/2_ 


Consider now an equilateral triangle ZADC with A bisected as 
shown, | Thus there is a 30—60 degree 
tight triangle ABC, whose hypotenuse 
AC is twice as long as the leg BC. If 
th length BC is treated as one unit 

then AC has a length of 2 units, and 

by. pythagorean theorem, AB=V 3 
units. So, from the figure. 


sin 30°= }=cos 60° Se ie 
coem Se. i 
wt PEL O s, 
s : ie 
try | 
sad 
D 


Fig. 89 
cot 30°=4/ 3 =tan 60°. 


o 1 
ta 30 T P 
V3 cot 60 


seo; 30°= ae 


3 =cosec 60° 


Cosec 30"=2=sec 60° 
A most effective devic i i 
Cegrees is the unit circle, e for studying the functions of 0 and 90 


fne functions of all the i k 
osha table ona hae special angles can be consolidated in the 
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COTANGENT 


SECANT 


COSECANT 


Fig. 81 


These values, except infinity, can be readily translated into 
decimal equivalents if desired. The student who learns to derive them 
with the help of special triangles and unit circle in this way need 
never be afraid of forgetting them, because he can reconstruct them 
at will. When they are associated with the triangles, they wili carry 
for him a real functional meaning and will not be mere arbitrary and 


Unrelated qualities. 


FUNCTIONS OF THE GENERAL ANGLES 


_ The subsequent transition to the function of the general angle 
involves a generalisation of the definition of the functions. But if it 
is explained carefully, there should be no difficulty. 


_ The students have learnt to define the functions of an acute angle 
in terms of the sides of a right triangle, as— 


Opposite side 


sin A= =. 
hypotenuse 
Adjacent side 
cos A= = 
hypotenuse 
Opposite side 
tan A= 


adjacent side 


Now if a set of perpendicular coordinate axes is drawn with origin 
at O and the positive X-axis passing through B, the function of the 
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acute angle A can be generalised in 
terms of the abscissa, ordinate and 
distance of C, or any other point on 
the terminal side of the angle. That 
is, the “opposite side in the 
triangle is now y, the ordinate of C; 
the “adjacent side” is x, the abscissa 
of C; and the “hypotenuse” is r, the 
distance of C. 


Fig. 82 
Consequently the functions can be redefined as : 
opposite side ordinate y 
sin A= SS 
hypotenuse distance r 
adjacent side abscissa x 
cos A= a 
hypotenuse distance r 
Opposite side ordinate y 
Wi iem - and so on 
adjacent side abscissa ¥ l 


One thing is especially noticeable, The teacher has so far redefined 
the functions only for a 


cute angles. What shall he do in the case 0 
angles greater than 90 degrees or in the case of negative angles ? 
He can disclose to 
them a concept, 
readily to angles of any size, 


X a he pos 
the description of the angle 
ation of the functions of special angles 


» let A be the given angle in 
n the figures, Di 
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Fig. 83 


If any point P (x, y) is taken on the terminal side of angle A, and 
a perpendicular is dropped on the X-axis, there will be formed a right 
triangle. That will be called the “triangle of reference”. The values 
of the functions of A are determined by the lengths of the sides of 
this triangle which are respectively x, y and r. 


Now, if A is known, the student can also find at once the angle 
0, without regard to sign, the smallest angle which OP makes with 
the X-axis. The value of this angle wiil never exceed 90°. The 
values of functions of A will be the same as the values of the func- 
tions of 0 except for sign. The functions of 0 can be found from the 
tables, and the signs of the corresponding functions A can be deter- 
mined by noting the signs of x and y (ris always positive) in the 
triangle of reference. 


It is good for the students to work a number of examples on the 
basis of the above illustration. 


TEACHING THE USE OF TRIGONOMETRIC FUNCTIONS 


As soon as the students have comprehended the meaning of the 
tangent ratio, the teacher should show how it is used in finding dis- 
tances or angles without direct measurement. Thus such problems 
as the following may introduce the pupils aptly to the application of 


the functions. 
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(i) From a point 50 feet from the base of a tree, the angle or 


elevation (A) of the top of the tree is found to be 79 degrees. 
Find the height of the tree ? 


ii) A ladder 25 feet long is placed against a vertical wall so that 
i) it makes an angle of 57° with the ground. At what height 
above the ground does the ladder touch the wall ? 


In this subject there are many applications which should be made 
known to the pupils to intensify their interest. A large share of pro- 
blems in trigonometry textbooks are problems which involve the 
determination of distances, angles, or area in relation to land measure- 


ments; in other words, problems typical of those which’the surveyor 
encounters in his work. 


Though less known, there are Many interesting applications of 
trigonometry in engineering, astronomy, geology, navigation an 
aviation. 


The following table, extracted from the report of an analyst shows 
the frequency of Occurrence, the percentage of occurrence, and the 
number of trigonometric formulas 


found in the textbooks in various 
fields : 


5 Table of occurrence of Trigonometric Formulae in Twenty Text- 
ooks. 


c _ 


maa ee hy ee e 
r of 
Occurrence | Per cent Number 
—]__ k| 


a ŘŘŮŮ i: 


Five higher mathematics 
texts 


i S 314 36.7 41 

Five texts in mechanism 299 35.0 23 

Five texts in surveying 125 14.6 19 
Five texts in electricity 118 13.7 13 

Total 856 100.0 
ponen 
Instances can be multiplied. Here are afew: 

_ For a coil Totating uniformly in a Magnetic field, the instantaneous 
induced voltage (E;) is given by the formula E,=E,, sin 0, where Em 
is the maximum voltage and 9 is the phase angle. = 
i The current i (peres) flowing through a tangent galvanometct 

aving n turns, of radius r, in the earth’s fel angule 
deflection 6. The formula fo tee ee 


$ 1 the determination of the amount of 
current is 
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Hr 
21 


The index of refraction of light, n, is given by the formula 


tan 0 


j= 


sin i 5% rae i 
n= ar where i is the angle of incidence, and ris the angle of 
refraction. 


_ The motion of projectiles is another general problem involving 
trigonometric formulas. For projectiles having an initial velocity v 
at an angle 0 with the horizontal, the following formulas hold. 

2 ein? 
Maximum height fine 
2g 
i o s y sin 0 
Time to maximum height pa 
_ 2vsin 8 
a 
2 ei 6 
Horizontal range R= “se. 


Total time of flight F 


o2 
G : ; = gee eee 
eneral equation of trajectory y= x tan D costo” 


_ One of the basic problems of automatic engineering is the deter- 
mination of the force P needed to balance a weight W ona plane 
inclined to the horizontal at a given angle «. This relationship is 
expressed by the formula P=W sin «. 

_ Two important problems of aviation are the determination of the 
Wind-correction angle and the determination of ground speed. 

Tigonometric formulae are applicable in them. If, for-example, the 
Wind correction angle is designated by x and the angle between the 
wind direction and the true course by y, then 


Wind velocity _ _sin x_ 


Air speed sin y ` 


If the same notation is used, the formula for determining ground 
Speed is as follows :— 
Ground speed __ sin (y—x) 
Air speed sin y. 
These miscellaneous illustrations of the use of trigonometry may 


serve to suggest others. Such applications rarely fail to increase 
interest of the subject. These will not only eahance the interest of 
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the students, but broaden the teacher’s horizon and add zest to his 
teaching also. 


TEACHING THE FUNCTIONS OF TWO ANGLES 


The students will need to use the functions of the sum or differ- 
ence of two angles, of a double angle, or of a half angle. He may 
also have to use certain other formulae involving two angles, so it 1s 
necessary that these formulae be developed in terms of the original 
angles and listed for reference. It is not necessary to memorise all 
of these formulae. It is desirable, however, that the pupils see and 
understand the ways in which the formulae are developed and also 
memorise a few formulae which are fundamental and of frequent 


use. The following may be listed as the fundamental formulae of 
this kind : 


sin (A+B) cos (A+B tan (A+B) 
sin 2A cos 2A tan 2A. 


The development of a large number of the formulae of this group 
is an excellent exercise in the application of algebraic processes tO 
trigonometric functions. After the formulae sin (A+B)=sin A cos 
B+cos A sin B has been proved, all the rest of these formulae may 


be derived from this one through the application of simple algebraic 
and trigonometric techniques. For example: 


I. sion (A—B)=sin [A-++(—B)] 
=sin A cos (—B)+cos A sin (—B) 
=sin A cos B—cos A sin B. 
2. cos (A+B)=sin [(90°—(A+B)] 
=sin [90°—A)—B] 
=sin (90°—A) cos B—cos (90°—A) sin B. 
=cos A cos B—sin A sin B. 


It is strange that in the teaching of these formulae this fact is 
almost never emphasised. The student will be fascinated on seeing 
that all these stem from a single basic formula. 


This basic formula should be éstablisha 


‘ : d geometrically and then 
verified by different concrete examples suc 


h as— 
sin 90°=sin (60+30°)=sin 60° cos 30°+cos 60° sin 30°. 
VARIATION OF THE FUNCTIONS 


It is very interesting for the pupils to note that any change in 
the size of angle is accom 


i panied by a corresponding characteristic 
change in each of the functions of the angle. This fact should be 
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Tepeated] i 

all ae a pmeied by the teacher and should be illustrated by 
examination tee and devices. One such means is a thoughtful 
Pointed out Fok e tables of functions. It should be specifically 
PAttieuler ate the values, written in the tables, merely represent 
two. ime in a continuous variation and that, between any 
values. values given, there exist innumerable intermediary 
on enriches the study of other 


J 
ust as the concept of variati 
the study of trigonometry. The 


ran 
P mattiemati i, so it does 
aps the nd H strengthened by certain mechanical devices. Per- 
struction a 4 commonly used and most effective device is the con- 
and study of graphs of these functions. 
ucidates several important 


A ; 
real understanding of these graphs el 
the following considera- 


thin S È 

B abour this variation. In particular, 
te worthy of note. 

shape of the graph of 

5 ““cofunctionr”. 

i ain 0 and cos 0 are always finite and continuous over 

ð e entire range of values of 9, while for certain values 0! 

the other functions become infinite and have points 0 


discontinuity. 


iG ; e ‘ 
There is a general similarity in the 
ny function and its corresponding 


be greater than 
and cosecant can 


3 : 
The sine or cosine of an angle can never 
Numerical illustra- 


+1 or less than—l, while the secant 
never have values between these bounds. 
tions of these facts can be given. 

le is 


4 
. From the graphs it will be found that, when the ang 


given by Gi = for all integral values 
ual to its corresponding cofunction. The 
t the explanations. 

also the graph of 
erely in the 


of k, any function 


of the angle is eq 
students may be asked to find ou! 


‘Ds i $ 
The graph of any function, say sin 6, is 
the inverse function. The distinction lies m 

choice of the independent variable. 


enca most all textbooks contain graphs of the functions Jae a 
Braphs. many cases the students aré required to construc oy 
Braphs Sufficient time must be ted to the interpreta’ on 

s and the discussion of their implications. 


Tr 
E So 
LUTION OF TRIANGLES ay di d 
already iscusser 


he trigonometric solution of the rigbt triangle, 
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in detail, is quite a simple affair. The solution of the oblique or 
general triangle, however, is not so simple. It requires the develop- 
ment of numerous special formulae. 


There are “the four cases” of the general triangle : 


Case 1. Given two angles and any side. 

Case 2, Given two sides and an angle opposite one of them. 
Case 3. Given two sides and the included angle. 

Case 4. Given the three sides. 


The most fundamental of the various special formulae are the 
law of sines, the law of cosines and the law of tangents. The mas- 
tery of these and many similar formulae and their use cause a good 
deal of difficulty. The commonly experienced difficulties are :-— 


1. Difficulty in following and understanding the derivation of 
the formulae. 

2 Difficulty in learning by note the various formulae and then 

keeping them in mind without confusing them. 


3. Difficulty in knowing what formulae to use in a particular 
case. 


4. Difficulty due to lack 
of written work. 


5. Difficulty in checking the solution. 


of systematic pre-planning and layout 


The development of the fundamental tri onometric should 
be done by pointing out the way, by rhe out the Lies steps in 
the development in quick bold outline just as one lays outa plan 
of proof for a Proposition in geometry, before Proceeding to write 
down the complete synthetic Proof in finished form. The emphasis 
should be on the understanding of the main Plan whereby the proof 
can be reconstructed without being crammed. In on cases it is 
necessary to draw upon previously developed formulae. - 

The teacher should give the Students cr; 
which or when formula is to be used. One c 
The formula must be one which ex Tesses g 
triangle completely in terms of the given pete, ae eee ofie 


he will soon learn that the law of sines 


iteria for determining 
Titerion is as follows : 


} ) Ss included an le, or (2 hree 
sides. The association of the appropriate ioc "oh hs partie 
cular cases would be strengthened if each formula were developed 
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when the case requiring it were taken up and the formula then 
Immediately applied. 

_ The following example is illustrative of the orderly procedure 
in solving such cases. Though layouts will naturally vary in detail 
according to the conditions and the requirements of the problem, 
yet the procedure given below is perfectly general and can be adapted 


as needed. 
C 
Given a=81.6 
b=121.5 b a 
Find C=32°18" 
D A,B and C. 
€ B 
Fig. 84 
SOLUTION 
Formulae $ 
B+A=180°—C 
t (B—A)=2—2 tan 4 (B+A) ) to find A and B. 
b+a = 
g ZSE es to find c. 
Sin 
AmE suas to check the work. 
Tra, Sin B 
CHING RADIAN MEASURE of the general 


A It requires a good understanding of the finet ona understanding 
ngle. To enable the pupils to acquire, 4 thorone hetrical explana- 
of the definition and Pining o a radian, the goo They should be 
led t and illustration should be given TP er 
show, form a clear mental picture as 
conga pn the figure. This will give @ 
eg basis for thinking in terms O° 
recalls, It wili provide a means a 
the 28 instantly why the angle 71S 
Same as 180 degrees: W 
T 


BY y 
a 1S the same as 90 degrees; WhY "37 
8 the i 
the = Same as 60 degrees; why 27 if 

* same as 360 ee etc. With this Fig. 85 
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sort of picture in mind, the student should have no need to memor- 
ise the relations between degrees and radian measures. 


After they have acquired an understanding of the meaning of 
radian measure, it is useful for them to have some special practice 
in determining the degree equivalents of angles expressed in 
radians, and the radian equivalents of angles expressed in degrees. 
In this connection it may te desirable to have the degree value of 


one radian’ memorised. For the special angles O, as , T, 2m, 45 
degrees, 120 degrees etc., the student should soon become able to 
give the corresponding equivalents at sight. Similar practice in 
inverse functions should be given, the Principal values of the angles 
being given both in radians and degrees. The students should be 
made to understand, that, in expressing angles in terms of radian 
measure, it is customary to omit the word “radians”. They should be 


able to realise while reading such expression as sin Z, tan 27 cos 


3 
27 h š e 
“3, » Stc., that the angles are given in radians rather than in degrees. 


It may be pointed out that in high s : ; 
er mathem: ; is 
used almost exclusively, g ematics radian measure 


TEACHING TRIGONOMETRIC EQUATIONS AND IDENTITIES 


Confusion often exists in the Pupil’s mi inctio 
re pee ils i n 
between identities and equations P nd as to the distincti 


of iti ‘ : 
be cleared up in the very begining O SPORE akona 


tion is an equation involving one or more 


of the unknown angl i 
i r ie for 
particular values of this unknown. In contrast EA 


i agg job is to solve the 

values, of the unknown which will sat; 
A l Satisfy the equation, On the 

ie Eee roblem in dealing with identities Et prove that 

they actually are identities; to show th p 

reduced to the same expressi 

as being identical. 


yare equation f are 

a rare beer the algebraic PEA of tie aroe Aes 
e algebraic tra : 3 

separately or to the trigonometric nsformation of either member 


7 ; tran i : > 
tric elements involved. For ampie sformation of the trigonome 
, 
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sin 2x=2 sin x cos x 


sin x 
tan x= ee 
cos x 
g P sin x 
<. 2 sin x cos x = 
cos x 
2 sin x cos” = sin xX 
2 sin x cos*x—sin x=0 
sin x (2cos° x—1) =0 (left member factorised) 


This can be true only (1) if sin x=0 or (2) if 2 cos?x—1=0 
*. the equation is true for the values 

(1) x=0° or 180° 

(2) x=45°, 135°, 225° or 315° 


and for no other values of x wnere x<360°. 


Note that the algebraic transformations which have been emplo- 
yed are all entirely legitimate since we started with an admitted 
equation and sought merely the solution of this equation. 


In practically all textbooks the trigonometric identities proposed 
for proof are stated in the form of equations. This creates a wrong 
tendency in the students to treat these identities under the algebraic 
laws of the equation. But this is not legitimate. Consider, as & case, 


the following illustration: 


Prove 2— cos X 9 sec x—I 
cos x 
(A) 
Suppose that this was regarded as an equation and treated as 
such in the following manner: multiplying on both sides by cos x, 


we get 
2—cos x=2sec x cos X—COS X 


or 2—cos x=2(1)—cos x. (B) 
y 5 ‘ . 2—cos x 
This evidently gives an identity; but it is not a proof that a 


and 2 sec x—1 are identical. Rather, it is a proof that, if equation 
(A) is an identity, then equation (B) is an identity. 


The fallacy involved in this method of reasoning may be shown 
even more clearly by taking a case which is evidently absurd on the 
face of it but which illustrates precisely the point in question. Let 
it be required to find whether or not sin x=-—sin x is an identity. 
By treating this is an equation and squaring both sides, we do get 
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an identity, which is sin? x=sin?x. The reasoning would lead us to 
conclude that, since this is true, therefore the original pair of expres- 
sion (sin x and — sin x) must also have been identical. Obviously, 
however, we should not be justified in such a conclusion because 
the equation sin x=sin x is not true for all values of x. The above 
technique establishes a valid proof of an identity, only when it is 
reversible. 


In proving two trigonometric expressions identical, we may 
legitimately work with only one of them at a time. Either may be 
changed through legitimate operations of trigonometric transforma- 
tion, factorisation, multiplication of factors, collection of terms, or 


substitution, into the form of the other, or both may be changed 
Separately into some third form. 


_ The general difficulties experienced by the students in working 
with trigonometric equations and identities are: (1) lack of 
systematic approach, and (2) lack of familiarity with the fundamental 


pee Here are some Suggestions to plan and carry out the 
rk. 


l. Ifan identity involves functi m 
them so that they are ex, ao wat aoe 
ha 


t ) d Pressed in terms of one angle. For example, 
in proving that Sin 2 9—=9 S; i 
Sin Aar EEA a 2 Sin 9/ Sec 6 one should start by expressing 


2. All the functions involved should b i f 
; e expressed in terms 0: 
a single function by means of the fundamental identities. For exam- 


ple, in solving the equation Cos x+Sec x=2 » the first step would 


be to express Sec x as J 
Cos x 
3. Having reduced all functions to i 
À € terms ofa single function, all 
the terms involving one functi Pa aneron, 
fkeequation. 8 one function should be transposed to one side of 


4. Having solved an equation for i 

l the value of some one function 
of the unknown angle, it may be possible to determine the angle by 
inspection and consideration of t 2 


angles. he values of the functions of special 


5. In proving an identit try to c ; 
an expression identical with ae Ta convert one of the terms into 


6. If it appears that the fifth 
transform both members separately int 


is not possible, try to 
expression. 


© some third identical 
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7. Ifno previous methods is applicable, try to obtain an iden- 
tity by transforming all functions involved into terms of the sine and 
cosine. 

Success in solving trigonometric equations or in proving identi- 
ties depends on close familiarity with the relation among the func- 
tions. The eight fundamental identites are:— 


+2 2 = ron Cos x 
(1) Sin’x-+Cos =1 (5) Cotx a 
(2) Sectx—tan’x =1 (6) Cot x= E 


1 
2 ——— = 
(3) Cosec*x—Cot*x =i (7) Sec x oer 


Sin x = 1 
(4) Tan x= Coax (8) Cosec x sae 
These have to be thoroughly memorised. The pupi! should be 
already familiar with the ‘formulae (6), (7) and (8) since they are 
merely the reciprocal relations pointed out in connection with the 
definition of the functions, and his attention should be called to the 
fact that (2) and (3) follow immediately from (1). In addition to 
these, the student should also be familiar with the functions of the 
double angles. 
“The function hexagon’ provides a very interesting aid to 
memorise all the above fundamental 
identities (except the first three TANK 
of the list) and also the functions of 
double and half angles. These are 
the following interesting and useful SIN2 secx 
conclusions about this hexagon. 
1. The two functions at the 
ends of any diagonal are reciprocals 
of each other. cosa 
2. Any function is the product Coste 
of the two functions between which 
it lies. Thus Cot x=Cos x X Cosec COTx 


x; Cos x=Sin x. Cot x; etc. Fig. 86 
The function hexagon. 


3. Any function can be expressed as a fraction in which the 
numerator is either of the adjacent functions and the denominator 
is the one beyond that. Thus. 
tan x, __ Cosec x 
Sec x’ Sec x 


Sin x= Cot x 
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4. The product of any three alternate functions is 1. 

Thus Cos x tan x Cosec x=1 and 

Sec x Cot x Sin x=1. 

This mechanical device gives 26 separate identities for reference. 
Further, it is so simple, economical and powerful that students will 


find it extremely helpful in their work with trigonometric identities 
and equations. 


EXERCISES 
1. Why should trigonometry be taught as a part of mathematics 
in schools and which of its topics can be usefully taught ? 


2. How will you develop the meanings of trigonometric functions 
in case of beginners ? 


3. How will you teach the following to the beginners ? 


(i) Use of trigonometric functions. 
(ii) Variations of the functions. 
(iii) Radian Measure. 


4. How will you introduce the teaching of trigonometric equa- 
tions and identities ? 


CHAPTER TWENTY-ONE 


THE TEACHING OF SOLID GEOMETRY 


WHAT IS SOLID GEOMETRY 


SOLID GEOMETRY TREATS of figures and bodies in space. It is a 
study in three dimensions: (i) Length (ii) Breadth; and (iii) Thick- 


ness. 


A point has no dimension, i.e., it has no length, no breadth and no 
thickness. A line has one dimension, i.e., it has only length, no 
breadth and no thickness. A surface has two dimensions, i.e., it has 
length and breadth, and no thickness. A solid has three dimensions, 
namely length, breadth and thickness. 


Irs INTRODUCTION 


The introductory ideas and concepts of solid geometry can easily 
be explained through concrete material. A plane can easily be 
presented with the help of a plane surface of a book, a plane table 
top and a perfectly even floor. It is perfectly flat and even like the 
surface of still water, or like a perfectly levelled playground. The 
formal definition of ‘a plane’ should come after a number of visible 
and obvious experiences. This 
should also be derived by com- P an c 
parnig a plane surface with a 
curved one. If the student takes 
two points in a curved surface, 
the st. line joining them will 
not lie wholly in that surface, L 
whereas the st. line joining two 
such points in a plane surface 
will lie wholly in that surface. 4 8 
The idea of the figure of a plane Fig. 87. 
should be developed from the 
student's knowledge of drawing. It is on the principles of drawing 
that a plane is represented by a parallelogram. ABCD isa plane. 
Two pts. Land M are taken in it and joined. The straight line 
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LM (produced both ways) will lie wholly in the surface of the plane. 


Similarly the idea of parallel planes can be given with the help 
of the opposite walls of the class-room. Planes are parallel, if they 
do not meet when produced both ways to any length. Two adja- 
cent walls of the class-room are intersecting planes. Two planes 
intersect when they have a pointin common. There must be at least 
two points common to both of them. Similarly, lines drawn on the 
same plane are coplanar lines, The lines on a page of exercise book 
are an illustration. These lines are also parallel lines. They are 
coplanar; they do not meet if produced both ways to any length. 


SOME OF THE AXIOMS 


It will probably be highly rewarding if an attempt is mado to 
illustrate these axioms with the help of concrete models. Anything, 


left to imagination, remains largely vague in case of young students. 
These axioms are : 


1. A straight line joining two points in a plane, produced how- 
ever far both ways, lies wholly in that plane. 


2. Through a given strai 


ght line, an infinite number of planes 
may be made to pass. 


3. Ifa plane of infinite extent rotates about a straight line that 
lies in it, it may be made to pass thrcugh any given point in 
space outside that line. 

4. Three or more strai 


ht lines are Il two of 
them are parallel. i tl 


SCOPE OF SOLID GEOMETRY 


In our system, considerable time is spent studying two-dimensional 
space with very little attention being given to the three-dimensional 
space in which we live. It seems that solid geometry, a study of 
space and objects about us, has a practical aspect which should not 
be neglected, regardless of whether or not the student intends to study 
higher mathematics. Many mathematics teachers of western coun- 
tries advocate that essential i 


iu % and pla d 
similarity n plane m, solid figures, p planes, congruence an 
bisectors, plane and dihedrel angles, circles and s heres, pol and 
prisms, loci, areas of plane figures and areas and Res ce Solids, 
and the solid figures generated by moving plane figures through 
space. 
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The opinion is also expressed that although a certain development 
of solid geometry should be carried along with plane geometry, Do 
formal proofs should be required for the solid geometry theorems in 
such a course. But the proofs shall have to ultimately come at the 


high school stage. i 


METHODS TO TEACH 


There is no new method apart from the methods already 
explained in detail. Laboratory work or practical proof will always 
form the starting point leading to abstract reasoning. When it is to 
be proved that ‘One, and only one, plane may be made : to 
pass through any two intersecting straight lines’, two intersecting 
sticks will represent the intersecting straight lines. One or more than 
one cardboard pieces will be provided to be used as planes. The 
students will be given the opportunity to try if they can pass more 
than one plane through these sticks. They will themselves notice 
that only one cardboard piece or plane can be made to pass. The 
theoretical proof of this proposition will further be based on practical 
demonstration of a plane rotating about one of the two intersecting 
straight lines. The argument will have to be understood analytically 
and systematised synthetically. Their combination preceded by 
practical demonstration will be an effective approach. The imagina- 
tion of the student is to be exploited while drawing two or more 
planes on the same sheet of paper and blackboard surface. It is 
mainly to be taught on the same lines as the demonstrative geometry. 
The analysis of the statement will have to be done. The student will 
have to be led from the unknown to the known. For example : 


The theorem of three perpendiculars namely, 

“Jf from a given point outside a plane a perpendicular is drawn 
to the plane, and from the foot of the perpendicular a straight line is 
drawn _ to a straight line in the plane, the straight line joining the 
foot of this perpendicular to the given point is perpendicular to the 
straight line in the plane : < 


What is given in this state- P 
ment? 
Given iN 
There is a plane XY. P is AN 
a point outside this plane. Vy y 


PA is L tothe plane. ML is 
any straight line in the plane 
XY, and AB has been drawn 
L to XY. 

(C7 from the foot of the per- 
pendicular a st. line is drawn 
"L to a Straight in the plane). Fig. 88 
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What is unknown in this statement ? 


TO PROVE 


The st. line joining the foot of the second perpendicular AB, to the 


given point P is also | to the straight line in the plane, that is PB is 
Lit ML. 


How can a line be proved | to another line ? 


Either it should be proved that the two adjacent supplementary 
angles are equal or the Pythagoras theorem may be found 
applicable. 

How to show the equality of two angles ? 


The triangles containing them should be proved congruent, But 
where are the triangles? Not available, in the diagram. The 
attempt at construction of two such triangles will not help much. 

Now, how to try the Pythagoras Theorem on it ? 


A triangle will have to be constructed by joining PM. 
“. Const :—Join PM. 


PB will be | to ML 
If PM?=BM?-+ PB?, 


Can you convert PM?, BM? and PB? jinto some known 
forms ? 


PM?=PA?+- AM? (Const :—Join AM). 
: Cr PAis Lto AM) 
BM?=AM2—AB? C? ABis | to ML 

PB?=PA?*-+- AB? o AB) 


5 Ce PA is 1 to AB). 
Substitute these values in the above equation. 


PM?=BM°?-+ PB? is true 
if PA*+AM?=AM?—AB?+ Pats apt 
Which is true. 

Hence, retracing the argument : 

PB is | to ML. 


Q.E.D. 
PARALLEL PLANES 
1. Two planes are said to 


be parallel when they do not meet 
however far they are produced. Th be flee 
room are parallel planes.) (Thero AAA ME Ador oMa 
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2. Three or more planes are parallel when every two of them 
are parallel. (The floors of a multi-storeyed building are such 
parallel planes.) 

3. When two planes are not parallel, they must intersect when 
produced, and they do so ina straight line. (The roofs and 
the floor of a tent are such planes.) 


PROPOSITION 


Planes to which the same straight line is perpendicular are parallel 
to one another. 
What is given here ? 
GIVEN 

There are two planes XY 
and LM. A straight Jine AB 
is perpendicular to both of 


them. 
What has to be proved 


here ? 
TO PROVE 

Plane XY is || to the plane 
LM. 

How to prove them 
parallel practically ? 


The planes may be enlarged 
by joining more pieces of card- Fig. 89. 
board. It will be seen that when 
the planes are produced, they do not come close, remain at the same 
distance and cannot meet however far they may be produced, 


How to prove this theorem by argument ? 


We may start with the assumption that the planes are not parallel, 
and they intersect, when produced, ina straight line. Some con- 
struction will have to be made to show that they intersect ia a straight 


line. 


Const 


Let them intersect in a straight line DE. How to disprove our 
assumption or how to show the absurdity of it ? 


PROOF 
The straight line DE lies in both the planes. If we can show that 
it is not so, the supposition will not stand. 


All the points on DE lie in both the planes. 
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Let us take a point C in it and join it with A and B, and see what 
happens. 


PROOF 


What will be the angle between AB and BC ? 
AB is L to BC 
Or ZABC=1 right angle. 


[Since AB is |L to the plane LM and BC is a straight line in the 
same plane]. 


What will be the angle between BA and AC ? 


BA is L to AC Or ZBAC=1 right angle. 


{Since BA is | to the 


plane XY and AC isa straight line in the 
same plane]. 


How can these conclusions be used ? 
__ The sum of ZABC and /BAC is two tight angles, which is 
impossible, because they are only two angles of the triangle 
ABC. 


.'. the supposition stands disproved. 


Or, the planes do not meet anywhere when produced. 
Hence plane XY is || to plane LM. 


Q.E.D. 
PROJECTION 


plane is the foot of the perpendi- 
nt to the plane. (When a bead or tablet is 
allowed to fall freely on A i 


f contact with the floor iS 


ght or curved) is the locus of 
he points in that line to the 
owing freely a straight rod an 
ht rod will touch the plane a 
Tved one. bea 
one by one so that the points of droppi ne. If we throw A 


e “spective projection of ; drop- 
ping. The loci of the points where th the points of 


c beads touch the plane after 
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falling perpendicularly will be a straight line and a curved line 
representing the projections of the corresponding straight and curved 
lines made by the points of dropping.] 


SCOPE OF CORRELATION 


Solid geometry can be taught through correlation in many cases. 
Instances have already been given. A few more instances are given 


here : 


A showcase made of 
glass has the shape 
shown in the figure opposite. 
The top MNRS is parallel to 
the base ABCD. To cut the 
inclined face NBCR from 
a glass plate, the craftsman 
simply measures the distance 
NB, draws NR parallel to 
BC, and then cuts along 
NR. The inclined face will 
then lie flat against the top 
and base. In order to justify 
the craftman’s procedure, 
we must show that : 


Fig. 90. 


If a plane intersects two parallel planes, the intersections are 


parallel lines. 


The top and base of the showcase are assumed to be parallel; that 
is, plane MR is parallel to plane AC. These two planes are intersected 
by the plane NC in two straight lines, represented in the figure by the 
two line segments NR and BC, since we know that the intersection 
of two planes is a straight line. 


Now assume that NR is not parallel to BC. Then, since the line 
segments NR and BC lie in the same plane NC, they must meet, if 
extended far enough, at some point P. Then P, being on both line 
segments NR and BC, would also be in both planes MR and AC. 
Line segment NR is in plane MR, line segment BC is in plane AC, 
and a straight line containing any two points ina plane lies wholly 
in the surface. But two parallel planes have no points in common. 
Hence, this contradicts the given condition that plane MR is parallel 
to plane AC. Therefore, the assumption that the line segments are not 
parallel is wrong, and NR is parallel to BC. 
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In the construction of a 
roof truss, such as the one E 
shown in the figure, the purlin 
(ridgepole) AB is placed para- 
llel to the horizontal timbers 
CF and DE. The carpenter 
constructs the framework so 
that the timbers CF and DE 
are parallel; then he erects the 
purlin AB parallel to one of c 
the horizontal timbers and 
concludes that it must be 
parallel to the other. His 
reasoning is based on the fact 
that if two distinct lines are 
parallel to the same line, 
they are parallel to each other. 


Fig. 91. 
A carpenter erects a beam which is to be a support of the 
roof truss of a cabin. To 
test whether the beam is 
perpendicular to the floor 
of the cabin, he places a 
carpenter’s square with one 
edge on the floor and the 
other flat against the beam 
as in the figure. He then 
changes the position of the 
carpenter's square on the 
floor and again Places the 
other edge flush against the Fig. 92. 
benm If, a hese me positions; the beam each time is in line 
with the vertical edge of the carpenter’s ṣș i i- 
cular to the plane of the floor. P Mares he Bean is perpend 


EXERCISES 


1. How will you introduce solid eometry to ho 
are beginners in this branch ? y to the students w 


2. Explain the procedure which yo i e 
following topics effectively ? you will adopt to teach th 


(a) The theorem of three Perpendiculars* 
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(b) Parallel planes. 

(c) Projection. 

3. What is the scope of the correlation of solid geometry with 
other branches of mathematics ? 


4. How will you make use of illustrations for the teaching of 
solid geometry ? 


CHAPTER TWENTY-TWO 


LESSON PLANS 


LESSON PLAN—I 
CLAss 


IX. 
SuBsecr 

Geometry. 
Topic 


; 5 2 ? orm an 
Proposition :—Ą side of triangle js Produced so as . me to 

exterior angle. Prove that the sum of the Opposite angles i 

this exterior angle, 


TIME 
40 mts. 
APPARATUS 


1, Ordinary Class-room a 


a A chart showing thre 
side Produced in eac 


f one 
Angular pieces of chart paper representing base angles O 
of the triangles, 


4, Geometry box. 


PParatus, 


ith one 
€ triangles of different shapes wit 
h case, 


AIMS OF THe Lesson 
1 Ti deve] h hi 5 of the 
* 10 develop the thinkin : ower: 
Students, & and reasoning p 
To enable them to Prove the Proposition in hand. 
3. To enable them t : pai to re 
exercises, O aPPly this Proposition 
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PREVIOUS KNOWLEDGE 


a Students have already proved the proposition that the sum of the 
pal es of a triangle is equal to two right angles. Similarly they have 
nown that a straight angle is always equal to two right angles. 


P.K. TESTING AND INTRODUCTION 
For this purpose the following questions will be put to them : 
(i) If a st. line stands on another st. line, what is the sum of 
adjacent angles so formed ? [It is equal to two tt. angles.] 


(ii) How do you define a straight angle ? [If the two arms of an 
angle are in the same st. line, the angle is called a st. angle. 


It is always equal to two Tt. angles.} 

Gii) What is the sum of supplementary angles ? [It is also equal 
to two rt. angles.] 

(iv) What is the sum of the angles of a triangle ? [It is also equal 
to two rt. angles or 180 degrees.] 


(The chart will be shown here.) 
Q:—What do you find in the first figure ? 
There is a AABC, whose side BC has been produced to D. 
The teacher says, “Let us learn an interesting thing about this 
figure.” 

A student will be asked to measure ZABD. 

_ Another student wiil be asked to measure ZS A and C of the 

triangle and to find their sum. 

The students will note that the s 
the angie ABD. 

The teacher asks, “How can you state this theorem ?” 

[A side of a triangle is produced so as to form an exterior 
angle. Prove that the sum of opposite angles is equal to the exterior 
angle.] 


um of Zs Aand C is equal to 


STATEMENT OF AIM 

_ The teacher announces, “Today we shall prove the theorem enun- 
ciated above”. 
PRESENTATION 


The abovementioned procedure wil 
Temaining two triangles also. 


lbe followed in case of the 


: n 
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The students will measure the exterior and the interior oppo- 
site angles in both the cases and notice through practical measure- 


ment that the sum of the interior angles is equal to the exterior 
angle. 


Similarly to give another practical proof of the idea the angular 
pieces of chart paper will be placed on their equal angles. Then 
these pieces will be placed in combination on the exterior angle. 
They will together cover this angle. Therefore it gives another 
proof. 

Now the theoretical proof of the 


Q :—What is given in the pro- 
blem ? 


GIVEN 


proposition will be given. 


A 


A AABC, whose side CB 
is produced to D, so that 
an exterior ZABD iş 
formed. D B 


(The construction will be per- 


Fig. 93 
formed side by side.) 8 


Q :—What has to be Proved in this case ? 
TO PROVE 


ZABD=7BACY ZACB 
That is the exterior angle=sum of the two opposite angles, 
PRoor 


How can you proceed with the proof 2” 


(In the same manner as is done in case of practical Proofs.) 
What is the sum of three angles of a triangle ? 
(It is equal to two tight angles.) 
Write it down in this case :— 
ZBAC+ ZACB+ ZABC= 
Find out another grou 
be equal to 2 rt. Zs, ? 
ZABD+ ZABC=2 tt. Zs. (ii) 
[7 AB stands on the st. line CD.) 


The teacher goes on :— 


2th Za; sA 


Where do these two equations (1) and (ii) lead you to ? 
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We can say that, 

ZABD+ ZABC= ZBAC+ ZACB+ ZABC 

[" each of these groups=2 rt. Zs.] 

What can you conclude further ? 

Z ABC is common, therefore it can be cancelled on both sides. 


*, ZABD=ZBAC+ ZACB. Q.E.D. 


ANOTHER PROOF FOR THE PROPOSITION 
Write down ‘the given’ and 
to prove’ in this case. 
, 


GIVEN 
A AABC in which BC / 
is produced to D such y 
that an exterior LACD f ~~~Y------- 
is formed. © D 


TO PROVE 

ZACD= Z ABC+ ZBAC. 

Let us try to divide ZACD into two parts so that one part 
= / ABC and the other = Z BAC. 

There is a very elegant method for this 


CONST. 

Through C draw CE is || to BA. 

(With the help of cardboard angular pieces, the teacher will show 
that Z BAC= ZACE and ZABC= ZDCE.) 


PROOF 
What is the reason of the equality of Zs BAC and ACE ? 
* CE is || to BA and AC cuts them 


. ZACE= ZBAC (alt. Zs) woah) 
What is the reason of the equality of Zs ABC and DCE? 
* CE is || to BA and BD cuts them 
.--(ii) 


^. ZDCE=ZABC (corresponding angles) 
What can you further conclude from (i) and (i) 
ZACE+ ZDCE= ZABC+ ZBAC 
“~ ZACD=ZABC+ ZBAC. Onn 
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APPLICATION : 
(1) Ina AABC, BC is produced to 
D 


“If ZACD=145°, ZA=85°. 
Find Z ABC and Z ACB. 
What do we know from the propo- a ee D 

sition ? 
ZACD=ZABC+ Z BAC Fig. 95. 
*. 140°= Z ABC+85° 
n ZABC=55°. 
What will Z ACB be equal to then ? 
ZACB=180°— Z ACD=180°—140°=40° 
RECAPITULATION 


The students will be asked to :-— 


(a) enunciate the proposition, 
(b) draw its diagram. 


(c) write down the steps of “given” and “to prove” in this 
case. 


HOMEWORK 


The students will be asked to re iti 
will produce the proposition at 
home. One exercise will also be given to be proved at home. 


LESSON PLAN—II 

SUBJECT ` 

Geometry/Algebra/Arithmetic. 
CLass 

X. 
Toric 

Identity @’—b’=(a+b)(a—b) 
TIMB 

40 mts. 
APPARATUS 


1. Ordinary class-room apparatus. 


2. A square piece of cardboard. 
3. Scissors. 


4. A Chart. 
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AIMS OF THE LESSON 

1. To develop thinking and reasoning power of the students. 

2. To arouse the interest of the students in the quantitative side of 
the world. 

3. To enable them to understand and prove the identity 
a’—b?=(a+b)(a—b). 

4. To enable them to apply this identity to algebraic and arith- 
metical problems. 


Previous KNOWLEDGE 
The students are expected to know addition, subtraction, multi- 
plication and division in algebra and also how to find out areas of 


square and rectangular figures. 
P.K. TESTING AND INTRODUCTION 


To test their previous knowledge an 
present lesson the following questions W1 


d to. prepare them for the 
ll be put to the students. 


(i) axa=? 
(ii) bx b=? 
(iii) What is the area of a rectangle the length of which is 16° 

and the breadth 12’? 
(iv) What is the area of a square one side of which is 10’ ? 
(v) What is the area of a rectangle with its length a ft. and 
breadth b ft. ? 
(vi) What is the area of a square W 
(ii) 4—3 =? 
(viii) 10°—8°= ? 

(ix) (101)*—(99)?= ? 

The students will try to do it by the long pr 
square of each and then their difference. 


hose one side is a ft. ? 


ocess of finding the 


STATEMENT OF AIM 


The teacher announces, “Today we shall try to find out an easier 
method of solving such problems with the help of algebra”. 


PRESENTATION 


This stage will be divided and developed in three units. 


UNIT I 
Recognition of the form a’—b? 
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UNIT 11 

Tackling the problem with the help of geometry. 
UNIT 11 

Verification through direct multiplication. 
UNIT I 


The teacher will write the following problems on the black- 
board : 


(i) (101)?—(99)? (iii) (217)>—(83)° 
(ii) (197)?—(3)?) (iv) (411)°—(89)? 
He will then ask the students to note the similarity of the expres- 
sions, 


[All are differences of two squares], 
The teacher asks, “How will 


[By writing a? 
square.] 


you give them a general form 2” 
as the first square and b? as the second 


He goes on, “Then our problem redu 


ces itself to finding out 
a—b* So let 


us now solve the general form of the problems in 
hand. 
Unit 11 
(By showing the square piece of A 4 B 


cardboard, whose side has been label- 
led as ‘a’.) 


Q. :—What is the area of this 
square ABCD ? 


(Square ABCD=a?) 

Q. :—What is the area of the 
square AEFG ? 

(Square AEFG=2?) 


w 
[eN 
Be] 
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The teacher will further & W L 
cut the portion BHFE, and a man 
place it in continuation with I 
the remaining rectangle i 
GDCH so that BE coin- 1 
cides with CH. a-b 2 a-b a-b, 

Q. :—What is the shape $ 
of the resulting figure ? J 

(Rectangular) p K 


Q. :—What is the length <————— @ ————><— b — 
of this rectangle DKLG ? 
(a+b) Fig. 97. 
Q. :—What is the breadth ? (a—b) 
Q. :—What is the area ? (a+b)(a—b) 
Q. :—So what do you conclude from this ? 
a—b’ =(a+b)(a—b). 


The teacher will then show the chart, which represents x*—y?, 
and by the process of questioning on the basis of two diagrams 
similar to the above as obtained from the cardboard, will lead the 
students to conclude that 

x?—yt=(x+y)(x—y) 


UNIT In 


The te 
(x-+y)(x—y) and see what tl 
to actually multiply in a few more cases. 
on the blackboard. 


(a+b)(a—b)=a*—B*. 
(x+y (xy) =x y. 
(e+d)(c—d)=c—d?*. 
(-+-m)(I—m) = [?— m’. 
The results will then be generalised 

of the students. 


acher will ask the boys to actually multiply (a+b)(a—b), 
he results are. Similarly they will be asked 
The results will be written 


with the active participation 


GENERALISATION 


Q. :-— What is the similarity in the ter 
results? (They are the differences of the sq 
ties.) 

Q. :— What is the similarity i 
results ? (They are the products of th 
respective quantities.) 


ms on the R.H.S. in all 
uares of two quanti- 


n the terms on the L.H.S. in all 
e sum and difference of the 


Therefore :—- 
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The ditference of the squares of two quantities is equal to the 
product of their sum and difference. 


APPLICATION 
The teacher will give the following problems for application :— 
(i) Solve 9x’—y”. 


He will put questions to the students and proceed in the following 
manner :— 


9x?=(3x)* and y=(y)? 
Their sum (3x+-y) and difference 3x—y 
So 9x’—y?=(3x+y)(3x—y) 
(ii) Solve (101)?— (99), 

What is their sum ? 


101+99=200 
What is their difference ? 101—99=2 
What is their product ? 200 x 2=400 


Hence etc. etc. 
The following problems will be solved by the students indepen- 
dently :— 
(i) a®@—9, 
(ii) (197)?—(3)2, 
(iii) (411)°—(g89)2, 
(iv) (217-83), 


RECAPITULATION 


It will just serve the 


Purpose of a quick a d 
sion. It will be done a ni 


with the help of the follow 
(1) i is the difference of the Squates of t 
to 


short over-all revi- 
Ing questions :— 


wo quantities equal 
(2) What is m—n? equal to ? 
(3) What is (91)?—(9)2 equal to ? 


HOMEWORK 
Five problems of the relevant exercise of their textbook will be 
set as homework. 
LESSON PLAN Ill 
SUBJECT 


Arithmetic. 
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TOPIC 
Volume of a cuboid. 


CLASS 
X. 


TIME 
40 minutes. 


APPARATUS 
1. Ordinary class-room apparatus. 
ch cube piece of wood or any solid material. 


One in 
nd rectangle. 


2 

3. A chart showing diagrams of square a 
4. Two cuboids of soap with different dimensions. 
5. A tin. 

6. A graduated cylinder. 


7. One centimetre cube piece of some solid. 


AIMS OF THE LESSON 
1. To develop thinking and reasoning powers of the students. 
e concept of volume. 


To enable them to understand th 
To enable them to find the formula of the volume of a 


cuboid. 
4, To enable them 


PREVIOUS KNOWLEDGE 


wv 


to apply that formula to relevant problems. 


The students are expected to know the areas of square and rec- 


tangle. 


P.K. TESTING AND INTRODUCTION 


To test their previous knowledge and to prepare them for the new 
ill be put to them :— 


lessons, the following questions wi 
1. (By showing the diagram of a square on the chart.) How 


do you calculate the area of this diagram ? 
[Area of a square = Side x Side] 


2. (By showing the diagram of a rectangle.) How will you 
calculate the area of this diagram ? 
[Area of a rectangle 


If you have to say that this tin can 


=Length x Breadth]. 


3. (By showing the tin.) 
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contains so much oil, how can you express ? 
space occupied by the tin.] 


Similarly, if you want to say that a tank can contains so much 


[By giving the 


of water, how can you express ? 


tank.] 


5. What is the shape of a tin or a tank ? 


[By showing the cuboid]. 
[This is a cuboid] 


[By telling the space of the 


[It is cuboid.] 


How would you name this solid ? 


7. How will you find out the space or volume of this cuboid ? 


STATEMENT Or THE AIM 


The students will not be able to answ 


teacher will announce, “Today 


lating the volume of a cuboid”. Th 


on the blackboard. 
PRESENTATION: — 


MrTHop 

1. (By showing the 1 
cube) 
What are the dimensions 
of this solid ? 

- What is its shape ? 

. What is the difference 
between a cube and a 
cuboid ? 


4. What is the volume of 
this cube ? 


cm. 


wN 


5. (By showing the 1 inch 
cube.) 


What are the dimensions 
of this cube ? 


6. Then, what is the volume 
of this cube ? 


7. (By showing the cuboid 
of soap) 


er the Jast question and the 


we shall find out the method of calcu- 
e aim will be simultaneously written 


MATTER 


It is one cm. long, broad or 
thick. 


It is known asa cube. The 
cube has all the three dimensions 
uniform, whereas in the cuboid 
these may be different. = 

The teacher will say, “Let 
us measure it with the help of 4 
graduated cylinder containing 
water”. The initial reading of 
the water level will be taken an 
then the solid will be immersed- 


The water will rise by one cubic 
centimetre. 


Length =” 
Breadth =1” 
Thickness or Height =1’ 


It is one cubic inch. 


f These, one cubic centimetre 1 


and one cubic inch, are } 


L taken as the units of volume. J 


Length 


= 5” 
Breadth 


-3" 
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What are the dimensions 
of this cuboid ? 

8. In how many parts, have 
its length, breadth and 
thickness respectively 
been divided ? 


( The teacher will promptly 
i cut this cuboid along the 
\ lines of division. It will 
(result into 30 parts. 


9. What is the shape of each | 


smallpart ? , N 
10. What are the dimensions 
of this small cube ? 


What isthe volume of 
this small cube ? 


EL, 


. Then, what is the volume 
of the whole cuboid ? 


. (By showing the second 
cuboid of soap.) What 
are the dimensions of this 
cuboid ? 


The teacher will cut them 


quickly in the same 
manner along the lines of 
division. It will result in 
48 small parts. 

What is the volume of 
one small cube ? 

How many such cubes are 
there in all ? 

Then, what is the volume 
of the whole cuboid ? 


14. 
15. 
16. 


GENERALISATION 
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Thickness or Height =2” 


waa O 
The length is divided into 
5 parts. 
The breadth is divided 
3 parts. 
The thickness is divided into 
2 parts. 


into 


It is a cube. 


Length 
Breadth 
Thickness 
It is one cubic inch. 
This cube will be compared 
with its equal already shown 
to the students. 
The volume of the cuboid 
== 30 cubic inches 


ei tl 


1" 
1" 
1” 


nw a UD) 
Length =g" 
Breadth 4’ 
Thickness or 
Height z 
sia GED) 
It is one cubic inch. 
There are 48 such cubes. 
The volume of the cuboid— 
48 cubic inches eww (i) 


For the purpose of generalisation, the teacher will draw the 
students’ attention to the pairs (i), (ii) and (iii), (iv), and will ask 
them to observe these to find out some relationship between the 
dimensions and the volumes of cuboids. 
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1. What are the dimensions L=5" 
in the first case ? B=3" 
H or T=2"-=30 cubic inches. 
2. What is the volume in Volume 
this case ? 
3. What are the dimensions L=6" 
in the second case ? | B=4’ 
H or T=2’Volume=48 cubic 
4, What is volume in this inches. 
case °? 
5. What is the relation bet- | Volume is the product of 
ween the volume and these three dimensions. 
dimensions ? 


Theref “ibpid= sth: Breadth’ Thickness 
ore volume of a cuboid= Length = or Height. 


or LB’ T Or H- 
APPLICATION 


_ Q. 1. What is the volume of air in your class room, if its dimen- 
sions are as follows:-.- 


Length =25 ft. 
Breadth =20 ft. 
Height=-15 ft. 


CORRELATION 


What is the use of finding out the volume of air in a room ? 
[While sitting in a room the person should get a regular supply of 
fresh air. The minimum essential volume of air should be available 
to everybody. With the help of total volume of air in a room, 4 
lecture hall or a cinema hall, we can fix its comfortable seating capa” 
city. If we try to accommodate more than this fixed number, there 
will be uneasiness and suffocation for every body]. 
Q. 


2. Find the volume of water in a tank if its dimensions are 25 
follows:- 


Length: -150 ft. 
Breadth--80 ft 
Depth-~ 12 ft. 


CORRELATION 


What is the use of calculating the volume of water in a tank ? 
[There are certain regions where rain water is stored in tanks fo! 
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later use for irrigation. The volume of stored water will enable us 
to know, how much area will it irrigate and for how long.] 


RECAPITULATION 


. What do you mean by volume ? 

. What is the difference between a cube and a cuboid ? 

. What is the formula for the volume of cuboid ? 

. What is the need of finding out volume in different cases ? 


Aen Ne 


HOMEWORK 


LESSON PLAN—IV 


CLAss: IX 

SUBJECT : Arithmetic 

Topic : Compound Interest 
TIME : 40 mts. 

APPARATUS : 


1. Ordinary classroom apparatus. 
2. A chart showing a person depositing money in the bank, and 
withdrawing it after five years along with interest. 


3. The chart showing different rates of interest as given by post 
office, private banks and govt. bank on different kinds of 


deposits. 


AIMS OF THE LESSON 
1. To develop the thinking and reasoning powers of the 
students. 
2. To enable them to find out and understand the formula for 
calculating compound interest. 
3. To enable them to apply that formula to relevant problems. 


PREVIOUS KNOWLEDGE 
The students are expected to know simple interest. They also 
know that in siniple interest. 


rxt 
Amount- - r/ LF w) 
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P.K. TESTING AND INTRODUCTION 


; v 
To test their previous knowledge and to prepare them for the nev 
lesson, the following questions will be put to them : 


Q.—I. Have you seen a bank ? (Yes). 


Q. -2. What is it meant for? (We can deposit money in it and 
also we can borrow money from it.) 


r T 
Q.—3. When you deposit asum, what are you paid tor ld 
(Interest) (The relevant chart as mentioned int 
paratus will also be shown.) 
Q.—4, What type of interest do you get from a bank ? 


ANNOUNCEMENT OF THE AIM 


The students are not likely to answer this question correctly. The 
teacher will announce that the banks pay an interest, direnn kal 
simple interest, known as Compound interest. He will say, V B aid 
try to understand it after distinguishing it from Simple interes 
solve some of its problems after finding out its formula. 


PRESENTATION 


r =-00, 
The teacher goes on, “Suppose you deposit a sum of Rs 100=06 


which pays an interest at 5 + by how much will your deposit increase, 
when the interest is added to it after a year ? 


[The deposit will increase by five rupees and it will become 
Rs 105==00] 
METHOD MATTER 
1. On which amount will It will be calculated on 
the interest for the second Rs 105=0. 
year be calculated ? 
2. What will be the inter- 
est ? 21 
105 x _.2Rs 5—25 uP. 
Igp Rs 5 
29 


x 4 

3. What will be the amount Rs 105+Rs 5.25=Rs 110.25 
in the name of the depo- ` 
sitor after the second 
year ? 

4. On which amount will It 
the interest for the third 
year be calculated ? 


will be 


calculated on 
Rs 110.25 
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5. Then, what is the diffe- 
rence between the simple 
and compound interests ? 


6. Let us try to understand 
how to calculate com- 
pound interest. What is 
the formula for calcula- 
ting amount ? 


7. Take the problem in hand. 


What will be the amount 
at the end of the first 
year ? 

8. What is the Principal for 
the second year ? 

9. What will be the amount 
at the end of second 
year ? 

10. What is the Principal for 
the third year ‘ 

11, What will be the amount 
at the end of the third 


year ? 


12, Observe (i), (ii), (iii) and 
ive the amount at the 


a of the fourth year Fi 
GENERALISATION 
13. Observe (i), (ii) and (iii) 
and (iv) and give the 
amount after 7 (any 


number) years. 
14. Generalise it, 
may be applica 
such problems. 
15. What will be the formula 
for compound interest 
then ? 


so that it 
ble to all 
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In simple interest, the interest is 
calculated on the original amount 
for all the years. Whereas in 
compound interest the depositor 
gets interest on interest also. 
That is, the principal for every 
year is the sum of the original 
principal and the compound 
interest of previous years. The 
amount of previous year becomes 
principal for the next year. 


Amount=P 


Ay=100( lige ) ti) 


Principal=[100(1-+1%0)] 


A,=[100(1 +100) (1+ut0) 

or A:= 100(1+ 100) (1 +100) 
=100(1 +180)? (ii) 

Principal =[100(1 +160) (1+100) 


As =[100(1-+:80)(1 +180)] 
(1+100) 
or A,—100(1+180)(1 +180) s 
(1+1%0) 
or As=100(1+2%0)° (iii) 
A= 10001 +1 80)(1-+180) A 
(1+ 160)(1 F190) 
or Ay=100(1-+160)* iv) 


A, =100(1-+180)(1+1 00) 
...n times 


or An=100(1-+180)" 
Amount=P{ 1+ vel 


after n years 
Compound interest 
R qa 


=P( 1+90 -—P. 
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APPLICATION | 


For the purpose of application, the teacher will solve the following 
problem on the B.B. 


Q.—Find out compound interest on Rs 800.00 for three years at 
5° per annum ? 


METHOD | MATTER 
1. What is the formula for | RA 
compound interest ? | Saa ( 1+ T00 ) j 
p 5 y 
2- Make proper substitutions; C, I.=800 | 1- —— -800 
in the formula ? | 3 ( E 100 5 ; 
3. Give the next step ? 7 ak be 5 
| gpp 208 ,, WP, MO _ 800 
| TOO 100 “ 109 
20 a0) 
{ 10 
4. What is the next step ? = 9261 gy. 1261 t 
; 10 ~ 10° 
5. What is the answer ? Rs 126.10 


_ For further practice and application the following two questions 
will also be given to be solved — 


1. Find out compound interest or Rs 1250.00 for three years at 
% per annum ? 


2. Find out compound interest on Rs fi 
7 o Rs 2000. ir years at 
ORY per atinum ? 00.00 for four y 


CORRELATION 


The teacher will show the chart show 
as given by diferent depositing agencies 

The students will be asked t 
sit and the best agency. 


ing different rates of interest 
on different types of accounts. 


© point out the best kind of depo- 


RECAPITU: ATION 


It will be done with the following questions : 

1, What is the difference between S.I, and C.I. ? 

2. Why do banks pay C.I. on deposits ? 

3. What is the formula for calculating C.J. 2 
Home Work 


A few questions framed on the ba: 


on the chart. Sis of the rates of interest shown 
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CLASS 
XI 
SuBJECT 
Trigonometry 
Topic 
To prove geometrically that 
sin (A+B) = sin A cos B-+-cos A sin B 
TIME 
40 minutes 


MATERIAL AIDS 
1. Ordinary class room equipment 


; . MP OM 
2. 0= — = 
A chart showing sin oP and cos OP 


3. A chart showing the figure necessary for proving the formula 


in hand. 


AIMS OF THE LESSON 
1. To develop the thinking and reasoning powers of the students. 
bove mentioned formula. 


2. To enable them to prove the a 
3. To enable them to apply the formula to relevant problems. 


PREVIOUS KNOWLEDGE 
The students are expected to know the v 


P.K. TesTING AND [INTRODUCTION 
dge and to prepare them for the 


To test their previous knowledg 
new lesson, following questions will be put to them : 


alues of sin 0 and cos 0. 


Q. 1. (Showing the figure) 

What is sin 0 equal to ? zs 

sin 0 = m5) 

i OP 
. 2. Whati 0 equal to? 
Q hat is cos 0 eq i om 
( cos = ar) 
8 

2 m 
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Q. 3. (Drawing the figure) 
What is Z ZOX equal to ? 
( ZZOX = A+B) 


Q. 4. (After drawing PM +t OX) 
What is sin (A+-B) equal to ? 


| sin (A+B) = o| 


Q. 5. How will you express sin of compound angle A--B in 
terms of trigonometrical ratios of angles A and B ? 
ANNOUNCEMENT Of THE AIM 


mea ae A and B, or to prove that sin (A4-B) =: sin A cos B 


PRESENTATION 


The teacher will Present the | i 
following questions and answers: a develop it iain 


‘(raw PN L OY. D r 
G. Whati tie niio y NQ L OX and draw NR | PM) 
ZNPR? 
(ZNPR=A 
~o ZNPR = 99° ZRNP 
=ZONR = 2Xo¥) 


Q. What is sin (A+B) equal to ? 
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a MP 
igs oe Bes 
| sin (A-+B) oP | 
Q. What is me equal to ? 
| MP _ MR+RP = QN+RP _ QN 1 RP 
OP OP OP OP | oF | 


N ; 
Q. How to transform to incorporate the trigonometric 


ratios of angles A and B? 
[ ON _ QN ON 


OP. ON’ OP | 
Q. How to transform RP 9 
OP 


RP RP NP 
OP NP -o | 
p to express sin (A+B) in terms of the 
of angles A and B ? 
a _ MP _QN RP 
| sin (A+B) = OP OP oP 
_Qn ON, RE NP 
=6n° OP | NP’ OP 
ae = 2 ( QN z sin A 
Q. Whatis on equal to : a) sin ) 


Q. What is the next ste 
trigonometric ratios 


Q. What is on equal to? (op 
R 


>. RP ‘ 

Q. What is yp equal to? (KP 

NP = sin B)) 
oP 


> 
Q. What is ae equal to ? 


GENERALISATION 
Q. Then what is sil 
* Csin (A+B) = sin 
APPLICATION 


The following probl 
1. Apply the formu 


2 (A+B) equal to ? 
A cos B +cosAsinB] 


ems will be given for application: 


la to sin (C+D). 
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2. Find the value of sin 75”. 
3. Prove that sin 19° cos .]° + cos 19° sin 1] = i. 


Note : The teacher will transfer the essential on the material 


on the black board and ask the students to note it down 
side by side ] 


RECAPITULATION 


1. What is sin (A+B) equal to ? 

2. Draw the figure employed in this proof. 

3. What is sin 60° cos 30” -i cos 60° sin 30° equal to ? 
Homt Work 


The students will be asked to Solve at home five relevant problems 
from their text book, 


EXERCISES 

Prepare a lesson plan on any one of the following topics : 
(a) Identity K(a+-b+c) = Ka+Kb+Ke 

(b) Area of a circle, 

(c) Angle—sum of a triangle, 
2. Draw up a list of ste’ i i 

L Ps which should be observed while pre- 
aring a i i i 

pan Laa he i plan in mathematics, Give reasons for each 
3. Give t i 

fl Plan of any topic actually taught by you to 
4. What points should be kept i i i i 

criticising a lesson in mathematiog a walle aiseig aug 
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